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FOREWORD TO THE TENTH 
RUSSIAN EDITION 


Tue present Collection of Problems is intended for students 
studying mathematical analysis within the framework of a 
technical college course. In the arrangement of the material, 
the style of the exposition and basic pedagogical tendencies 
the Collection is most suited to the widely used Course of 
Mathematical Analysis of A. F. Bermantt. At the same time, 
since the book contains systematically selected problems and 
exercises on the main branches of a Technical College course 
of mathematical analysis, it forms a useful adjunct indepen- 
dently of the text-book on which the course is based. 

Theoretical information and references to the necessary 
formulae are omitted in the Collection of Problems; it is 
assumed that the reader can find them in the relevant sec- 
tions of his text-book. Most of the articles of the Collection 
of Problems are subdivided for convenience of use. A com- 
mon instruction precedes a group of problems of the same 
type. Problems with a physics content are preceded by the 
necessary physical laws. In the case of more or less difficult 
problems, hints are given in the answers; such problems are 
marked by an asterisk (*). 

The Collection of Problems was produced directly for the 
first edition (1947) by Georgii Nikolayevich Berman. All 
the subsequent editions, which have twice included sub- 
stantial revisions, have been brought out without the original 
author, who died on 9th February 1949 after a long and 
serious illness, resulting from wounds received at the front 
in the Second World War. Those who have undertaken the 
revision — essentially friends and co-workers of Georgii Ni- 
kolayevich — always recall him with feelings of great respect; 
he was a man of wide culture and a talented pedagogue. 

Both revisions of the Collection of Problems (the first for 
the second edition of 1950, the second for the sixth edition of 
1956) have been carried out by I. G. Aramanovich, B. A. 


t This text-book is simply referred to as the Course in the text of 
the Collection. 
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Kordemskii, R. I. Pozoiskii and M. G. Shestopal. A part in 
this work was taken by A. F. Bermant, the author of the 
above-mentioned Course, who edited the Collection. 

With the aim of improving the Collection of Problems from 
the methodological point of view, and to take account of 
criticisms obtained from teachers using the Collection, firstly 
the second, then later the sixth edition were supplied with a 
substantially increased number of problems in several sect- 
ions; in addition, the problems were regrouped, the state- 
ment of them revised afresh, and the solutions checked. In 
the present tenth edition certain problems have again 
been given a fresh statement. The previous numbering has 
been retained for the unchanged problems. The only deviat- 
ions from this system occur in two short chapters — the 
tenth and eleventh, in connection with an additional re- 
grouping of the problems of these chapters and the inclusion 
of new problems on the theme of ‘“‘Change of variables.’ The 
Collection contains a new chapter (XVI) on “Elements of 
the Theory of Fields’ (problems no. 4401-4464) and tables 
of the values of certain elementary functions as an appendix. 
(The tables have been borrowed from the book by V. P. 
Minorskii, A Collection of Problems on Higher Mathematics 
(Sbornik zadach po vysshei matematike), with the consent 
of their compiler A. T. Tsvetkov.) 

Thus certain modifications brought into the tenth edition 
of the Collection of Problems do not hinder, in the vast major- 
ity of cases, the simultaneous use of the present and pre- 
vious editions (as from the sixth). 

The work on the tenth edition of the Collection has had to 
proceed in the absence not only of its first author, the late 
G. N. Berman, but also of one of the co-authors and editor of 
the work, Professor Anisim Fedorovich Bermant. A. F. 
Bermant died suddenly on 26 May, 1959. His cherished image 
will never be erased from our memories — he was a gifted, 
lively and noble comrade, and a progressive pedagogue. 


I. G. ARAMANOVICH 
B. A. KoRDEMSKII 
R. I. PozorsxKi1 
M. G. SHESTOPAL 


CHAPTER I 


FUNCTIONS 


1. Functions and Methods of Specifying Them 


1. The sum of the interior angles of a plane convex polygon 
is a function of the number of sides. What sort of numbers can 
the values of the argument be? 

Specify this function analytically. 


2. A function is given by the following table: 


Independent variable a ...... 0 0-5 1 /15/2 |3 
Function y ..... eee cee e ener —~1:5| —1 0 |3-2)26)0 
Independent variable w ...... 4 5 }6/7 [8 |9 | 10 
Function y .............005- —1-8 | —2:8/} 0} 1-1) 1-4] 1-9 | 2-4 


Draw its graph by joining the points with a ‘“‘smooth”’ 
curve, and enlarge the table by using the graph to find the 
values of the function at x = 2°5; 3°5; 4:5; 5:5; 65; 75; 
85; 95. 


Fia. 1. 


3. A function is given by the graph illustrated in Fig. 1. 
Transfer the figure to millimetre paper by choosing a scale 


1 
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and several values of the independent variable. Take from 
the figure the values of the function corresponding to the 
chosen values of the independent variable and form a table 
of these values. 

4. A function is given by the graph illustrated in Fig. 2. 
Use the graph to answer the following questions: 

(a) For what values of the independent variable does the 
function vanish ? 

(b) For what values of the independent variable is the 
function positive? 

(c) For what values of the independent variable is the 
function negative ? 


bon < 


Fie. 2. 


5. The force F of interaction of two electric charges e, 
and e, depends by Coulomb’s law on the distance r between 


them: 
€,€2 
ge? * 


Putting e, = e,=1 and «= 1, form a table of values of 
this function for r = 1, 2,3,..., 10 and draw its graph by 
joining the points obtained with a ‘“‘smooth” curve. 

6. Form the function expressing the dependence of the 
radius r of a cylinder on its height h for a given volume 
V (= 1). Work out the values of r for the following values 
of h: 0°5; 1; 1:5; 2; 2°5; 3; 3°5; 4; 4°5; 5. Draw the 
graph of the function. 
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7. Write down the expression for the area of the isosceles 
trapezium with bases a and 6b as a function of the angle 
a at base a. Draw the graph of the function for a = 2,b = 1. 

8. Express the length 6 of one adjacent side of a right- 
angled triangle as a function of the length a of the other with 
constant hypotenuse c (= 5). Verify that the graph of the 
function is a quadrant of a circle. 


2. Notation for and Classification of Functions 


9. Given the functions 


Oe Joost 


(a) f(z) = 241? 


p(0); pl); (2); ~(—2); (4). Do f(—1), (—1) exist? 

10. Given the function 

f(u) = uw — 1, 

find: f(1); f(@); fa+1); fl@—1); 2f(2a). 

11. Given the functions 

F(z) = 2-7 and o(z) = 2!2!-, 

find: F(0); F(2); F(8); F(— 1); F(2°5); F(— 1-5) and 
P(0); p(2); e(— 1); ee); o(— 1) + F(). 

12. Given the function 


p(t) = ta’, 


find: (0); p(1); y(— 1); v(z}) y(a2); p(— a). 


13. ot) = B+ 1. Find o(é) and [¢(é))?. 
14, F(x) = a — 22? + 5. Show that F(a) = F(— a). 
15. D(z) = 28 — 5z. Show that O(— z) = — @(z). 
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16. f(t) = 2? +3 +2 + 5t. Show that f(t) = i(F ): 


17. f(x) = sin x — cos x. Show that f(1) > 0. 
18. y(x) = log x. Show that p(x) + y («+ 1) = yfa(v+4+ J). 
19. F(z) = a. (1) Show that, for any z, 

F(— z) F(z) -—1=0. 


(2) Show that 
F(x) Fy) = F( 2 + y). 


20. We are given the graph of function y = f(x) and the 
values a and b of the independent variable x (Fig. 3). Con- 
struct f(a) and f(b) on the figure. What is the geometric 
f(b) — fla) , 

(6—a) ~ 


meaning of the ratio 


Fig. 3. 


21. Show that, if any chord of the graph of the function 
y = f(z) lies above the arc subtending it, we must have 


f(%) + Kt). =o eae 


*) for all x, + x. 


22. Given: f(x) = 2? — 2x + 3. Find all the roots of the 
equations (a) f(x) = f(0); (b) f(x) = f(— 1). 

28. Given: f(x) = 2a3 — 5x? — 232. Find all the roots of 
the equation f(x) = f(— 2). 

24, Given a function f(x), indicate a root of the equation 


f(x) = f(@). 
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25. Indicate the roots of the equation 
z+ 8 
fe) = 1(7), 
if it is known that f(x) is defined in the interval [—5, 5}. 
Find all the roots of the equation for the case when 
f(x) = 2? — 12x + 3. 

26. F(x) = 22 + 6; g(x) = 5x. Find all the roots of the 
equation F(x) = |y(z)|. 

27. f(z) =x +1; (x) = x — 2. Solve the equation 

f(a) + p(x)| = | fx) + |p(2)]. 

28. Find the values of a@ and 6 in the expression for the 
function f(x) = ax? + bx + 5 for which we have identically 
fie +1) — f(x) = 8& + 3. 

29. Let f(z) = acos (bx +c). Find constants a, b and c 
from the condition that f(z + 1) — f(z) =sin 2. 


Functions of a Function 

30. Given: y = 27, 2 = x + 1, express y as a function of x. 

31. Given: y = yz+1, z= tan? a, express y as a func- 
tion of x. ‘ 

32. Given: y= 2, z=Ja+1, x=a', express y as a 
function of ¢. 

33. Given: y=sinaz; v=logy; u=Y1-+., express 
uw as a function of 2. 

34. Given: y= 1-+4; z=cosy; v= yl— 2, express 
v as a function of x. 

35. Represent the following functions of a function with 
the aid of chains made up Of basic elementary functions: 


(1) y=sin'a; (2)y=V(1 +2); (3)y = log tang; 
(4) y = sin§ (22 + 1); (5) y = 50x, 
36. f(x) = 23 — x; g(x) = sin 2x. Find: 


(@) i» (ras © eta: (© eteNs (4) Hee 
(e) fA]; (©) ALAS) oC) 
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37. Check the validity of the following method for draw- 
ing the graph of the function of a function y = f[y(x)] = 
= F(x) when the graphs of the component functions y = 
= f(x), y = p(x) are known. From a point A of the graph 
of (x) (Fig. 4) corresponding to a given value of independent 
variable x a straight line is drawn parallel to Oz to its inter- 
section at B with the bisector of the first and third quad- 
rants; from B a straight line is drawn parallel to Oy to its 
intersection with the graph of f(x) at C. If a straight line is 
drawn from C parallel to Ox, its point of intersection D 
with the straight line NN’ will be the point of the graph 
of F(x) corresponding to the given value of x. 


Fig. 4. 


Implicit Functions 


38. Write down the explicit expressions for y, given impli- 
citly by the following equations: 


Qatty=1; @) 5S-B=1 
(3) 2 + y =a’; 

(4) ry=C; (5) 29 = 5; 

(6) log + log (y + 1) = 4; 

(7) 2*+Y (a? — 2) = a3 + 7; 

(8) (1 + 2) cosy — 2? = 0. 
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39*. Show that, for z > 0, the graph of function y given 
by the equation y + |y| — « — |z| = 0 is the bisector of the 
first quadrant, whilst for x = 0 the function is many-valued 
and its “graph” is the set of points of the third quadrant 
(including its boundary points). 


3. Elementary Investigation of Functions 


Domain of Definition of a Function 
40. Form a table of the values of the function of an integral 


1 
argument y = at for l Sz 3S6. 


41. The value of the function of an integral argument 
u = y(n) is equal to the number of positive integers not 
exceeding ». Make up a table of the values of uw for 1= 
=n = 20. 

42. The value of the function of an integral argument 
u = f(n) is equal to the number of integral divisors of the 
argument differing from 1 and 7 itself. Form a table of the 
values of uw for 1 =n S 20. 

43. A girder consists of three sections of 1, 2, 1 units of 
length weighing 2, 3, 1 units of weight respectively (Fig. 5). 
The weight of a variable section AM of length 2 is a function 
of x. For what values of x is this function defined? Form an 
analytic expression for the function and draw its graph. 


x 


spore —— ht 


ZZ =. 


29 39 Ig 
Fie. 5. 


44, A tower has the following shape: a cylinder of radius 
R and height 2R is mounted on a right circular truncated 
cone with base radii 2R (lower) and R (upper); a hemisphere 
of radius R is mounted on the cylinder. Express the area 
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S of the cross-section of the tower as a function of the dist- 
ance x of the cross-section from the lower base of the cone. 
Draw the graph of S = f(z). 

45. A cylinder is inscribed in a sphere of radius R. Find 
the volume V of the cylinder as a function of its height 2. 
State the domain of definition of this function and the do- 
main of definiteness of the corresponding analytic express- 
ion. 

46. A right circular cone is inscribed in a sphere of radius 
R. Find the area S of the lateral surface of the cone as a 
function of its generator x. State the domain of definition 
of this function and the domain of definiteness of the corres- 
ponding analytic expression. 

Give the domains of definition of the functions of problems 
47-48. 


47. (1) y=1—loga; (2) y=log (@ + 3); 
(3) y= V5 — 2a; (4) y= V— px (p > 0); 


1] 1 1 
(6) y=} (8) y= ay} (7) ¥= aT; 


2x Eee 
(8) ¥ = eae pO? (9) y=1—Yl— 2; 
1 ss 
10) y = ——===; (ll) y= Ja? — 4x + 3; 
(10) y rr (11) y= Va 2 
z _ x. 
(12) ae eee (13) y = aresin 7; 
(14) y = arcsin (x — 2); (15) y = arccos (1 — 2z); 


(16) y = arc cos : = cad (17) y = aresin V 2a; 


V|[z| —# 
a oe LAt ee 


(22) y= logsinz; (23) y = arccos 


2 + sin x 
(24) y = log, 2. 


48. 


49. 
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(y= pt let es 


ea 
(2) a —*, 


(3) y = are a — log (4 — 2); 


2 
3 

(4) y= Ye + — 1 — Jog (22 — 3); 

eee nee 

(6) y= G=Fat log @ — 2); 


(7) a ueae (w — 3) + V16 — 2; 
(8) y = Vana + VIB =a, 


3 
(9) y= 7 + Vain 


5 8 
(10) 9 = log Toe -p aa ~ V2 5s 
x— 2 ee 

ll = 
(ll) y ‘= Se its 
(12) y= Ya? — 384 +2+4+ 


(18) y= @ He $17; 

(14) y = log (Va — 4+ V6 — =); 

(15) y = log [1 — log (a? — 5x” +- 16)]. 
Are the following functions identical ? 


a 2° 


(1) f@) == and g(x) = — 


2) fay== and g(a) = 23 


(3) f(w)= 2 and g(x) = V2"; 
(4) f(z) = log 2? and (x) = 2 log x? 
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50. Suggest an example of a function specified analyti- 
cally which is 

(1) defined only in the interval —2 S27 = 2; 

(2) defined only in the interval —2 <x < 2 and is not 
defined at x = 0; 

(3) defined everywhere except for = 2,4 = 3,x2= 4. 

51. Find the domains of definition of the single-valued 
branches of the function y = (x) given by 
(1) y® — 1+ log, (a7 —1)=0; (2) yt — 227? + 2?-—x=0 


Elements of the Behaviour of Functions 
a? ; we 
52. f(z) = Ta) state the domain of definition of f(x) 
and verify that the function is non-negative. 
53. Find the intervals in which the following functions are 
of constant sign or zero: 
(1) y = 34 — 6; (2) y= 2? — 5a 4 6; (3) y = 2°; 
(4) y = 2 — 32? +4 2x; (5) y= |2|. 
54. Which of the functions below are even, which are odd, 
and which are neither even nor odd? 


(3) y = cosa; (4) y = 2; 
gs gS 
(5) y=%— | + 7a (6) y= sine; 
(7) y=sinx — cosa; (8) y=1— 2°; 
(9) y = tan 2; (10) y= 2-*; 
ate ao 
CO gS =a YS es 
x . os a* + 1 : 
OO) Ue (14) y= 3 
ax — 1 yr 
(15) y=a- Pare (16) y = 2*-*'; 


1—«x 
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55. Write each of the following functions as the sum of 
an even and an odd function: 


(1) y = a + 3% + 2; 
(2) y= 1 — 23 — 24 — 225; 


(3) y = sin 2a + cos 5 + tan x. 


56. Show that f(x) + f(— 2x) is an even function, and 
f(x) — f(— x) odd. 


57. Write the following as the sums of even and odd func- 
tions: 


(l)y=a*; (2)y=(1-+ 2) (see problem 56). 
58. Show that the product of two even functions is an 


even function, the product of two odd functions is even, 
and the product of an even and an odd function is odd. 


59. Which of the following functions are periodic? 


(1) y=sim?a; (2)y=sinz*; (3)y =x cosa; 
(4)y=sin+; (8)y=1+tana; (6) y=5; 


(7) y= H(z); (8) y=u— E(x). 


(The function H(x) is defined thus: if x is an integer, E(x) = 
= 2; if x is not an integer, E(x) is the greatest integer less 
than 2 Thus #(2)= 2; (3:25) = 3; H(—1-°37) = —2.) 


60. Draw the graph of the periodic function of period 
T = 1 which is given in the semi-open interval [0, 1) by 


Qy=2; ()y=2 


61. State the intervals in which the following functions 
are increasing, decreasing and constant: 


(Q)y= |r|; ()y=|2|—-2. 
62. Give the maxima and minima of the functions 


(1) y=sin x7; (2) y= cosa; (3) y=1—sinaz; (4) y= 2”. 
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63. Use graphical addition to draw the graph of the func- 
tion 


y = f(x) + yl): 
(1) with the graphs shown in Fig. 6; 


Fie. 6. 


(2) with the graphs shown in Fig. 7. 


Fia. 7. 


64. Knowing the graph of y = f(x), draw the graphs of: 
(1) y= [4@)|s (2) y= 5 LIA) + 1: 


(3) y=SLIM@| — fle). 
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4, Elementary Functions 


Linear Functions 


65. Given that the current I = 0°8a when the voltage 
EH =2-4V, use Ohm’s law to express analytically the relat- 
ionship between the current and voltage; draw the graph 
of the function obtained. 

66. A vessel of arbitrary shape is filled with liquid. At 
a depth h = 25:3 cm the pressure of the liquid is p = 18°4 
g/cm?. 

(a) Obtain the function expressing the relationship bet- 
ween the pressure and the depth; 

(b) find the pressure at depth h = 14°5 cm; 

(c) at what depth does the pressure become 26°5 g/cm?? 

67. Starting from Newton’s law, obtain the function 
giving the relationship between the force F and acceleration 
w if the force performs work A = 32 ergs at an acceleration 
of 12 cm/sec? over a path s = 15 cm. 

68. Find the linear function y = ax + 6 from the follow- 
ing data: 


(1) xly (2) aly (3) aly 
0/4 243 D572 
3|6 —1-610 3-2|6°8. 


69. A certain quantity of gas occupies a volume 107 cm? 
at 20° C, and 114 em? at 40° C. 

(a) Starting from the Gay-Lussac law, obtain the function 
giving the relationship between the volume V of the gas 
and its temperature f¢. 

(b) What is the volume at 0° C? 


70. A particle in uniform motion is at a distance of 
32'7 cm from the initial point after 12 sec; after 20 sec 
from the initial instant the distance is 43:4 cm. Find the 
distance s as a function of time #. 


71. The voltage in a circuit falls uniformly (with a linear 
law). The voltage at the start is 12 V, and falls to 6:4 V at 
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the end of the experiment lasting 8 sec. Express the voltage 
V as a function of time ¢ and draw the graph of the function. 
72. Find the increment of the linear function y = 2% — 7 
when the independent variable x passes from the value 2, = 
= 3 to 7%, = 6. 
73. Find the increment of the linear function y = — 3x +- 1 cor- 
responding to an increment Ax = 2 of the independent variable. 
74, The function y = 2°54 + 4 has received the increment 
Ay = 10. Find the increment of the argument. 
x—a 
a? — Bb 
of the independent variable x,=a— 0, for what finite 
value x, of the independent variable x is the increment 


75. Given the function y = and the initial value 


Ay = 
76. Function (x) is given by: g(x) = sf + 2 for —co< 
<a=2; o(4) = 5 —-a2 for 2=a< + oo. Find the roots 
of 9(x) = 2% — 4 analytically and graphically. 
77. Draw the graphs of the functions 
(1) y= |e +1|+|e—1); 
(2) y= |e+1|—|«%—1); 
(3) y= |x — 3|—2|44+1[/+2|2]—a2+41. 
78*, For what values of x does the inequality hold: 
f(x) + p(z)| < |f(@)] + |p(@)], 
if f(x) = #2 — 3 and g(v) = 4 — 2. 
79*. For what values of 2 does the inequality hold: 
[f(a) — p(z)| > |f@)| — |e(@)|, 
if f(x) = @ and o(x) = a — 2. 
80. A function is defined thus: f(x) varies linearly in 
each of the intervals n =xz< n+ 1 where n is a positive 
integer, whilst f(n) = —1, in +- 3] = 0. Draw the graph 


of the function. 
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Quadratic Functions 


81. Draw the graphs and indicate the intervals of increase 
and decrease of the functions: 


(I) y= 5a (2) y=a?—1; (3) y=]e?—- 1); 


(4) y=1—2; ()y=w—ax+4; 
(6) y=e—2; (7) y= |x — 27]; 
(8) y = 2a? + 3; (9) y = 2x — 6x + 4; 
(10) y = —3a? + 6x — 1; 
(11) y = |—32? + 6% — 1]; (12) y= —2|zI. 
82. The graph of a single-valued function defined in the 
interval (— oo, 6] consists of: 
points of Ox with abscissae less than —3; 
points of a parabola symmetric about Oy and passing 
through the points A (—3,0), B (0,5); 
points of the straight line CD, with C (3,0) and D (6,2). 
Form the analytic expression for the function. 
83. Find the maxima of: 
(1) y= —2a? +a—1; (2) y= —z? — 3x4 2; 
(3) y= 5 — a; (4) y= — 22? + a — a; 
(5) y = aa — bx. 
84, Find the minima of: 
(1) y= au? + 4e4— 2; (2) y = 22? — 152 + 06; 
(3) y= 1 — 30 + 602; (4) y = ae? + at; 
(5) y = (ax + b) (ax — 26). 
85. Express the number a as the sum of two terms such 
that their product is a maximum. 


86. Express the number a as a sum of two terms such 
that the sum of their squares is a minimum. 


87. We want to build a wooden fence so as to enclose a 
rectangular piece of ground next to a stone wall. The total 
length of the fence is 8 m. What must be the length of the 
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part of the fence parallel to the wall for the enclosed area to 
be a maximum ? 


88. In a triangle ABC angle A = 30° and the sum of 
the sides including this angle is 100 cm. What must be the 
length of side AB for the area of the triangle to be a maxi- 
mum ? 

89. Which of the cylinders with axial section of given 
perimeter P = 100 cm has the greatest lateral surface? 


90. Which of the cones with axial sections of perimeter 
P has the greatest lateral surface ? 


91. A body consists of a right circular cylinder with a 
cone (of the same base) mounted on it. The angle at the 
vertex of the cone is 60°. The perimeter of the axial section 
of the body is 100 em. What must be the radius of the cylin- 
der for the lateral surface of the body to be a maximum? 


92. A rectangle is inscribed in an isosceles triangle of 
base a and height A, as shown in Fig. 8. What must be the 
height of the rectangle for its area to be a maximum ? 


Fic. 8. 


93. A cylinder is inscribed in a right circular cone such 
that the planes and centres of the circular bases of the cylin- 
der and cone are the same. What is the ratio of the base 
radii of cylinder and cone for the lateral surface of the cylin- 
der to be a maximum ? 

94, A cylinder is inscribed in a given right circular cone 
of base radius R and height H, such that the planes and 
centres of the circular bases of cone and cylinder coincide. 
What must be the radius of the cylinder for its total surface 
area to be a maximum? Consider the cases H > 2R, H = 2K. 
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95. What must be the radius of a circle for the area of a 
sector of given perimeter P to be a maximum? 

96. A window is in the form of a rectangle with an equilat- 
eral triangle on top. The perimeter of the window is P. 
What must be the base a of the rectangle for the window to 
have maximum area? 


97. A window is in the form of a rectangle with a semi- 
circle on top. What must be the base of the rectangle for 
the window to have maximum area when its perimeter is 
2m? 

98. We want to cut out the corners from a rectangular 
piece of card-board of 30x50 cm? so that, on bending along 
the dotted lines (Fig. 9), a box is obtained with the greatest 
lateral surface. Find the side of the squares cut out. 


Fig. 9. 


99. Using a piece of wire of length 120 cm, we want to 
make a model of a rectangular parallelepiped with a square 
base. What must be the side of the base for the total area of 
the parallelepiped to be a maximum? 

100. A piece of wire of length acm is to be cut in two; 
a square is made from one piece and an equilateral triangle 
from the other. How must the wire be cut for the sum of 
the areas of the figures thus obtained to be a minimum? 

101. Find the point on the straight line y = x such that 
the sum of the squares of its distances from the points (—a, 0), 
(a, 0) and (0, 6) is a minimum. 

102. Find the point on the straight line y = x + 2 such 
that the sum of the squares of its distances from the straight 
lines 82 — 4y + 8 = 0 and 34 —y —1=0 is a minimum. 
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103. An electrical current J divides into two branches 
with resistances r, and r, (Fig. 10). Show that the least loss 
of energy passing into heat per unit time corresponds to a 
distribution of the currents in inverse proportion to the re- 
sistances of the branches. (Start from the law: the heat given 
out Q = 0°24J?Rt.) 


Fic. 10. 


104. Trace the parabola y = x? and use it for graphical 
solution of the following equations: 


(1) a —x—2:25=0; (2) 2227-382 -—5=0; 
(3) 3:12? — 144 +5°83=0; (4) 422? 124 +9=0; 
(5) 302 — 84 +7=0. 


105. Function g(x) is given by: (x) =5e -5 for 


ee as ia icca te Se Find 
gi * 3 


analytically and graphically all the real roots of the equation 
(p(x)? = Tx + 26. 
106. Give the domain of definition of the function 
y = log (ax* + bx + c). 
107. Find /(x + 1), given that f(z — 1) = 2a? — 32+ 1. 
2 
108*. Show that the function f(x) = iA al takes 


xv? + 4a + 3c 
any real value if 0 <<c=1. 


Linear Rational Functions 


109. Starting from the Boyle-Mariotte law, find the function 
showing how the volume of a gas depends on the pressure 
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at ¢= const, if it is known that the volume is 2°3 1. at 
760 mm pressure. Trace the graph of the function. 


110. The variable x is inversely proportional to y, y is 
inversely proportional to z, and z in turn is inversely propor- 
tional to v. What is the relationship between x and v? 


111. Variable x is inversely proportional to y, y is directly 
proportional to z, z is directly proportional to uw, u is inversely 
proportional to v. What is the relationship between x and v? 


112. During electrolysis the quantity of material separated 
at the electrode is proportional to the current, the current is 
proportional to the conductivity of the electrolyte, the 
conductivity is proportional to the concentration of electrol- 
yte, the concentration for a given quantity of material is 
inversely proportional to the volume of solvent. How does 
the quantity of material separated at the electrode depend 
on the volume of solvent? 


113. Draw the graphs of the linear rational functions: 


x—1 2x 2a — 5 
Q) y= 7-5 @)y=3—; 83) ¥=a5 aa) 
x 4— 3% 
(4) y¥=———: (0) ¥= spss - 
1— 5% 


114. Find graphically the maxima and minima of the 
following linear rational functions in the stated intervals: 


(y= 5 15s @y=—g%y [-121 
(8) y=F—, (0.4) 


115. Prove: (1) if the abscissae of the four points M,(x,, y,), 


k 
M(x» Y2), U(x Yo), M,(%,y,) of the graph of y= es 
(Fig. 11) form the proportion =! = “2 , the rectangular 
2 4 


trapezia M,M,N,N, and M,M,N,N, are of equal area; 
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M3 
gy 


DE 


N4 


(2) if points 1, and MM, lie on the graph of y = : (Fig. 12), 
the area of figures A,M,M,A, and B,M,M,B, are equal. 


LS 


116. Use graphical addition to draw the graph of y = 
vt) 


~Z . 


5. The Inverse Functions. Power, Exponential and 
Logarithmic Functions 


117. Find the inverses of the following functions: 
(1) y= a; (2) y= 2a; (3) y= 1— 82; 


1 


(‘4)y=2?+1; (3) y=; Oe ale 


x 


. 
? 
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3 
(7) y=a?— 2x; (8) y= V2? +1; (9) y = 104; 
(10) y= 1+ log (x + 2); (11) y = log, 2; 


Qx 10* — 10-* 
(12) y = Pape (13) y= ioe qo TS 


—1 


: . 2 
(14) y = 2 sin 32; CS) gS ean ay? 
(16) y = 4 arc sin V1 — 2’. 


l—2z. ‘ 
ise is the inverse of 


itself. Give further examples of such functions. 


118. Show that the function y = 


az — 


119. Show that the function f(z) = ae 


as its inverse. 


b is the same 
a 


120. Show that, if f(z) = Va — x", x > 0, then f[f(x)] = 2. 
Find the inverse of f(z). 


121. What is the special feature of the graph of a function 
which is the same as its inverse? 


122. A function y of x is given by the equation y? — 1 + 
+ log, (¢ — 1) = 0. Find the domain of definition of the 
function and write down its inverse. 


123. A function y of x is given by the equation y? + sin? 2— 
—y-+ 2 = 0. Find the inverse of the function. 


Power Functions 
124. Draw the graphs of the functions: 


() y= 5 (2) y= — 52% (8) y= a? + B22; 
(4)y=2—a2+1; (5) y= — a+ 2x — 2; 


3 5 
(6) y = 207; (7)y= 5a (8) y = 2°; 
(9) y = 2"; (10) y= ax; (11) y =50%; 


(12) y = 64-25; (13) y= 1 — Ya]. 
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125. Find graphically the approximate values of the real 
3 


roots of the equation « + 3 = 4x. 

126*. Draw the graph of the cubical parabola y = x3 
and use the graph to find graphically the solutions of the 
equations: 


(1) ®+a2—4=0; (2) 2 — 82?9-a24+3=0; 
(3) 23 — 62? + 94 — 4 = 0; 
(4) 2 + 3224+ 62 +4= 0. 


127. Given the following data, form the corresponding 
equation and solve it graphically: 

(1) The square of a number is equal to the sum of the 
number and its reciprocal. 

(2) A wooden sphere of radius 10 em and density 0°8 g/cm? 
floats on water. Find the height of the segment submerged 
in the water. 

(3) A wooden cube and a pyramid with square base to- 
gether weigh 0°8kg. The side of the cube is equal to the side 
of the base of the pyramid, the height of which is 45 cm. 
Find the side of the cube. The specific gravity of wood is 0:8. 

128. For what values of x has the function y = x", x > 0, 
values greater than those of its inverse, and for what x has it 
smaller values? 


Exponential and Hyperbolic Functions 
129. Draw the graphs of the functions: 


1 
(1) y= —2%; (2) y= 2%; (8) y= BH; 


[x1 
Gynt s (y= 5} ; (6) y= 2. 


130. Draw the graph of y = 2*. Obtain on the same figure 
without further calculations the graphs of the functions: 
_ 


Ps 1 
Q)y= 27; (2) y= 7523 (8) y=52? +1. 
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131. Show that the graph of y = ka* (k > 0) is the same 
curve as for y = a*, but displaced with respect to the axes. 
132. Use graphical addition to draw on millimetre paper 
the graphs of: 
(1) ys ato; (2) y= at — 2 
133. Solve graphically: 2* — 2x = 0. 

134. Draw on millimetre paper the figure bounded by the 
l+-2 
x 
from the graph the coordinates of the points of intersection 

of these curves. 


curves y = 2%, y= , and xz = 3. Find approximately 


135. Find the greatest possible value of n for which 
2* > x" for all « = 100 (nv is an integer). 

136. Show that y = sinh x and y = tanh z are odd func- 
tions, and y = cosha even (see the Cowrse, sec. 22). Are 
these functions periodic? 

137. Prove the relationships: 

(1) cosh? z — sinh?a=1; (2) cosh? a + sinh? x = 
= cosh 2x; (3) 2 sinh x cosh x = sinh 22; 
(4) sinh (« + 6) = sinh « cosh B + sinh £ cosh «; 
(5) cosh (a + £) = cosh « cosh f + sinh « sinh £; 
1 


1 
ro : a Soha 
(6) 1— tanh? 2 Ty) (7) 1— coth?z sinh? x" 


cosh 


Logarithmic Functions 
138. Draw the graphs of: 
10 
(1) y= —log,x; (2) y=log—; (3) y = |log 2]; 
(4) y = log, |x|; (5) y= 1 + log (@ + 2); 
(6) y = log, |1— 2]; (7) y = alex; (8) y = log, 2. 


139. Draw the graph of y = log x. Obtain on the same 
figure without further calculations the graphs of: 


(1) y=5log(@+1); 2) y= 210 (* | 
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140. Use graphical addition to draw the graph of the 
1 
function y = x + log = and use the graph to find the minima 


of the function in the interval (0, 2}. 


141. Show that the graph of y = log, (x + Vz? + 1) is 
symmetric about the origin. Find the inverse function. 


142. Show that the ordinate of the graph of y = log, x is 
equal to the ordinate of the graph of y = log,. x multiplied by n. 


6. The Trigonometric and Inverse Trigonometrie Functions 


Trigonometric Functions 
143. Give the amplitude and period of the following har- 
monic oscillations: 
(1) y =sin 8x; (2) y = 5 cos 22; 
(3) y= 4sinaz; (4) y= 2 sin 5 : 


Buz 


5x 
4? 8 


8 


144. Give the amplitude, period, frequency and initial 
phase of the harmonic oscillations: 


(1) y = 2sin (87+ 5); (2) y= — cos” 


(5) y = sin (6) y = 3sin 


2 > 
2 + 3 
6% 


j er 1 . 
3) y= 3 sin a - 3}} (4) y= sin 
145. Draw the graphs of: 
(1) y= —sinz; (2) y= 1—sing; 
(6) y= —2sin 33 (7) y = cos 2z; 


4 


(8) y= 2sin (x — 3}; (9) y= 2 sin (2 ae 


(10) y= sein (2xa — 1:2); 
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MX 


(11) y= 2+ 2sin(S +3}: (12) y = 2cos 


L— 
3 ? 
(13) y=|sina|; (14) y=|cosz]; (15) y=|tanz|; 
(16) y= |cota]; (17) y=secx; (18) y = cosecz. 


6 


cosxfor—xz=2z=0, 
1 for O<2#<1, 
1] 


—~ for lsS=a#=2. 
x 


(19) y= 


146. A triangle has sides of 1 cm and 2 cm. Draw the 
graph of the area of the triangle as a function of the angle 
x between these two sides. Find the domain of definition of 
this function and the value of argument x for which the area 
is a maximum. 


147. A particle moves uniformly on a circle of radius 
R with centre at the origin anticlockwise with linear velocity 
vem/sec. The abscissa of the particle at the initial instant 
was a. Form the equation of the harmonic oscillation of the 
abscissa (see Course, sec. 25). 

148. A point moves uniformly along the circle 2? + y? = 1. 
At time ¢ its ordinate is yo, at time ¢, the ordinate is y,. 
Find the ordinate of the point as a function of the period 
and initial phase of the vibration and time. 

149. Figure 13 illustrates a crank mechanism. The radius 
of the fly-wheel is R, the length of the connecting-rod a. 
The fly-wheel rotation is clockwise and uniform, at a rate 
of 7 revolutions per second. At the instant t = 0, when the 
connecting-rod and crank form a straight line (the “dead” 
position), the cross-head (A) is at point 0. Find the displace- 
ment x of the cross-head (A) as a function of time ¢. 


150. Use graphical addition to draw the graphs of: 


(1) y=sinz-+ cosz; (2) y = sin 2xx + sin 3uz; 
(3) y = 2sin 5 + 3sing; (4) y= 2+ sing; 
(5) y=x2x—sinz; (6) y= —2* +4 cosa. 
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151. Solve graphically the equations: 
(1) w=2sinxz; (2)%=tanz; (3) x—cosx=—0; 
(4) 4sinz =4—2; (5) 2-* = cosa. 


152. Find the periods of the compound harmonic vibra- 
tions: 


(1) y = 2sin 3x + 3sin 2x2; (2) y=sint-+ cos 2; 


(3) y= sin + sin ™ 
(4) y = sin [2 + 3] + 2 sin [3x0 + 4 + 3 sin 52. 


153. Express as a simple harmonic vibration: 


(1) y=sinz-+ cosa; (2)y= sing + 2sin (2 +5} 


154. Give a proof of the following graphical method for 
adding harmonic vibrations. Given the vibrations 


A, sin (wx + g,) and A, sin (wx + q,). 


we draw vectors A, and A, of lengths A, and A, respectively 
at angles g, and g, to a horizontal axis (Fig. 14). On adding 
vectors A, and A, we obtain the vector A of length A at an 
angle » to the horizontal axis; A and » are the amplitude 
and initial phase respectively of the sum 


A, sin (wx + 9) + A, sin (wx + gy) = A sin (wx + ¢). 
155*. Give the periods and draw the graphs of: 
(1) y =| sin 2| +| cos a]; 


__ 1/{sin a| sin 
GC) Y= 3( cosa | cos a1) : 
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156. Find the domain of definition and indicate the shape 
of the graph of: 


(1) y=logsinz; (2) y = /log sina; 
1 


Inverse Trigonometric Functions 
157. Draw the graphs of: 


(1) y= arecotaz; (2) y = 2arcsin 5; 
(3) y=1-+ arctan 2x; (4) y= 5 — arc cos 22; 


(5) y = arc sin ae 


158. A circular sector with central angle « is folded into 
a cone. Find the angle w at the vertex of the cone as a func- 
tion of angle a and draw the graph of the function. 

159. A painting of height a m hangs at a slope against 
a wall so that the dihedral angle between them is py. The 
lower edge of the painting is at b m above the eye-level of 
the observer, who stands at a distance 1 m from the wall. 
Find the relationship between the angle y at which the observ- 
er sees the painting and the angle 9. 
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160. Give the relationship between the angle « of rotation 
of the crank and the displacement 2 of the cross-head for 
the crank mechanism (see Fig. 13, problem 149). 


161. Indicate the domains of x in which the identities 


hold: 


a 


(1) arcsin x + arccos # = 5° 
(2) arcsin Vx + aro cos Vx = 5; 
(3) arccos )1 — x? = arcsin x; 


(4) arecos V1 — 2? = —arcsin 2; 


(5) arc tan x = arc cot ; 


(6) arctan x = arc cot : — 2; 


(7) arec Sek 2 arc tan x; 
Site : 
(8) arc cos ee —2 arctan 2; 
L422 — ; 
(9) are tan x + arctan 1 = arc tan i a H 
(10) arctan x + arctan 1 = x + arctan 7 : 


162. Using the identities of problem 161, find the domain 
of definition and draw the graph of: 


(1) y = arecos J/1 — 22; 


(2) y = arcsin 1 — x + arcsin Vz; 


1— 2? 
3) y¥= are COs 73 3 


1 
(4) y = arc tan x — arc cot ae 


163*. Draw the graph of y = arcsin (sin). Show that 
this is a periodic function. 


164, Draw the graph of y = arc cos (cos 2). 
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165. Draw the graph of y = arc tan (tan 2). 
166. Draw the graph of: 


(1) y = x — arc tan (tan =); 
(2) y = # — arcsin (sinz); (3) y = xarcsin (sin 2); 
(4) y = arc cos (cos x) — arcsin (sin 2). 


7. Numerical Problems 


167. Draw the graph of y = x3 + 22? — 4x +7 in the 
interval [—4, 2] for values of x at intervals of 0:2; use an ordi- 
nate scale 20 times smaller than the abscissa scale. Find from 
the graph the maxima and minima of the function in the 
interval [—3, 2]. What is the point of transition from in- 
crease to decrease of the function? Find the zero of the func- 
tion in {[—4, 2]. The accuracy of the evaluation to be 0:1. 

168. When studying the dispersion of shrapnel in artillery 
theory it is required to draw the graph of y = e4**; 
e *& 2°718. Carry out the construction for A = 2, giving « 
values from 0 to 90° every 5°. The accuracy required is 0°01. 

169. Draw the parabola y = ax? + bx +c through three 
given points UM, (1, 8), M,(5, 6), 27,(9, 3). Find the zeros of 
ax* + bx + c. The required accuracy is 0°01. 

170. We require to cut out equal squares from the corners 
of a square sheet of tin 30x30 cm? so that a box of capacity 
1600 cm® can be made by bending the remainder. What must 
be the length of side x of the squares cut out? The required 
accuracy is 0°01. 


171. Show that, if we put z? = y in the equation 
w+ pe?+qrts=0, 
this can be replaced by the system 
w= y, 
(Y — Yo)? + (% — Xp)? = 7°, 


om 
w=. m= —¢ and r= yt a—s. 
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Using this method, solve graphically the equation 
xz’ — 3x? — 84 — 29 = 0. 


The required accuracy is 0:1. 

172*. Using the method indicated in problem 171, show 
that, with the aid of the further substitution x = a’ + a, 
every fourth degree equation 24 + az* + be®?+cr+d=0 
can be solved graphically by drawing a circle and the parabola 
y = x, 

Using this method, solve graphically the equation 

a4 + 1:23 — 220? — 392 + 31 = 0. 


The required accuracy is 0°1. 
173. Find graphically the roots of the equation 
esinza=1, ey 2°718, 


lying between 0 and 10; give an approximate general formula 
for the remaining roots. The accuracy required is 0°01. 


174. Solve graphically the system: 
aty=1; léer+ty=4. 


The required accuracy is 0°01. 
175. Draw the graphs of the following functions (in the 


polar system of coordinates) for values of y every 3 


(1) e = ap (spiral of Archimedes) 
(2) 9= 5 (hyperbolic spiral) 

(3) @ = e” (e = 2°718) (logarithmic spiral) 

(4) @ = asin 39 (three-petal rose) 

(5) @ = a cos 29 (four-petal rose) 


(6) @=a(l1—cosq)  (cardioid) 


The required accuracy is 0°01. Choose an arbitrary constant 
a> 0. 


CHAPTER II 


LIMITS 


1. Basic Definitions 


Functions of an Integral Argument 
176. A function of an integral argument takes the values 


U, = 0°9; u, = 0°99; u, = 0°999;...,u, = 0°999...9;. 
— ee 


n times 


What is the value of lim u,? What must be the value of 


n for the absolute value of the difference between w,, and its 
limit not to exceed 0:0001 ? 


177. The function u, takes the values 
1 


. 1, 1 . 
u=1; = 7 Us = 9; eg Un = ogi 


Find lim u,. What must n be for the difference between wu, 


n— oo 


and its limit to be less than a given positive «? 

178. Show that u, = a tends to unity as ” increases 
indefinitely. As from what m is the absolute value of the 
difference between wu, and unity not greater than 10-4? 

179. The function v, takes the values 


% 37% 
cos 2 eoak cos oz 
Mae (Woe 7, ER, ge gee 
nm 
~ cos ys 
vu, = 25 ; 


Find lim v,. What must 7 be for the absolute value of the 


N— oo 


difference between v, and its limit not to exceed 0°001? 


31 
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Does v,, take the value of its limit? 


180. The general term of the sequence wu, = . Uy = 2 
7 17 27—1 , : 
Us = 9) UM = Fg: has the form = me if » is odd, 
Tt 
and 2 + 4 if m is even. 


Find lim u,,. What must 7 be for the absolute value of the 


difference between u, and its limit not to exceed (i) 10-4; 
(ii) a given e? 
181. Show that the sequence u, = ali tends to a 
rn 3n? + 2 


limit equal to : whilst increasing monotonically on indefi- 


sgh 8 a8 
nite increase of n. As from what n is 7 a not greater 


than a given positive «? 
2 2 
182. Show that u, = Ess has a limit equal to unity 


as m increases indefinitely. As from what n is |1 — u,| not 
greater than a given positive «? 

What is the nature of the variation of variable wu, in the 
limit ? 

188. A function v, takes the values (“binomial coeffi- 
cients’’) 
_ m(m — 1) », — Mem — 1) (m — 2) 

Veg. 33 1.2.3 ake 

- __ mm — 1) (m — 2)... [m — (n — 1)] 
. 1.2.3...0 Pes 


Y= ™M, 


. 


where m is a positive integer. Find lim »,. 


noo 
184. Show that the sequence u,=1-+ (—1)" has no 
limit as m increases indefinitely. 

i Ga. a 
gn 
limit as m increases indefinitely, whilst the sequence v, = 

an 4 (—2)n 


185. Show that the sequence u, = has no 


has a limit. 
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What is it? 


186. Do the following sequences have limits? 


- an 
sin — 


aa 2 
leas (n > 1)? 


NN 


(1) u, =n sin a3 (2) u, = 


187. Prove the theorem: if sequences w,, U.,..., Up, .-- 


and v,, %,...,U,,... tend to a common limit a, the sequence 
Uy, Vy, Uy Ug, ++ +> Uns Un,»--. tends to the same limit. 
188. Prove the theorem: if a sequence 2,, Uy,..., Up... 


tends to a limit a, any infinite subsequence of it (say “4, Us, 
us,...) tends to the same limit. 


189. The sequence w,, %,..., U,,..- has limit a +0. 
Show that lim = 1. What can be said about this 


n—-oo n 


limit if a = 0? (Give examples.) 


Un+1 


Functions of a Continuous Argument 


190. Given y = 2, when x«— 2, y>4. What must 6 
be for |x — 2| < 6 to imply |y — 4| < e = 0001? 


2 
191. Let y= GTS. 


What must 6 be for |x — 2| <6 to imply y =F < O01? 


When «-— 2, we have y+. 


zx—l 
2(@-+1)' 
What must 6 be for |x — 3| < 6 to imply lg-9 


When x — 3, we have yrs 


< 0-01? 


192. Let y = 


193. Show that sinz tends to unity as 7— 5 . What 


condition must « satisfy in the neighbourhood of the point 
x= for 1 — sinz < 0:01? 
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194, When z increases indefinitely the function y = 


1 : i 
=a tends to zero: Ui eg a 0. What must NV be 
for |x| > N to imply y < «? 
z— 1 
195. As a — c9, Y= aaa 1. What must NV be for 


|x| > N to imply |y — 1] < e? 


2. Orders of Magnitude. Tests for the Existence of a Limit 


Magnitudes of Large and Small Orders 


196. A function u,, takes the values 
UW = 3, Uw=5, U=—T7,..., U=2%nN+1,... 


Prove that u, is a large order magnitude as n + oo. As from 
what n is u, greater than N? 

197. Show that the general term wu, of any arithmetic 
progression is a large order magnitude as m —» co. (When is 
it positive and when negative ?) 

Does this statement hold for any geometric progression ? 
1+ 2% 
x 
tion must x satisfy for the inequality |y| > 10! to hold? 


— co. What condi- 


198. As x — 0, we have y = 


199. Show that the function y = 


is of large order 


x—3 
as x — 3. What must x be for |y| to be greater than 1000? 
200. When x tends to unity, the function y = ear 


increases indefinitely. What must 6 be for |x — 1| <6 to 
1 

: wate = 

imply @— 1% > N = 10*? 


201. The function y = —7 is infinitely large asx — 0. 


1 
What inequality must x satisfy for |y| to be greater than 
100? 
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202. As x > oo, we have y = log x — oo. What must M 
be for « > M to imply y > N = 100? 


203. Which of the basic elementary functions are bounded 
throughout their domain of definition ? 


, x “ 
204. Show that the function y = eee” is bounded 
throughout the real axis. 
2 
205. Is the function y = os bounded throughout the 


real axis? Is it bounded in the interval (0, oo)? 

206. Is the function y = logsinx bounded throughout 
its domain of existence ? 

Answer the same question for y = log cos z. 

207. Show that the functions y = x sin z and y = x cos 
are not bounded as 2 — oo (indicate for each of them at 
least one sequence of x, such that y, — oo). 

Do the functions become infinitely large? 

Sketch the graphs of the functions. 

208. Sketch the graphs of f(z) = 2* #"* and f(x) = 2-* sinx, 

Indicate two sequences x, and 2; of values of x for each 
of these functions such that lim f(z,) = co and lim f(z,) = 0 

> 00 n— co 


209. For what values of a is the function y = a* sina 
unbounded as x — + oo (4&—+ — oo)? 


210. Are the following functions unbounded ? 
1 1 
(1) f(x) = 7 c08z ase 0; 
(2) f(x) = xaretan 2% as % —> oo; 
(3) f(x) = 2* are sin (sin z) as 4 + + oo; 
(4) f(z) = (2 + sin 2) log as x + + oo; 
(5) f(z) = (1 + sin 2) log x as x + + oo. 
211. The function uw, takes the values 


3 4 n+1 
U, = 2, be ame 1 bt See a n2 yeoee 


Show that u,, is an infinitesimal as n —+ oo. 
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212. Function u, takes the values 


1 J 
U3 = 35 U=>s wee 


m= —7, %m=— 8° 


Show that uw, is an infinitesimal as n > oo. 
213. Show that 
Sis iG 
y z+] 
as x — 0. What condition must 2 satisfy for the inequality 
|y| < 10-4 to hold? 


214. Prove that the function 
y=Va+1—YVa 
tends to zero as % — co. What must N be for x > WN to 
imply y < «? 

215. Write each of the following functions, which has a 
limit as 7 — oo, as the sum of a constant (equal to the limit) 
and a function; prove that the latter function is an infini- 
tesimal as %— oo: 


x3 x? 1 — 2 
(1) Oe Gace? (2)9 = pea q) CE seal BSE a 


Tests for the Existence of Limits 
216*. u, takes the values 


1 1 1 1 1 1 
a 4g 9? ao ae 
1 1 1 
We Se Beeps ame 


Show that u, tends to a limit as 1 — oo. 
217. u,, takes the values 
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Show that u, tends to a limit as n > oo. 
218. Prove the theorem: 


If, given the same variation of the independent variable, 
the difference between two functions is an infinitesimal, one 
function being increasing and the other decreasing, they both 
tend to the same limit. 


219. The terms of two sequences wu, and v, are given by 


Uy + Uo py, — wo 2%, 
SS ee eee 


age ee oe 3 
2 
= vy = M1 
and in general 
Un = Un—1 as Un—1 » y= Un—-1 a : 


where wy and v, are given numbers (uy < v9). Use the theorem 
of the previous problem to show that the sequences both 
tend to the same limit, lying between wp and 1%. 


220. Show that the sequence w,: 
u,=V6, u=V6+u4,...,u,=V6+u,-1--- 
has a limit and find the limit. 


3. Continuous Functions 


221. A function is defined as follows: 


y=0 for x <0; 
y=u2 for 0S2<1; 
y= —e? 4+ 4e4—2 for lsx< 3; 
y=4—2 for x = 3. 


Is this function continuous ? 

222. Three cylinders of the same height 5 m and base 
radii 3, 2 and 1 m respectively are set up end to end. Express 
the cross-sectional area of the figure obtained as a function 
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of the distance of the section from the lower base of the 
bottom cylinder. Is this function continuous? Draw its graph. 
223. Let 

e+1, if#sl1; 

fey = ET 
3 —ax’,ifa > 1. 

For what choice of number a is f(x) continuous? (Draw its 

graph.) 


224. Let 
—2 sin x, if ex —%, 
2 
f(x) = Asina + B, if —S<a<F; 
: ~% 
cos 2, if t 25° 


Choose the numbers A and B so that f(x) is continuous; 
draw its graph. 

I 
x—2 


discontinuities? Draw the graphs of the 


225. At what points have the functions y = 


and y = ae 

o* @+ 2) 

functions. Describe the difference in the behaviour of the 
functions close to their discontinuities. 

: a — 

226. The function f(x) = = 

What value must we give (1) in order to make f(x) conti- 

nuous at «= 1? 


; is not defined at x = 1. 


227. What sort of discontinuities do the functions y = 


sin x cos x 


= ey have at x = 0? 


Show the nature of the graphs of the functions in the 
neighbourhood of « = 0. 


228. Investigate the continuity of the function given by: 
y= 2 at x -0, y=0 at x=0. 
Draw the graph of the function. 
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229. How many discontinuities (and of what kind) has 
1 
log |z| 

Sketch its graph. 


230. The function y = arc tan = is not defined at x = 0. 


the function y = 


Is it possible further to define f(x) at « = 0 in such a way 
that the function is continuous at this point? Sketch the 
graph of the function. 


231. Investigate the continuity of the function given by 
. 7 
f(x) = sin 5 at x + 0, f(0) = 1. 
Sketch the graph of the function. 
232. Sketch the graph of f(x) = x sin = . What value must 


we give /(0) in order to make the function continuous every- 
where ? 


233. Show that the function y = : ; has a discontinu- 
1+2* 
ity of the first kind at «= 0. Sketch the graph of the 
function in the neighbourhood of x = 0 (see Course, sec. 36). 
234. Investigate the character of the discontinuity of the 
1 


function y = 2~?'"* at x = 1. Could y be defined at x = 1 
in such a way that the function would become continuous 
at x= 1? 
235. Investigate the nature of the discontinuity of the 
1 


function y = = ae at the point x = 0. 
x +1 
236. A function f(x) is defined as follows: f(x) = 


ia 
=(«+1)2— (aq *z) for «+0 and /{(0)=0. Verify that 
the values of f(x) lie exclusively between /(—2) and /(2) in 
the interval —2 = x = 2 and that f(x) is nevertheless discon- 
tinuous (at what point ?). Sketch its graph. 
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237. Investigate the continuity of the function y = 
1 
= 1 + Qian x 
238. A function is defined thus: if 2 is a rational number, 
f(x) = 0; if x is irrational, f(x) = x. For what value of z is 
the function continuous? 


. What sort of graph has the function? 


239. Investigate the continuity and draw the graphs of: 


() y=2- Be); @) y= ra: 
(3) y = (—1), 


Function H(z) is equal to the greatest integer not greater than 
x (see also problem 59). 


240. Use the properties of continuous functions to show 
that the equation x° — 3x = 1 has at least one root lying 
between 1 and 2. 


241*. Prove that: (a) a polynomial of odd degree has at 
least one real root; (b) a polynomial of even degree has at 
least two real roots if it takes at least one value of opposite 
sign to its first coefficient. 


242. Prove that the equation 22% = 1 has at least one 
positive root less than unity. 


243. Show that the equation x=asina-+ 6b, where 
0<a<1, b> 0, has at least one positive root, which does 
not exceed 6 +a. 

a a. a. 
244*, Sh i 1. a 3 
Show that the equation — =a, ++ =. + za 0, 
where a, >0, a, >0, a, >0 and 4,< A, <A;, has two 


real roots in the intervals (A, A,) and (A,, As). 


4. Finding Limits. Comparison of Infinitesimals 


Functions of an Integral Argument 


Find the limits in problems 245-267: 


ob lin ee 246, lim +2) | 
2n2 


n+oco n+ oo 
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. (n+18—(n— 138 . m— 100n? + 1 
ah Neb aye CT ee 100ne be 
1000? +. 3n? (n+ )t—(n— Dt 
Bees GF O0Int 10d Lee Gs clea aye 
3 
. (2n+ 1)4!— (n— 1)4 va ae. Vn + Qn — 1 
251. lim Gaye Gaye 20% tim 
3 
258. lim Vr” 954, lim Vm +1 t+ 0? 
neo n+l dts 3 
Yné +1 
3 
Vn — 2n?++1+Ynt+1 
255. lim ~~ a. 
Vne + 6n5 + 2 — Yn? + 3n3 + 1 
4 3 
256. lim 1 + Shad 
we yn t2—yr+l 
: n!} _ (n+ 2)!+(n+1)! 
20%) En ae Aye BOR n= ara 
_ (nt 2)!+ (n+)! 
259, ES eB FD)! 
aes | 1 
1+ 3 + q + + gn 
260. lim 1 I i 
1 tat ar + 37 
1 
261. lim © (1+ 24+3+... +7). 
262 


: 1 1 1 


Deemer 7 ae 3] 


n+ 2 2)° 


; ee ge oe eee Cee 
Vr? +1 ): 


1 1 
ratect--+a@cneso: 
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266. 


lim 2 
cea OES ie 


Functions of a Continuous Argument 


Find the limits in problems 268-304: 


268. lim SES 269, lim (* Set +1] 

270, lim >= aa. lim = = : 

272, lim =e + 273. Tim = tO 

274, im © =ESs. ae im ge 
a3: 

276. lim 3 277. lim fF=3- T=): 

6. ln (Seay aera: 

sient) oe mE a 3a et 3 

280. et 4 (m and 7 are integers). 

281. lim aoe / 282, lim a 

288. lim = 284. lim Si 

285. lim ean re 2| . 286, lim ( mo = a) 

207, tn [gt — = De be 

988. lim EUR + @ + 2 4+... + (@ + 100)" 


X00 


gid + 1010 
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———— ame 3 
989, lim Vor +1 +Va 290 im!” +1—Ye +1 
ee" Ye pax Ce 


5 4 
7 \ 
ii ee ee 
eaten, |i oe es ery eee 


3 5 a 
a 3 
iin = eas 


— Ver +1 
293. lim Vi+a—1 . 294. lim ieee ; 
x+0 x x-0 x 
2 —_— = Peres 
095. tim = +1-1 996 tim Vet? | 
x0 Va? + 16 — 4 x=5 z— 5 
2 __ Vm _ 
297, lim Ve. 298. lim Y= th — Ve 
x1 Vx —1 h~0 h 
3 3 3 
oe — asa 
299. im 24-7) 300. tim PT #@— V2 
x+0 x x+0 x 
301. lim Oss! (a >). 
xa xu —a 
302. lim es (n and m are integers). 
ey 


3 4 3 
De, =. 31. 2 
308*.lim VIM —VI— 28 guy i VIM KV 


x+0 zx + x x>1 z—l 
305. How do the roots of the quadratic equation ax? +- 
+ bz +c = 0 vary when } and c remain constant (6 + 0) 
and a tends to zero? 
Find the limits in problems 306-378: 


306. lim (Vz + a — Ya). 307. lim (Vx? + 1— V2? — 1). 
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308. lim (x? + 1 — 2)t. 309. lim x (Va? +1 — 2). 


X> too X++teo 


310. lim (V(x + a) (w + 6) — 2). 
311. lim (V2? — 2a — 1 — Vx? — Tx + 3). 


x foo 


312. lim (Ve + 1)? — VG — 1)’). 


3 
313. lim x? (V2 + 1 — Vx? — 1). 


X> oo 


$14. ta ain 
x+0 x x-+0 
316. i sin ax 317. lim tan 2x 
eo Sin pa” 0 sin 5a" 
318. lim ann (n and m are positive integers). 
a0 
. 2aresinz . Qe — arcsinz 
aco ae SEN 7 are Oe 
= = faa 
321, lim ~— °°” | 322, lim ~—8 
x+0 x x-0 «sin 2x 
905; Ti Eee abd i eee 
60 VW — cos a x-o 1 — sinx — cosa 
— gi L% 2 
fo Tin ee ee 996: Tine ee 
es0 a3 zo tan® % — sin? « 
7 Te Cy abe tie 
x+0 (Sin x tan x x (7 2 
x79 3 —cZ 
329. lim ~—** 380, lim 2 
ss : xeon Sin 24 
xy Y(1 — sin 2)? 
331. lim [: = ) ten x. 332. lim =". 
st eee 
Tt 


t In problems where we indicate x —> + oo, the cases # — + oo 
and x—» — oo have to be considered separately. 


333. 


335. 


337. 


338. 


339. 


340. 


341. 


342. 


343. 


344, 


345. 


346. 


347. 


348. 
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lim (1 — 2) tan . 334. lim (sins * tan 
zl 2 yra 2 


cos  — sin x sin( -*| 
lim ——————_ , 336. lim ———--—~ . 
fe cos 2% x 


xz xo e 
4 6 => — COsSz 
2 


ae 
1—sin > 


xon x x . @)\" 
cos PY cos — — sin — 


lim (22 tan 2 — ke ). 
COS 


m £08 (4 + 2) — 608 (a — ) 


x+0 BH 

lim £8 % a cos Bo 

x+0 x 

li sin (a + x) — sin (a — 2) 

xo tan (a + 2) — tan (a — 2)” 

. sin? « — sin? B 

tin 

. sin(a+ 2h) — 2sin (a+ h) + sina 
lim . 
h~0 h? 

. tan (a+ 2h) — 2tan (a + h) + tana 
lim . 
h>0 h2 

7 V2—Y1 + cosa 

m a5 : 

x+0 sin* x 

lim V1+ sina — Yl —sinz : 


x+0 tan x 


lim V1 + esin 2 — Ycos 2x 


x70 zx 
tan? — 
2 


lim 1 — cos x ) cos 2x 


x-0 x 
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3 3 
» af ee 
349. lim V1 -+ arctan 3x V1 — are sin 3z 


x-0 V1 —arcsin 2x — V1 +-arctan2z 


360*. im Vx — Varccos« ; 


x>-1 


361. lim 


365. lim 


x+0 


Ve4+1 


1)" 
1+-|. 
ties +3] 


363. lim (1 + sin x)*¢*, 
x+0 


In (1 + ka) 
Seer a 


352. 


354. 


366. 


367. lim {x [In (z + a) — Inz}}. 


ain 
x+e &©—E 
2x __ 
870. im 
x70 3a 
372*. lim ew" — cos # , 
x~0 2 
sin 2x __ apsinx 
74 ding 


x+0 


369. 


371. 


373. 


375. 


1 x 

tim (1+ 53 
ze? — We +1\ 
lim (5 4a + 3} 


. lim (1 + tan? Vx). 
x0 


lim In (a + 2)~ Ina 


x-+0 x 
. ar—] 
lim 
h-+0 h 
. e—e 
lim 
x~l wx—- 
ex puree ex 
lim ———— 
x0 sin x 
eax ebx 
lim 
x+0 x 
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376. lima (e* — 1). 377. lim (cosh x — sinh 2). 


X00 X> +00 


378. lim tanh x. 


x> +00 


Miscellaneous Limits 
Find the limits in problems 379-401: 
. (ax + 1)" 
379. lim 
xeoo Of AL 
(1) n is a positive integer, (2) 7 is a negative integer, (3) n 
is zero. 


380. lim a (| 2 + Yet ~ x3). 


X+ +00 


. Consider the cases separately when 


. ax —a~* 
ach; dm, a+ (a > 0). 382. lim Bs = a ane (a > 0). 
383, lim SE 384. lim SOten 2 

X00 Xoo 

a + sin x . arcsin & 
385. ints age 386. lim ‘ 
tan a 
387. lim sin (a+ 3h) — 3 sin (a+ 2h) + 3s8in (a+ h) —sina 
: h-+0 A : 

388. lim tan? x (/2 sin? x + 3 sina + 4— 

and — sin? x + 6 sina + 2). 

. 1 —~ cos (1 — cos 2) 
389. tim a : 


ok bi pane 
390*. lim Ge 5 cos ~~ Zz . COS ae 


h—-co 


X~0o 


391. lim (1 — cos 


392. lim (cos Vz + 1 — cosYz) - 


"15 “+1 2 
393 stim 2(are tan pare a 


Xoo 
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: zx+1 x 
394. lim 2 are tan as a are tan mee 


X00 


395%, lim Tone Srotan® 396. lim ( = =) (n> 0). 
x+0 Xoo x 
oe. . Incos2 
897°. lim (cos x)"* , 398. jim a se 
sinx 1 
399. lim ( sin a 400. lim (cos x + sin x)* 
° . x+0 
x+0 x 


1 
401. lim (cos x + asin bx)*. 


x+0 


Comparison of Infinitesimals 
402. An infinitesimal u, takes the values 


1 1 1 
u,=1, Ua Us gree Un paren 


whilst the corresponding values of infinitesimal v, are 
—] a, _ il a! 
y= 1, % =o) “a= Bp” Ugg PA 
Compare u,, and v,; which is of the higher order of smallness ? 


403. The function u,, takes the values 


BS aie mal 
gs a Ogee 


%4=0, &= 


whilst the corresponding values of v,, are 
5 10 n+) 


yA%=2, Y= 


Compare these infinitesimals. 
404. An infinitesimal uw, takes the values 


1 2 n—l 
re Us =FZoresn = pee 


9’ 


u, = 0, u, = 
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whilst the corresponding values of infinitesimal v, are 


5 7 2n + 1 
%= 3, %= 7, = g2++ Mn mete 


Show that u, and v, are infinitesimals of the same order but 
are non-equivalent. 


405. Functions y = ; 7 = 


tesimals as 2 — 1. Which has the higher order? 

406. Given the function y = 23, show that dy and Ax 
are in general infinitesimals of the same order as Ax — 0. 

For what value of x will the order of smallness of the incre- 
ments be different ? 

For what values of x are increments 4x and Ay equivalent ? 


and y=1— Y2x are infini- 


3 
407. Show that 1— 2 and 1 — Yz are infinitesimals of 
the same order as 2 — 1. Are they equivalent ? 
408. Let x — 0. Then Va + 2? — Va(a > 0) is an infini- 
tesimal. Find its order with respect to x. 
409. Find the order with respect to x of the following 
infinitesimals as x — 0: 


3 
(1) 2+ 100022; (2) Ya? — Ya; 
x(x + 1) 
leas! ® ay: 


410. Show that the increments of functions y = a/x 
and v = ba? are of the same order of smallness for x > 0 
and the common increment Az — 0. For what value of x 
are they equivalent (a and b differ from zero) ? 


411. Show that, as x— 1, the infinitesimals 1— zx and 
k 
a(1— Vx), where a+ 0 and & is a positive integer, are of 


the same order. 
For what value of a are they equivalent? 


412. Prove that sec x — tanz and xz — 22 are infinitesi- 


mals of the same order as x —> 5 i 
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Are they equivalent ? 
413. Prove that the infinitesimals e® — e* and sin 27 — 
— sin x are equivalent as x — 0. 


414. Find the order with respect to x of the following 
functions, infinitesimal as x — 0: 


3 
bi eye—1; (2) V1 + 2a — 1 — Ya; 
(3) eV*—1; (4) e™*—1; (5) Nn(1+ Yasin z); 


(6) V1 + 2? tan 3 (7) e& — cosx; (8) e* — cosa; 


3 

(9) cosa — Veosx; (10) sin(Y1+2— 1); 
3 

(11) In (1 + 2) — 2 V(ex — 1); 

(12) arcsin (V4 + 2? — 2). 


Some Geometrical Problems 


415. Starting from an equilateral triangle of side a, a new 
triangle is constructed from the three heights of the first 
triangle, and so on n times; find the limit of the sum of the 
areas of all the triangles as n — oo. 


416. A square is inscribed in a circle of radius R, a circle is 
inscribed in the square, then a square in this circle, and so 
on ” times. Find the limit of the sum of the areas of all the 
circles and the limit of the sum of the areas of all the squares 
as 71 —> oo, 

417. A step figure is inscribed as shown in Fig. 15 in a 
right-angled isosceles triangle, the base of which is divided 


ye 
bbe Oe 


Fic. 15. 
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into 2n equal parts. Show that the difference between the 
area of the triangle and that of the step figure is an infini- 
tesimal as ” increases indefinitely. 


418. The hypotenuse of a right-angled isosceles triangle 
of adjacent side a is divided into n equal parts and straight 
lines drawn from the points of subdivision parallel to the 
adjacent sides. The step line AKLMNOPQRTB (Fig. 16) 


Fic. 16. 


is thus obtained. The length of this step line is equal to 2a 
for any n, i.e. the limit of its length is equal to 2a. But on 
the other hand, as m increases indefinitely the step line ap- 
proaches indefinitely the hypotenuse. Consequently the length 
of the hypotenuse is equal to the sum of the lengths of the 
adjacent sides. Find the error in this argument. 

419. The straight line AB of length a is divided into equal 
parts by n points, and lines are drawn from these points at 
angles ~ (Fig. 17). Find the limit of the length of the step 


line obtained as nm increases indefinitely. Compare with the 
result of the previous problem. 


DADA g 
|» | 


Fig. 17. 


420. The straight line AB of length a is divided into n 


equal parts. An arc of a circle equal to = radians is erected 
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on each part of AB (Fig. 18). Find the limit of the length of 
the resulting curve as n — oo. How does the result change if 
semicircles are erected on each subdivision ? 


ACaOOoe eS SOEs 4 8 


jg —____+| 


Fie. 18. 


421. A circle of radius R is divided into equal parts by n 
points. Taking the points as centres, arcs of circles of radius 
r are drawn to their intersections with neighbouring arcs 
(Fig. 19). Find the limit of the length of the resulting closed 
curve when 7 increases indefinitely. 


Fie. 19. 


422. Two circles of radii R and r(R > 7) are located to 
the right of OY and touch it at the origin (Fig. 20). As x > 0, 
of what order with respect to x are the infinitesimal segment 
MM’ and the infinitesimal angle «? 

423. The straight line OP joins the centre of a circle to a 
point P lying outside the circle. A tangent PT’ is drawn to 
the circle from P and a perpendicular 7'N dropped from 7 
to OP. Prove that segments AP and AN, where A is the point 
of intersection of OP with the circle, are equivalent infini- 
tesimals as P > A. 
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424. Tangents are drawn at the ends and mid-point of the 
are AB of a circle and points A and B are joined by a chord. 
Show that the ratio of the areas of the two triangles thus 
formed tends to 4 as arc AB diminishes indefinitely. 


Numerical Problems 


425. Starting from the equivalence of functions 1 + x — 


— 1 and 52 (see Course, sec. 40) as x — 0, evaluate approxi- 


mately: 
(1) ¥105; (2) 7912; (3) 7260; (4) 71632; 
(5) ¥0°31; (6) Y 0-021. 


jp neers x 
426. Prove that /1 + 2 — 1 and nm are equivalent infini- 


tesimals as 2 — 0. Use this fact to find approximately the roots 
3 3 5 5 
(1) ¥1047; (2) 78144; (3) V1; (4) 71080. 
Find the same roots from logarithmic tables. Compare the 
results. 


427. Use the equivalence of In(1+ <2) and x as x0 
for approximate evaluation of the natural logarithms of 
the following numbers: 1:01; 1:02; 1:1; 1-2. Find the loga- 
rithms to base ten of the same numbers and compare with 
the tables. 


CHAPTER III 


DERIVATIVES AND DIFFERENTIALS. 
DIFFERENTIAL CALCULUS 


1. Derivatives. The Rate of Change of a Function 


Some Physical Concepts 


428, A particle moves in a straight line according to the 
law 
e= t+ 6. 


Find the average velocity: (a) during the first six seconds, 
(b) during the interval from the end of the third to the end 
of the sixth second. 

429, A particle M moves away from a fixed point A so 
that the distance AM increases proportionally to the square 
of time. After 2 min from the initial instant distance AM 
is equal to 12 m. Find the average velocity: (a) during the 
first 5 min, (b) during the interval from ¢ = 4 min to ¢ = 7 
min, (c) during the interval from ¢ = ¢, to t = 4,. 

430. The equation of a rectilinear motion is 


3 
— 7 = 
ae ie Sera 


Find the average velocity during the interval from ¢ = 
=4tot=4-4 At, putting 4t = 2,1,01, 0:03. 

431. A freely falling body moves according to the law 
gt? 
9 ? 
gravity. Find the average velocity during the interval from 
t= 5 sec to (¢ + At) sec, putting 4t = 1 sec, 0:1 sec, 0°05 
sec, 0°001 sec. Find the velocity at the end of the fifth second 


$= where g (= 980 cm/sec?) is the acceleration due to 
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and at the end of the tenth second. Obtain the formula 
for the velocity of the falling body at any instant ¢. 


432, AB is a thin non-homogeneous rod of length ZL = 20 
em. The mass of a piece AM increases proportionally to the 
square of the distance of point M from point A, and we know 
that the mass of AM = 2 cm is equal to 8 g. Find: (a) the 
average linear density of the piece of rod AM = 2 cm, 
(b) of the whole rod, (c) the density of the rod at point WM. 

433. The mass (in g) of a thin non-homogeneous rod AB 
of length 30 cm is distributed according to the law 


m = 3l? + 51, 


where / is the length of a piece of rod measured from A. Find: 
(1) the average linear density of the rod, (2) the linear den- 
sity: (a) at the point distant 7 = 5 cm from A, (b) at point 
A itself, (c) at the end of the rod. 

434. The amount of heat @ required to raise unit mass of 
water from 0 to ¢° C is given by 


Q = t + 0:000022 + 0-00000038 (cal/g). 
Find the specific heat of water at ¢ = 30°, ¢ = 100°. 


435*, The angular velocity of a uniform rotation is defined 
as the ratio of the angle of rotation to the corresponding 
time interval. Give the definition of the angular velocity 
of a non-uniform rotation. 


436. If the process of radioactive decay were uniform, 
the rate of decay would be reckoned as the amount of materi- 
al disintegrating in unit time. The process is in fact non- 
uniform. Given the definition of the rate of radioactive 
decay. 

437. A constant current is defined as the quantity of 
electricity flowing through the conductor cross-section in 
unit time. Define a variable current. 

438. The thermal coefficient of linear expansion of a rod 
is the increase in unit length per 1° C rise in temperature if 
we assume uniform expansion. The process is in fact non- 
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uniform. Let J = f(t), where / is the length of the rod, ¢ the 
temperature. Define the coefficient of linear expansion. 

439. The coefficient of extension of a spring is defined as 
the increase in unit length of the spring under the action of 
unit force acting per square centimetre of the spring cross- 
section. It is assumed here that the extension is proportional 
to the force (Hooke’s law). Define the coefficient of extension 
k when there is a deviation from Hooke’s law. (Let | be the 
spring length, S the cross-sectional area, P the extending 
force and | = g(P).) 


Derivatives 


440. Find the increment of the function y = 2° at the 
point x, = 2 when the increment Ax of the independent 
variable is (1) 2, (2) 1, (3) 0°5, (4) 0-1. 


441. Find the ratio dy for the functions: 


Az 
(1) y = 228 — a? 41 forz=1; 4Ar=0'1; 
2) y == forx=2; dx =0°01; 
(3) y= Va for 7 = 4; Ax = 04. 


Show that, as 4x — 0, the ratio tends in the first case to 4, 
in the second to — in the third to ; : 


442, Given the function y = x?, find approximate numeri- 
cal values for the derivative at x = 3 when Az is equal to 
(a) 0°5, (b) 0-1, (c) 0°01, (d) 0:001. 

3 


443, f(x) = 2%; find (6); f(—2); r(- 3): 


444, f(z) = 23; find f'(1); (0); f(— V2); r(3}. 


445, f(x) = x. At what point does f(x) = f’(x)? 
446. Given f(x) = 22, show that f(a + 6b) = f(a) + (0). 
Does the same equation hold for f/(x) = 23? 
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447, Find the numerical value of the derivative of y = 
=sing at x= 0. 

448. Find the numerical value of the derivative of y = 
=loga at x =1. 

449. Find the numerical value of the derivative of y = 
= 10% at x= 0. 

450. What is the limit of ue) as x—0 if f(0) = 0? 


451. Prove the theorem: if f(z) and g(x) vanish at x = 0: 
/(0) = 0, (0) = 0, and their derivatives exist at x= 0, 
whilst ¢’(0) + 0, we have 

im te a FO 


x0 (2%) (0) 
452. Prove that, if f(x) has a derivative at «=a, then 


aha) — af). _ (a) — af'(a). 


lim 
xa x 


453. Find the derivatives of the functions: 
3 3 
(1) a8; (2) xl; (3) a7; (4) Vx®; (8) Va; 
5 
1 4 
-3. a caarar J . 5+ 
(6) a-*; (7) 33 (8) p (9) a Vu; (10) 0-725; 


(11) ae (12) ax~7; (13) VE: (14) E 


a2 
(15) ax 3 


Geometrical Meaning of the Derivative 


454. Find the slope of the tangent to the parabola y = x?: 
(1) at the origin, (2) at the point (3, 9), (3) at the point (—2, 4), 
(4) at its points of intersection with the straight line 
y = 3x — 2. 

455. At what points is the slope of the tangent to the 
cubical parabola y = x equal to 3? 

456. At what point is the tangent to the parabola y = 2?: 
(1) parallel to Ox, (2) at an angle of 45° to Ox? 
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457. Can the tangent to the cubical parabola y = x? form 
an obtuse angle with Ox? 

458. At what angle does the parabola y = 2? cut the 
straight line 32 — y — 2 = 0? 

459. At what angles do the parabolas y = x? and y? = x 
intersect ? 


460. At what angles do the hyperbola y =: and the 


parabola y = Vx intersect ? 

461. Write down the equations of the tangent and normal 
to y = 2° at the point with abscissa 2. Find the subtangent 
and subnormal. 

462. For what values of the independent variable are the 
tangents to y = x? and y = 2° parallel? 

463. At what point is the tangent to the parabola y = 
= 2x*: (1) parallel to the straight line y = 4% — 5; (2) per- 
pendicular to the straight line 2x — 6y + 5=0; (3) at an 
angle of 45° to the straight line 3x — y+ 1= 0? 

464, Show that the subtangent corresponding to any point 
of the parabola y = az? is equal to half the abscissa of the 
point of contact. Using this fact, give a method of drawing 
the tangent to the parabola at any given point. 

465. Show that the normal to a parabola at any point 
is the bisector of the angle between the line joining the point 
to the focus and the line through the point parallel to the 
parabola’s axis. 


2. Differentiation of Functions 


Sums, Products and Quotients of Power Functions 


466. Differentiate the following functions (2, y, z, #, u, 
v are independent variables; a, b, c, m, n, p, g are constants): 


(1) 827 — 54 +1; (2) oA — 3a 4 250? — O-8e + 01; 


3 3 
(3) aa®+ ba-+c; (4) Yx+ /2; 
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= 1 4 es y 1 
(5) 2V¥e—— + V3; (6) 08Vy— 55+ 


By? 
2 2 a 
()24+"4+ 547; © bee ple, 
m2 + nz+ 4p | ; -} 52 2°5 
(9) er ; (10) Ol pit 
(11) (« — 0°5)°; (12) Vx (a — Vx + 1); 
(13) (v + 1)? (v — 1); (14) 0°5 — 3 (a — 2); 
ax® + 6x? + ¢_ mu+n\s 
erm eo lg 


467. f(x) = 3e — 2Yx. Find: f(1); f'(1)s f(4); f'(4); 
f(a?); f(a). 


468, /() ="— = Bina: (1); f(—0); FQ): r(7): 
469. f(z) = cen ied . Find: f' (7) 
470. f(x) = 4 — 5a + 2x3 — a. Show that 

f(a) = f'(—@). 


Differentiate the functions of problems 471-489 (x, y, z, t, 
u, v, 8 are variables; a, b, c, d, m are constants). 
A471. (1) y = (x? — 3x + 3) (a? 4 22 — 1); 
(2) y = (a — 3a + 2) (a4 + 2? — 1); 


@) y= (2 +1)(7-— 1); 


3 
2 ¥ Vx? 
(4) y= (= — y3|[4e Va + —_]; 
3. 
(ele 
(5) y = (Vx + 2x) (1 + Vz? + 32); 
(6) y = (x? — 1) (a? — 4) (a? — 9); 


(7) y= (14 Ya) (1 + V2) (1 + 32). 
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472, y= 173. y= 

474, 9 = Tt 45. ua 
476. y=" = 

477. z= sae 5 + (v2? —1)(1—2) 

478 waa", 479 y=75 

480. y= asl. ut) 

482. y =! ye 483. 2 = ET ER 

484, 5 = ewes 485. y = a ; 

486. y= SS. 987. = aE 
489. y oe 


™~ (@ — a) (@ — b) a — Cc)" 

490. f(x) = (2? + «4+ 1) (a? —x-+4+ 1); find /’(0) and f’(1). 

491. F(a) = (« — 1) (a — 2) (w@ — 3); find F’(0);  F'(1) 
and F’(2). 

find F’(0) and F’(—1). 


492. F(x) = a 


Be ok Sa 
a+2 6° e+ 


493. a(t) => 


2 
; + = find s’(0) and s‘(2). 


494, y(x) = (1 + 2%) (5 _ 3) find y’(1) and y’(a). 


495. o(p) = a find o'(2) and 9'(0). 
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496. o(z) = at 
497. 2(t) = (Ve3 4+ 1) ¢; find z‘(0). 


find 9’(1). 


Powers of Functions 
Differentiate the functions of problems 498-515: 
498. (1) (« — a) (xe — b) (w@ — cc) (x — dd); 
(2) (a + 1)*; (3) (1 — a); (4) (1 + 20)%; 
(5) (1 — 22); (6) (52% + a? — 4); (7) (a8 — 2); 
6 4 


(8) (7 -E +6] (@) = (e543 


x+1)\?. _— (lL + 2, 
(10) y= 7 ; 1) y=(TEa 3 


xz—l 
(12) y = (203 + 822 + 6x + 1)4. 
ae 2. case Mie 
499, ro 500. s = (I — #2 . 
3 
Bo. y= STE ye 
1+ ae 1 + 2a 
1 
503. y = V1 — a. 504. y = (1 — 2x7). 
vo \r 2 
505. U =(; = ; . 506. I= (a + 1p . 
3 
1 1 
507. oe 508. -|/ . 
: Va? — x? : 1+ 2? 
1 l+2 
509. 2 oS. 510. =. 
? V1 — at — 23 o Vl—2 
x 1 
511. = ——_. 512. SS 
. Vx? + a? . v — Var + v? 
biggie 


V2e—1  V(#?+ 2)8 
3 
514, u(v) = (v2 + » + 2)?; find w’(1). 
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61. y(z) = | a find y'(2). 


516. Show that the derivative of an even function is an 
odd function, and the derivative of an odd function is even. 


Trigonometric Functions 


Differentiate the functions in problems 517-546: 


, a 
517. y = sin x + cosz. 518. y => — oan 
B19. y= Ee 580s p =o ane boa: 

sin « 4 sin ¢ 
521. z= ane 522. °= T+ cost’ 

x x sin x 

Oy eer ona 524, y = l+tane ° 
525. y = cos? a. 526. y = 7 tant x. 
527. y = cos x — oat x. 528. y = 3 sin? x — sin? x. 


3 


529. y = j tants —tane-+2, 530. y = x sec? a — tana. 


531. y = sec? x + cosec? xz. 532. y = sin 3x. 

533. y =a 008 5 : 534. y = 3 sin (3x + 5). 
585. y = tan” + - 536, y = Y1+ 2 tan e. 
537. y = sin 588. y = ain (sin 2). 
539. y = cos® 4x. 540. y= fan ; 


2 


3 
541. y = sin V1 + 27. 542. y = cot Yl 4+ a”. 


543. y = (1 + sin? 2). 544. y= / 1+ tan(x +5} 


545. (=e : 
1+ )az 


mh 


546. y = sin? (cos 32). 


= 
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547. Deduce the formulae: 
(sin” x cos nx)’ = n sin"! x cos (n + 1) 2; 
(sin" x sin nx)’ = n sin") # sin (n + 1) a; 
(cos" x sin nx)’ = n cos"-1 2 cos (n + 1) 2; 
(cos x cos nx)’ = —n cos") z sin (n + 1) 2. 


Inverse Trigonometric Formulae 
Differentiate the functions in problems 548-572: 


are sin x 


548. y = x arc sin x. 549. y= aaaeaae * 


550. y = (are sin x)?. 
551. y = ware sina + V1 — 22, 


552. y = eee Lee : 553. y = x sin 2 arc tan 2. 
arcsin & 
554. y = ene ‘ 555. y = Vx arctan 2. 


556. y = (arc cos x + arc sin 2)", 


557. y = arcsec x. 558. y = ae arc tan x. 
are sin & x 
NS aes OO: I= Fane 
: 2% — 1 
561. y = arcsin (x — 1). 562. y = arccos ‘ 
. 2 

563. y = arc tan 2”. 564. y = are sin= - 
565. y = arc sin (sin 2). 566. y = arc tan? : 

l—a 


me = 2 2 : ia 
567. y = Y1—(arccosx)?. 668. y = arcsin ark 


4 
] z 
569. y = 5 | aresin Vz + 2a. 
sin « sin & 
1 — cos « cosa" 


570. y = arc sin 
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Deis Foose 
a+bcosz’ 


572. y = are tan(a — V1 + 2). 


571. y = arc cos 


Logarithmic Functions 


Differentiate the functions of problems 573-597: 


573. y = x* log, x. 574. y = In?a. 
575. y = x log x. 576. y = Ving. 
x—l ; 
laa nar 578. y = «sina Ina. 
1 In 2 
579. y= - 580. y= - 
1—Inz Inz 
ole Ting aol Ra Tea 
583. y = az" Ing. 584. y = V1 + In? a. 
585. y = In (1 — 22). 586. y = In (2? — 4z). 
587. y = Insinz. 588. y = log, (a? — 1). 
589. y = In tan x. 590. y = In arccos 22. 
591. y = In‘ sin z. 592. y =arctan [In(ax + d)}. 


593. y = (1+ Insinz)". 594. y = log, [log, (log® x)]. 
595. y = Inare tanV1 + 2. 
596. y = arcsin? [In (a? + 2)]. 

3 


597. y= |/Insin——— . 


Exponential Functions 
Differentiate the functions of problems 598-633: 


598. y = 2. 599. y = 10%, 
600. y= 5. gol. y=. 
602. y = 710%. 603. y = xe*. 
oY eT earl ip. 


ex . ex 
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606. y = e cos x. 
Cos & 
608. y = = 


610. y = 23 — 3*. 
612. y = (2? — 2x + 38) e. 


1— 10 
614. y= Tre’ 
616. y = xe* (cos x + sin 2). 
618. y = 10?*-3, 
620. y = sin (2°). 
622. y = asin’, 
624. y = 23%, 


626. y = sin (e+ 3-2), 


628. y = elin @xt+ox+0) 
630. Y= ae—x* . 


632. y = Ae—** sin (wx + a). 


Hyperbolic Functions 


e* 
607. y¥ = aus 
609. y = Qinx 
611. y= JVl+e. 

_1i4+eé& 

613. y = es 

e 
617. y =e. 
619. y = ef*+i 
621. y = 35"~, 
623, y= earcsin 2x, 
625. y = el/inx, 


627. y = 10! stay, 
3 
629. y = Insin arc tan e**. 


x? 


631. y=2e %. 
633. y = axa’. 


Differentiate the functions of problems 634-649: 


634, 
636. 
638. 
640. 
642. 


y = sinh? z. 
y = are tan (tanh 2). 
y = sinh? x + cosh? x. 
y = Veosh «. 
y = tanh (In 2). 

4 


644. 


4 


_, ]/1 + tanhz 
a a Vi — tanh a’ 


y =V(1+ tanh? 2). 645. y= 5 tanh 5 — "tanh? ~, 


635. y = In cosh a. 

637. y = tanh (1 — z?). 
639. y = cosh (sinh 2). 

641. y = est x, 

643. y = x sinh x — cosh az. 


x 
2 


1+ /2tanhz 


647. y = 5 tanh + 2 


1—Yy2tanhe 
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1 : a8 
648. y = . cosh 22 + Vasinh 2x. 649. y = xe cosech x. 


Logarithmic Differentiation 


Differentiate the functions of problems 650-666 by using 
the rule for logarithmic differentiation: 


650. y = x. 651. y = x. 
652. y = (sin a)°°s*, 653. y = (Ina)*. 
654. y = V(x + 1). 655. y = ae" sin 2x. 


3 
_ (@—2Py¥a+1 meee 
656. y=" —@— 5 . 657. le . 
4 
3a — ——— 
eer a Oe ee 659. y = Vasinzg V1 — e&. 
V(x — 3)? 


1 
— arcsin z% = 
660. y= [pee 661. y = 2°. 


sin —s, x i“ . 
662. y = xix, 663. y= (75,). 
664. y = 2x)*, 665. y = (a? + 1)sx, 

3 


a(2? +1 
666. y = aay: 


Various Functions 


Differentiate the functions of problems 667-770: 

8 
667. y = (1 + Ve). 668. y= atan(7 +0). 
669. y = V1 4+  2pe. 


670. y = arc tan (x? — 3x + 2). 
671. y = log (x — cos 2). 672. y = 3 cos? x — cos? x. 
673. y= Stanz + tant. 674. y= y——., 

Vix + Vx 


675. 


677. 


679. 


681. 


682. 


684, 


686. 


688. 


689. 
690. 


691. 


692. 
694, 


695. 


696. 


698. 


700. 


702. 
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y = sin * sin 2a. 
2 
so 

y = 5 Yad — 8. 


y=(+z) . 


1 
— pext3 {72 _ SS 
y=e~* (= = +3). 
_ 2sin? s 
Y = Cos 2 
a x 
ia aa 
y= es . 
9 
V4a5 + 2 
Y ~~ 38 


y = “arc tan Vx. 
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676. y = sin xe™s*, 


678. y=e "Ing. 
z+1 


680. y = arc tan ~ =] 


I xy3 
683. ae ance | =a 
mA td ad 
685. y = sin 3 Cot 5 - 


687. y = In (x + Ya? + 2”). 


y=YV1-+ tan? 2 + tan‘ x. 


y = cos 2a In x. 


2 1 x 
y = gare tan & + 3 are tan 73 


a * 


693. y = arc sin sin z. 


y = arcsin (” sin 2). 
1 1 
= — gin® 372 — — sin® 32. 
Y = 79 sin 32 94 sin 3x. 
y=xu—Jyl1l—2z arcsing. 
arc sin % 
y = cos —p 


y = are cos) 1 — 32. 


y = log, (x? — sin z). 


_, a+Vl—2 
y=he 


sige le eae 


699. y = sin? ( 


1—Inz 


1—z 
l+2° 
703. y = x arc sin (In 2). 


701. y = arctan / 
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l1—e& — 

704. y = tan 5 caer 705. y = cosx V1 + sin? x. 
2 

706. y = 0°4 (cos = Biss sin 0°8 | : 

_ 1 
707. y = x10!*, 708. y = tant On” 

1 1 
709. y = In arctan 710. y = h ——___—.. 
t 1+z : x+YVo—1 


3 
m.y=litayer3. 712. y =a? V1 + yz. 


1 
— eS 714. = Ar arc tan 3 
aeey Vi + sin? « 4 


In sin x 


715. ¥ = Fos” 716. y=are sina + V1—2%, 
are sin 42 J 
717. y aes gee 718. y=e™, 
1—e& 
719. y=In = 720. y = 10xtanx, 
721. y = sin? x sin 2°. 722. y= cede : 
Vcos 2a 
l—2z 
723. y =z == . 
724. y = Zn +2 5 are tan 2. 
725. y = Qinx 
726. y = V(a — 2) (x@ — 6) —(a — 6) are tan |/2=$ , 
. I-x 
ony pee 728. y = ale 


~ Q2sin? x cosa’ 


729. y = Va? — 2? — a are cos =. 


730. y= yFF1—In(2 + 1 +3). 


eg 
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_ sin? cos? 
y= 1+ cota + 1+ tanz’ 
732. y =In (x + fa? — 1) — 2 _ 
V2? —1 
733. y= e* (asinz—cosx). 734. y = xe!—s*, 
at 1 
~~ arctan e~2* * 
737. y = 323 arc sin x + (2? + 2)V1 — 2%. 
— oni i ee 
[ies 
—2 
— 2+ 4x — 2. 
16 a 


740. y = In (e* cos x + e-* sin 2). 


731. 


735. y 736. y = e* (sin 3% — 3 cos 32). 


738. y 


739. y = 2are sin ~ 


1+zarctanz 


CY ara acl Neale sey ea 
ul 
—_—;—- 
743. y = e* sin x cos® z. MiGs loans. 
745. y = x — In (2e% + 1 + Ye + 4e* + 1). 
pe e 
746. y= earctan Vit In (2x + 3), 947. y= e+e ‘ 


748. y=In tan = — cot a In (1 + sin x) — aw. 
749, y = 2In (22 — 3/1 — 42?) — 6 aresin 2a. 


322 


— +Inj1 + 2? + arc tan x. 


751. y = 5 (3 —2) 1 — 22 — a + 2aresin= +? 


750. y = 


y2 
752. y=In (zsinz Vl—a2?). 7538. y=xV1 + 2%sing. 
Vx + 2(3 — a)! a 
14. y = @+ip ° 755. y = Va + axel )3, 
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] x? —arctanx+Linx +1 
756. y =—=e 7 
Vx 
1+ tan 
757. y = sin x SSN 2 
* Y= Feostx * Scostz | 8 x" 
1 — tan= 
2 
__ we* arctan x __ (1—2?)e*~! cosa 
8 Peg OES (arc cos x) 


Ronee 4 
760. y= 2 (ap + ya Fat + in (e+ 
+ Vera). 


761. y = x (arcsin x)? — 22 + 2V1 — 2 arcsin 2. 


xX —Xx 
762. y = In cos are tan ——"— . 
1 a 
763. y = are tan |e™* 3 : 
a m Y ab ( 4 
z+l 1 22 — 1 


764. y= Zin Vad -+- — arc tan 


—#+1 ¥3 y3 
Vl+ae—Yl—a ee 
766: = Ine ; 
y n (ices Site + 2 arc tan ere 
3 
766. y = (tan 2x)? . 767. y = [2=*. 
yar -+4+ 4 


4 
- etatl 1 t 24 +1 
768. y = In Jee + yal" an 3 +- 


24 — 1 
4+- are tan —— ). 


er] 
769. y = are COR ara ‘ 
_ x 1 (1 + 22)? 
FS aes 18 a oe age 
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771. Show that the function y = In satisfies the 


1 
l+z 
relationship 

dy 
=, = ey 
x an +1=e%, 
772. Show that the function 
2 po a paras 
y= 4 aye Fl +inlet+ fet) 


satisfies the relationship 


2y = ay’ +Iny’. 
773. Show that the function 
__ are sin x 


fl a 
satisfies the relationship 
(l—2%)y' — ay =1. 
774*, Evaluate the sums: 


1+ 2Qa4+ 3227+ ...+ na"-!; 
2+2.3¢+3.4?+...+(n—1) 2", 


Inverse Functions 


775. Suppose that the rule for differentiating power func- 
tions is only proved for positive integral powers. Deduce the 
formula for differentiating a root by using the rule for dif- 
ferentiating an inverse function. 


776. « = ersiny; find ev in terms of y, in terms of z. 
ds . 

777. ¢ = 2 — 3s + 5%; express qa @ terms of s. 

778. u= ; In te ; prove the relationship 


du dv 


dv du 
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779. Knowing that arc sin Vz and sin? are the inverse 
of each other, and that (sin? x)’ = sin 22, find: 


(are sin Vx)’. 
780. We use the symbol «(x) to denote the inverse of the 
exponential function y = x*, ie. y= 2* implies x = a(y). 
Find the formula for the derivative of the function y = «(z). 


781. The inverse hyperbolic functions are written as 
Arcsinh x Arccosh z, Arctanhz. Find the derivatives of 
these functions. 


782. s=te-'; find a : 
ds 


1 — a4 dx . : 
783. y = a Express ay in terms of x, in terms of y. 
dy dz 
Show that ap de 
784. 2 = y® — 4y +1. Find dy 
: : aac 
785. ¢ = aresin 2°. Find = in terms of s, in terms of ¢. 
dy dx F 
786. Show that dodgy lifa and y are connected by 


the relationships: 
Qhy=e@+ar+b; ()y=27; 
(3) y = In (a? — 1). 


Functions Given Implicitly 


787. Show that the derivatives of both sides of the equation 
sin? x = 1 — cos? x 
are identically equal, i.e. that the equation can be differenti- 
ated term by term. Is it “possible” to differentiate term by 
term the equation sin z = 1 — cos x? 
788. Show that the equation 
2sin? x — 1 cos x (2 sin x + 1) 


P = tan z 
cos % 1+ sinz 


can be differentiated term by term. 


789. 


to be differentiable term by term (i.e. for the derivatives of 
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What must the function y = f(x) be for the equation 


cost x + 2 sin? x cos? x + y? = 1 


both sides to be identical) ? 


790. 


to be equal, i.e. for the equation to be differentiable term by 


term ? 


791. 


What must y be for the derivatives of both sides of 


ety=l 


What is the slope of the tangent to the circle 
(x — 1? + (y+ 3)? = 17, 


at the point (2, 1)? 


Find the derivatives of functions y given implicitly in 


problems 792-812: 


792. 


794. 
796. 
798. 
799. 
800. 
801. 
803. 
804. 


806. 
808. 
809. 


810. 


811. 


812. 


1 1 1 
241 7938. 22 + y%?=a?. 
z+ y% — 3ary = 0. 795. y? cos x = a? sin 3x. 
y® — 3y + 2ax = 0. 797. y? — 2ey + BF = 0. 
at + yt = wy?, 

xe + axy + bry? + y= 0. 

sin (zy) + cos (xy) = tan (x + y). 


2° 4+ 2Y = 2tty, 802. 2yIny = x. 

x — y = arcsin x — arcsin y. 

w= yy. 805. y = cos (x + y). 
ia 2 cs 

cos (xy) = &. 807. a +y% =a. 

y = 1+ ze’. 


x sin y — cos y + cos 2y = 0. 
a | Sead Oa 
3 VaiaEe 85 

y sin x — cos (x — y) = 0. 
y = x + arc tan y. 


tan 
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813. Show that the function y defined by the equation 
xy — Iny = 1 satisfies also the relationship 


a d 
y? + (zy — 1) 5% = 0. 


Geometrical and Mechanical Applications of the Derivative 


814. Two points with abscissae 2, = 1, x, = 3 are taken 
on the parabola y = 2. A secant is drawn through these 
points. At what point of the parabola is the tangent to it 
parallel to this secant ? 

815. A chord is drawn through the focus of a parabola 
perpendicular to its axis. Tangents are drawn to the parabola 
at its points of intersection with the chord. Show that the 
tangents cut at a right angle. 

816. Form the equations of the tangent and normal to 
the hyperbola y = . at the point with abscissa 2 = -5 ; 
Find the subtangent and subnormal. 


817. Show that the intercept of the tangent to the hyper- 
bola y = < between the coordinate axes is bisected at the 


point of contact. 

818. Show that the area of the triangle formed by any 
tangent to the hyperbola zy =a and the coordinate axes 
is equal to the area of the square constructed on the semi- 
transverse axis. 

819. A particle moves along a straight line so that its 
distance s from the initial point after ¢ seconds is equal to 


a it — 48 + 162. 


(a) At what instant was the particle at the initial point? 
(b) At what instant does its velocity vanish ? 

820. A body of mass 3 kg moves along a straight line 
according to the law 


s=1+4t+F#; 
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s is given in centimetres, ¢ in seconds. Find the kinetic energy 


2 
_ of the body 5 sec after the initial instant. 


821. The angle « of rotation of pulley is given as a function 
of time ¢ by a = # + 3¢ — 5. Find the angular velocity at 
t= 5 sec. 

822. The angle of rotation of a wheel is proportional to 
the square of the time. The first revolution is accomplished 
in 8sec. Find the angular velocity w, 32 sec from the start of 
the motion. 

823. The angle 6 through which a wheel rotates in ¢ sec 
is equal to i= Ghia ss: 
where a, b, c are positive constants. Find the angular velocity 
w of the wheel. After how long will the angular velocity be 
zero ? 

824. The quantity of electricity flowing through a con- 
ductor, starting from the instant ¢ = 0, is given by 


Q = 2 + 3¢-+ 1 (coulombs) 


Find the current at the end of the fifth second. 

825. Find the points of the curve y = x? (x — 2)? at which 
the tangents are parallel to the axis of abscissae. 

826. Show that the curve y = 2° + 5x — 12 is inclined 
to Ox at every point at an acute angle. 


827, At what points of the curve y = x° + x — 2 is the 
tangent parallel to the straight line y = 4x — 1. 


828. Form the equations of the tangents to the curve 


y= 2 —: at its points of intersection with the axis of 
abscissae. 

829. Find the equation of the tangent to the curve y = 
= x3 + 3x22 — 5 perpendicular to the straight line 2x — 
— 6y+-1=0. 

Find the equations of the tangents and normals to the 
curves of problems 830-833: 
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830. y = sin x at the point M(x, yp). 
831. y = Inz at the point M(x, y). 


832. y = at the point with abscissa 2 = 2a. 


8a 
4a? -|- x 


833. y? = 
2a— 2 
834. Show that the subtangent to the nth order parabola 


L.. ‘ . 
y =x" is equal to a times the abscissa of the point of 


(cissoid) at the point M(z», y¥,). 


contact. 

Give a method of drawing the tangent to the curve y = 2". 

835. Find the subtangents and subnormals to the curves 
y= 23; y=25; xy? = 1. Give methods of drawing the 
tangents to these curves. 

836. Find the equations of the tangent and normal to 
the parabola 2? = 4ay at the point (x9, y)); show that the 
equation of the tangent at the point with abscissa x) = 2am 


: y 
is = — + am. 
ae 


837. A chord of the parabola y = x? — 2x + 5 joins the 
points with abscissae 7, = 1, x, = 3. Find the equation of 
the tangent to the parabola parallel to the chord. 

838. Find the equation of the normal to the curve 

i 
¢= ax 2 +6 
at the point with abscissa 2 = 3. 

839. Find the equation of the normal to the curve y = 
= —Vx-+ 2 at its point of intersection with the bisector 
of the first quadrant. 

840. Find the equation of the normal to the parabola 
y = x? — 6x + 6 perpendicular to the straight line joining 
the origin to the vertex. 

841. Show that the normals to the curve y = 227 —2x+1 
through the points with abscissae x,=0, x7, —= —I1 and 


t= 35 intersect in a single point. 
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842. Normals are drawn to the parabola y = x? — 4% + 5 
at its intersections with the straight line x—y+1=0. 

Find the area of the triangle formed by the normals and 
the chord joining the points of intersection. 


843. Show that the tangents to the hyperbola y = 
H 


= at its points of intersection with the coordinate 


axes are parallel. 


844. Find the tangent to the hyperbola y = ‘ = ° such 
that it passes through the origin. 
; F 1 ‘ 
845. Find the point of the curve y= ips at which 


the tangent is parallel to the axis of abscissae. 


846. Find the equation of the tangent to the curve 
x(x + y) = a? (x — y) at the origin. 
2 
847. Show that the tangents to the curve y = ee 
through the points for which y = 1 intersect at the origin. 
848. Draw the normal to the curve y = z1n 2 parallel to 
the straight line 2x — 2y + 3=0. 


849. Find the distance from the origin to the normal to 
the curve y = e* + 2? at the point z = 0. 


850. Draw the graph of the function y = sin (2° — 3] 


and find the point of intersection of the tangents to the 
graph when one is drawn through the point of intersection 
of the graph with Oy and the other through the point 


5a 
Ca 
851. Show that the subtangent at any point of the curve 
y = ae™ (a and 6 are constants) is of constant length. 


852. Show that the subnormal at any point of the curve 
y = «In (cz) (c is an arbitrary constant) is the fourth pro- 
portional of the abscissa, ordinate and sum of abscissa and 
ordinate of the point. 
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853. Show that any tangent to the curve y = x Vx — 422 


cuts the axis of ordinates at a point equidistant from the 
point of contact and the origin. 


2 2 
854. Show that the tangent to the ellipse “at a = 1 at 


x. 
a2 b2 = 


the point M(x, yo) has the equation ai Lee 


a) 8 
855. Show that the tangent to the hyperbola - — - = 


= 1 at the point M(x, y) has the equation saa ee LL es 


a? b? 
856. Prove that the normal at any point of an ellipse 
bisects the angle between the focal radii of the point (Fig. 21). 


Fig. 21. 


Deduce from this a method of drawing the tangent and nor- 
mal to the ellipse; solve the corresponding problem for the 
hyperbola. 


857. Find the equations of the tangents to the hyperbola 
2 42 
> — - = 1 perpendicular to the straight lime 2x + 4y — 
—3=0. 

858. A straight line is drawn through the origin parallel 
to the tangent to a curve at a given point M. Find the locus 
of point P of intersection of this straight line with the straight 
line through UY parallel to the axis of ordinates. 
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Find these loci for (a) the parabola y? = 2pz, (b) for the 
logarithmic curve y = log, x, (c) for the circle 2 + y? = a?, 


ae 2 yd 
(d) for the tractrix y = Va? —z? —aln ae . 


Find the angles at which the curves of problems 859-864 
intersect: 


859. (1) y= 


etl _ w+ 4+ 8 
ee and .=—j 


(2) y = (cw — 2)? and y= 4a — 2? 4 4. 
860. (1) 2? + y2 = 8 and y? = 2z. 
(2) 2? + y2 — 4a = 1 and 2? 4+ y2 +4 2W=9. 


861. x 2 y= bond = 4 i: 
862. x? + y? = 8ax and y? = ai 
; 2a — 2° 
8a? 
863. 2? = 4ay and Y= 32 1 402" 


864. y= sing and y=cosx(0=S=2e72). 
865. Find the equations of the tangent and normal to 


the curve ay" (yy 
TG 


at the point with abscissa a. 


866. Prove that the sum of the intercepts cut from the 
coordinate axes by the tangent at any point of the parabola 
1 1 1 


x? + y2 — q? ig equal to a. 


867. Prove that the segment of the tangent to the astroid 
2 2 2 
x3 + y3 —a3 lying between the coordinate axes has a 


constant length a. 
868. Prove that the segment of the tangent to the tractrix 


2 gt 
cea A cae er 
a — Ya? — x 
lying between the axis of ordinates and the point of contact 
has a constant length. 


y= Sin 
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869. Prove that the length of the normal at any point 
M (Xo, Yo) of the equilateral hyperbola x? — y? = a?, measured 
from M to the point at which it cuts the axis of abscissae, 
is equal to the radius vector of point UM. 


870. Show that the intercept cut off on the axis of abs- 
cissae by the tangent at any point of the curve - + 
+ a = lis proportional to the cube of the abscissa of the 


point of contact. 


871. Prove that the ordinate of any point of the curve 
22?y? — xt = c (cis an arbitrary constant) is the mean pro- 
portional between the abscissa and sum of abscissa and sub- 
normal to the curve at that point. 


872. Show that the tangents at points with the same ab- 
. : ae 
scissa to the ellipses ae pi 


; = 1, where the axis 2a is com- 


mon and axes 2b are different (Fig. 22), have a common 
point of intersection on the axis of abscissae. Use this fact to 
indicate a simple method of drawing the tangent to an ellipse. 


Fig. 22. 


873. Prove that the curve y = e sin mx is touched by 
each of the curves y = e’*, y = —e at every point common 
to them. 
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874. The following method is used for drawing the tangent 
1 =, -- Nath es 
to the catenary y = 5% (e? +e “%):a semi-circle is drawn 


on the ordinate MN of point M as diameter (Fig. 23) and 
the chord NP = a obtained; the line MP is the required tan- 
gent. Prove this. 


Graphical Differentiation 


875. The following results were obtained by measuring the 
winding temperature of an electric motor when current 
passed: 


Time ¢ min............. 0 5 10 15 20 25 
Temperature § °C ...... 20 26 32-5 | 41 46 49 
Time ¢ min............. 30 35 40 45 50 55 
Temperature 6 °C ...... 52:5 | 54:5 | 56-5 | 58 59-5 | 61 


Draw a rough graph of the continuous dependence of 
temperature on time. Use graphical differentiation to 
draw the graph of the rate of change of temperature 
with time. 

876. Figure 24 illustrates the curve of the rise of a steam 
engine (low pressure) inlet valve. Draw the velocity curve 
by graphical differentiation. 
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ae AR os eel] 
HH NL | 


3. Differentials. Differentiability of a Function 


Differentials 


877. Find the increment of the function y = x? corre- 
sponding to the increment Ax of the independent variable. 
Evaluate Ay if x = 1 and Ar = 0°1; 0°01. What will be the 
error (absolute and relative) in the value of Ay if we confine 
ourselves to the term linear in Ax? 


878. Find the increment 4v of the volume v of a sphere 
when the radius R = 2 changes by AR. Evaluate Av if dR = 
= 0°5; 01; 0°01. What will be the error in the value of 
a is we confine ourselves to the term which is linear in 

879. Given the function y = 2° + 2z, find the value of 
the increment and its linear principal part corresponding to 
variation of x from 7 = 2 to x = 2:1. 

880. What is the increment of the function y = 32? — x 
when the independent variable passes from the value x = 1 
to « = 1:02. What is the value of the corresponding prin- 
cipal part? Find the ratio of the second quantity to the first. 


881. We know that the increment Az = 0°2 for a given 
function y = f(x) at the point x. The corresponding principal 
part of the increment of the function is known to be 0°8. 
Find the numerical value of the derivative at x. 

882. We know that the principal part of the increment 
d/(x) = —0°8 of the function f(x) = x? corresponds to the 
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increment Ax = 0-2 of the independent variable at a certain 
point. Find the initial value of the independent variable. 


883. Find the increment and differential of the function 
y = a? — x for x = 10 and Ax = 0:1. Find the absolute and 
relative error on replacing the increment by the differential. 
Draw a figure. 


884, Find the increment and differential of the function 
y = Va for x = 4and Ax = 0°41. Find the absolute and rela- 
tive errors. Draw a figure. 

885. y = «5 — x. Evaluate dy and dy at x = 2, giving 
Ax the values Ax = 1, Ax = 0'1, Av = 0°01. Find the corres- 


ponding value of the relative error 6 = ne . 

886. Find graphically (by drawing a large scale figure on 
millimetre paper) the increment and differential, and evaluate 
the absolute and relative errors, on replacing the increment 
by the differential for the function y = 2* with = 2 and 
Aa = 0°4. 

887. The side of a square is 8 cm. How much is its area 
increased if each side is increased by (a) 1 cm, (b) 0°5 cm, 
(c) 0°1 em. Find the linear principal part of the increment of 
the area of the square and estimate the relative error (in 
per cent) on replacing the increment by its principal 
part. 

888. We know that, when the side of a given square is 
increased by 0°3 cm, the linear principal part of the increment 
in the area amounts to 2'4 cm?. Find the linear part of the 
increment of the area corresponding to an increment in each 
side of (a) 0°6 cm, (b) 0°75 cm, (c) 12 em. 

889. Find the differentials of the functions: 


3 


(1) O25 Vx; (2) i (3) 


ot; m7; 
nVa 


1 1 1 
; (4 > (5 
0°522 ”) 4a ) 


m—-n 
(8) 3) “as 
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m+n 


(10) "5 (11) G+ de + 1) (at — Vo); 


3 ] 1 
a2) 35; 03) js 14) A to — 2%; 


1 
(15) tan?z; (16) 5tnx; (17) Q sx; 
ua cos 
(18) In tan & al (19) 282; 
(20) Yare sin x + (arc tan x)?; 


: 1 1 
(21) 3arcsina ~ 4arc tanz + 9 arc cos a — 3 5 arecot x; 


1 
(22) 3 * + 33 —4Yz. 
890. Find the value of the differential of the function: 


(ljy= Tana when the independent variable changes 


from + =~ tox = sae (2) y = cos? » when » varies from 


6 
, 61x 
60° to 60°30’; (3) y = sin 2y when 9 varies from = — to —— 360° 
: : 61a Sie 
(4) y = sin 3p when varies from 7 — to 360° (5) y = sin 3 


; nu 61a 

when @ varies from 6 to 360 ° 

891. Find the approximate value of the increment of the 
function y = sinx when 2 varies from 30° to 30°1’. What 
does sin 30°1’ equal? 

892. Find the approximate value of the increment of the 
function y = tan x when x varies from 45° to 45°10’. 

893. Find the approximate value of the increment of 

1 + cosz ¥ 7% A 1 


See ee re 7 fi — ti — —— 
=e when x varies from 3 re) 3 + 


894. 90 = kYcos 29; find dg. 
1 
895. y = 3° + om + 6/*, Evaluate dy for x=1 and 
dz = 0°2. 


y= 
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896. Evaluate approximately sin 60°3’, sin 60°18’. Compare 
the results with the tabulated figures. 
l+Ing 


eo ela Se satisfies the 


897. Show that the function y = 


relationship 
2a? dy = (ay? + 1) da. 


898, Show that function y given by 
arc tan 4 =nye+y 
satisfies the relationship z(dy — dx) = y(dy + dz). 
899. f(a) = e ™U—%, Work out approximately /(1°05). 
900. Evaluate are tan 1:02, arc tan 0°97. 
(20877 1 
(2:037)? + 1° 
902. Evaluate approximately arc sin 0°4983. 


903. If the length of a heavy cord (cable, chain) (Fig. 
25) is 2s, the half-span J, and the sag /, the approximate 
equation holds: 


901. Evaluate approximately 


Fia. 25. 


(a) Work out the change in the length of the cord when its 
sag f{ increases by df. 

(b) If we assume a change in the length of the cable dx 
(say due to a change in temperature or load), how does the 
sag vary? 

904. Compare the errors in finding an angle from its 
tangent and from its sine with the aid of logarithmic tables, 
i.e. compare the accuracy of finding 2 from the formula 
log sin z = y and log tana =z, if y and z are given with 
the same errors. 
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905. In engineering calculations x and /g (g is the accel- 
eration due to gravity) are often cancelled when one occurs 
in the numerator and the other in the denominator. Find 
the relative error resulting from this. 


906. Express the differentials of the following functions 
of a function in terms of the independent variable and its 


differential: 
3 


(l) y= V2? + 54; c= B+ +1; 


oe | 
2) s = cos*z, z= ; 
(2) s = cos? z, z Z 
1 
3) z= tanv, v= ; 
(3) are tan v, v ae 


1 
(4) v= 3 * 2=Intans; 


1 
(5) s=e,2= 5lnt t= 2v? — 3u4+-1; 


(6) y=In tan 5; u = arcsin v, v = Cos 2s. 
Differentiability of Functions 

907. The function y = |x] is continuous for any x. Show 
that it is not differentiable at x = 0. 

908. Investigate the continuity and differentiability of 
the function y = |x| at x = 0. 

909. A function f(z) is defined as follows: f(x) = 1-+ 2 
for +=0; fw) =2 for 0<x4<1; f«#)=2—-2 for 
1=2=2 and f(z) = 3% — a? for x >2. Investigate the 
continuity of f(z) and examine the existence and continuity 
of f’(x). 

910. The function y = |sin z| is continuous for any 2. 
Show that it is not differentiable at x = 0. Are there any other 
values of the independent variable at which the function is 
not differentiable ? 

911. Investigate the continuity and differentiability of the 
function y = el atz= 0. 
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912. f(x) = 2? sin for x + 0, {(0) = 0. Is f(x) differenti- 
able at « = 0? 

913. f(x) = yeti] for «#0, /(0) = 0. Is f(x) con- 
tinuous and sialeeue a x= 0? 


914. Given f(x) = 1+ V(x — 1)?, show that it is impos- 
sible to extract from the increment of f(x) at x = 1 a linear 
principal part, so that f(z) has no derivative at x = 0. Inter- 
pret the result geometrically. 

915. f(x) = x arctan 1/x for x = 0, f(0) = 0. If f(x) conti- 
nuous and differentiable at « = 0? Interpret the result geo- 
metrically. 


916. f(z) = — 


1 
1+ ex 
tinuous or differentiable at 2 = 02 


for «+0 and /(0) = 0. Is f(x) con- 


4, Derivative as Rate of Change (Further Examples) 


Relative Velocity 


917. A particle moves along the spiral of Archimedes 
@ = ag. Find the rate of change of the radius vector 9 rela- 
tive to the polar angle 9. 


918. A particle moves along the logarithmic spiral 9 = e%. 
Find the rate of change of the radius vector if it is known 
to rotate with angular velocity w. 

919. A particle moves along the circle g = 2r cos g. Find 
the rate of change of the abscissa and ordinate of the particle 
if the radius vector rotates with angular velocity w. The 
polar axis is the axis of abscissae and the pole the origin in 
the system of Cartesian coordinates. 

920. A circle of radius R rolls along a straight line without 
slip. The centre of the circle moves with constant velocity v. 
Find the rate of change of the abscissa x and ordinate y of a 
point on the circumference of the circle. 
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921. The barometric pressure p varies with the height h 
in accordance with the function 


inZ = ch, 
Po 
where p, denotes the standard pressure. The pressure at a 
height of 5540 m is half the standard; find the rate of change 
of the pressure with the height. 

922. The relationship y? = 12% connects y and x. The 
argument x increases uniformly with a velocity of 2 units per 
second. What is the rate of increase of y at x = 3? 

923. The ordinate of a point describing the circle x? + 
+ y? = 25 decreases at a rate of 1:5 cm/sec. What is the rate 
of change of the abscissa of the point when the ordinate 
becomes 4 cm? 

924. At what point of the ellipse 16x77 +- 9y? = 400 does 
the ordinate decrease at the same rate as the abscissa in- 
creases ¢ 

925. The side of a square increases at a rate of v cm/sec. 
What are the rates of change of the perimeter and area of 
the square at the instant when the side is a cm. 

926. The radius of a circle varies with velocity v. At what 
rates do the area and circumference of the circle change? 


927. The radius of a sphere varies with a speed v. What 
are the rates of change of the volume and surface of the 
sphere ? 

928. For what angles does the sine vary twice as slowly as 
the argument ? 

929. At what angles are the rates of change of the sine and 
tangent of the same angle equal ? 


930. The rate of increase of a sine is increased n times. 
How many times will the rate of increase of the tangent be 
increased ? 


931. Assuming that the volume of a wooden cask is pro- 
portional to the cube of its diameter and that the latter in- 
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creases uniformly from year to year, show that the rate of 
increase of the volume when the diameter is 90 cm is 25 times 
greater than the rate when the diameter is 18 cm. 


Functions given Parametrically 


932. How do you prove whether or not a point given by 
Cartesian coordinates lies on a curve whose equation is 
given in the parametric form? (a) Does the point (5, 1) lie 
on the circle x= 2+ 5cost, y= —3+ 5sint? (b) Does 
the point (2, /3) lie on the circle z = 2cost, y = 2sint? 

933. Plot the graphs of the functions given parametri- 
cally: 


(a) x= 38 cost, y = 4siné; 
(b) « =? — 2, y = + 2; 
(c) x = cosé, y=t+ 2sint; 
@enr, yal @rn, 


934. Eliminate the parameter from the parametric equa- 
tions of the functions: 


(1) ¢=3t, y= 6¢—@; (2)%= cost, y = sin 2¢; 
(3)¢=@8+1y=@; (4)¢=9—sing, y=1—cosg; 
(5) x«=tant; y = sin 2¢ + 2 cos 2é. 


935. Given the following curves, specified by parametric 
equations, find the values of the parameter corresponding to 
the points with given coordinates on the curves: 


(1) x = 3(2 cost — cos 2¢), y = 3(2 sin ¢ — sin 24); 
(—9, 0); 
(2) =? + 2t,y=P +1; (3, 2); 
(3) = 2tant, y = 2 sin?é + sin 2¢; (2, 2); 
(4)2=f@—1, y=#—#; (0,0). 
Find the derivatives of y with respect to x in problems 
936-945: 
936. x = acos 9, y = bsing. 
937. z = a cos’ 9g, y = bsin' ¢. 
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938. x = a(p — sin 9g), 
939. 2 =1— ?P, 

940. « = ‘it , 

941. x = In (1 + #), 


942. 
943. 
944. 
945. 


x= (1 — sing), 
1+8 
ent = ie 
az =e! sin f, 
___ sat 
7=TTB’ 


= a(1 — cos 7). 
y=t—é, 
_t—I1 
iets a 
y =t — arctant. 
y = 9 COS @. 

t 
oa ar he 
y=e' cost. 

3at? 

Y= TTB" 


Find the slope of the tangents to the curves of problems 
946-949; 


946. x = 3 cost, y= 4sint at the point ee 273] : 
947.2 =t-—t, y= — # at the point (0, 0). 
948. ¢2=68+1, y=-+t+41 at the point (1, 1). 


949. « = 2 cost, y = sint at the point (1 _— 1) : 


2 


950. Give the simplest geometrical significance of para- 
meter ¢ for the following curves specified parametrically: 


; 
x= cost+ tsint — —cosi, 


(1) 


2 
2 


: e. 
y =sint — tcost — >sint; 


2 


(2) «w%=acos*t, y= asin’ t; 
(3) 2«=acost V2 cos 2t, y = asint 2 cos 2t. 


951. Show that the function given by the parametric 
equations 


differentiation with respect to 2, ie. y’ = az] 


a= 2t-+ 37, y= P+ 28, 
satisfies the relationship y = y’? -+ 2y’3 (the prime denotes 


dy 
dz} * 
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952. Show that the function given by the parametric 
equations l-+t 3 2 
Sp he pag? 
satisfies the relationship 
dy 
i , eA 
ry =1+y [» = i) . 


953. Show that the function given by the parametric 
equations sata, i _@ 441 
~Tre’ ISAs’ 
satisfies the relationship 
a + 9 = any’ (v= 2). 


954. Show that the function given by the parametric 


equations 
ta _pitVite 2 t 
yl+@ t , Yl+@’ 


satisfies the relationship 
7 Lay dy 
f2 —— 9,’ yi Ww 
7] y1 yay [v = ‘ 


955. Show that the function given by the parametric 
equations 
eaitint _3+42int 
Oly ee t : 
satisfies the relationship 
? Ul , d 
yy! = 2axy'? + 1 (vy =). 


956. Find the angles at which the following curves intersect: 


y=r 
a) z=) cost yO gin ts 
3 , 4 ‘ 
x=acosy, y=asing and 
oe at at 
1+’ Le 
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957. Show that, whatever the position of the generating 
circle of the cycloid, the tangent and normal at the corre- 
sponding point of the cycloid pass through its highest and 
lowest points (see Course, sec. 55). 


958. Find the lengths of the tangent, normal, subtangent 
and subnormal at any point of the curve (cardioid) 


x = a(2 cost — cos 2t), y = a(2 sin é — sin 2¢) 


959. Find the lengths of the tangent, normal, subtangent 
and subnormal at any point of the curve (astroid) 


z=asin?t, y=acost 


960. Prove by evaluation that the tangent to the circle 
x? + y? = a? is normal to the curve (involute of circle) 


x = a(cost + tsint), y = a(sin t — t cost). 


961. Find the lengths of the tangent, normal, subtangent 
and subnormal of the involute of the circle (see the equations 
of the latter in the previous problem). 


962. Prove that the segment of the normal to the curve 
x = 2asint-+ asinicos?t, y = —acos't, 


lying between the coordinate axes is equal to 2a. 
Find the equations of the tangent and normal to each of 
the curves of problems 963-966 at the point in question: 


963. 2 = 2e'; y=e at t= 0. 
964. x=sint, y= cos 2t at baz. 
965. «= 2Incott+ 1, y=tant-+cott at tai. 


3at sat? 


966. eS Tae: Y=TLe at t= 2; 
(2) sia es a pees 
y = Ut sint + 2 cos #) 4 


(3) x=sint, y=a! att=0. 
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967. Show that, for the cardioid (see problem 958), the tan- 
gents are parallel at any two points corresponding to values 


of the parameter differing by : mt. 


968. If O7' and ON are the perpendiculars dropped from 
the origin to the tangent and normal at any point of the 
astroid (see problem 959), we have 


40T? + ON? = a?. 
Prove this. 


969. Find the length of the perpendicular dropped from 
the origin on to the tangent to the curve 


2% = a(3 cost + cos 3é), 2y = a(3 sin ¢ + sin 3é). 


Prove that 
402 = 3p? + 4a?; 


o is the radius vector of the given point, and p the length 
of the perpendicular. 
Rate of Change of Radius Vector 


970. Find the angle 6 between the radius vector and 
tangent, and the angle « between the polar axis and tangent, 
for the circle 9 = 2r sin 9. 


971. Show that the sum of the angles formed by the tan- 
gent with the radius vector and with the polar axis is equal 


to two right angles for the parabola @ = asec? ‘. Use this 
property for drawing the tangent to the parabola. 
972. Given the curve 9 = asin’ F (conchoid), show that 


a = 46 (the notation is the same as in problem 970). 

973. Prove that the two parabolas 9 =a sec? F and 
e=b cosec? F intersect at right angles. 

974. Find the tangent of the angle between the polar 


axis and tangent to the curve 9 = asec’ at the point for 
which 9 = 2a. 
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975. Find the tangent of the angle between the polar 
axis and the tangent at the origin for (1) the curve g = 
= sin’ g, (2) for the curve @ = sin 39. 

976. Show that the two cardioids 9 = a(1 + cos) and 
@ = a(1 — cos ¢) intersect at right angles. 

977. The equation of a curve in polar coordinates is given 
parametrically: 9 = f,(t), » = f,(t). Express the tangent of the 
angle 6 between the tangent and radius vector as a function of é. 

978. A curve is given by the equations 9 = afl®, » = Dt?. 
Find the angle between the radius vector and tangent. 

979. Express the radius vector @ and polar angle » as 
functions of parameter ¢ for the ellipse x = a cost, y = 6 sin é. 
Use this form of writing the ellipse to evaluate the angle 
between the tangent and radius vector. 

The polar subtangent is defined as the projection of the 
piece of tangent, measured from its point of contact to its 
intersection with the perpendicular erected on the radius 
vector at the pole, on to this perpendicular. The polar sub- 
normal is similarly defined. Use the definitions to solve pro- 
blems 980-984. 


980. Deduce the expression for the polar subtangent and 
polar subnormal of the curve oe = f(¢). 


981. Show that the length of the polar subtangent of 
the hyperbolic spiral 9 = = is constant. 


982. Show that the length of the polar subnormal of the 
spiral of Archimedes 9 = ap is constant. 

983. Find the length of the polar subtangent of the loga- 
rithmic spiral 9 = a’. 

984. Find the length of the polar subnormal of the loga- 
rithmic spiral 9 = a?. 


Rate of Change of Arc Length 


In problems 985-999, s denotes the length of arc of the 
curve. 
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985. The straight line is y = az + b. Find sad 


dz’ 
F ‘ ds 
986. The circle is x? + y? = 7°; a 2 
pe pate ae 2 Sen: BS 
987. The ellipse is = + p= 1; at 
988. The parabola is y? = 2px; ds = 
989. The semi-cubical parabola is y? = az’; a 2 


990. The sine wave is y= sinz; ds = 


: e* ore e— 
991. The catenary is y = "yy = cosh 2); —_ 2 


992, The circle is x =rcost, y=rsint; e = g 


993. The cycloid is x = a(t — sinf), y = a(1 — cosf); 
ds _ 
dt 

994. The astroid is = acos*t, y=asin?t; ds = 

995. The spiral of Archimedes is x = at sin t, y = at cos t; 
ds = ? 


996. The cardioid is 


¢ 


x = a(2 cost — cos 2t), 


& 
I 


y = a(2 sin ¢ — sin 2é); 
997. The tractrix is 


z= a(cost-+In tan 5), y=asint; ds = ? 


998. The involute of a circle is 


x=a(cost+étsiné), y= a(siné — ¢cos2); oS = 2 


999. The hyperbola is x = acosht; y=asinht; ds = ? 


Velocity of Motion 


1000. A ladder of length 10 m has one end resting against a 
vertical wall and the other on the ground. The lower end 
moves away from the wall at a speed of 2 m/min. At what 
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speed is the upper end falling when the bottom is 6 m from 
the wall? What is the direction of the velocity vector? 


1001. A train and a balloon leave the same point at the 
same instant. The train travels uniformly at a speed of 
50 km/hr, and the sphere rises (also uniformly) at a speed 
of 10 km/hr. At what speed are they leaving each other? 
What is the direction of the velocity vector ? 


1002. A man of height 1°7 m moves away from a light 
source at a height of 3m at a speed of 6°34 km/hr. What 
is the speed of the shadow of his head? 


1003. A horse runs round a circle at a speed of 20 km/hr. 
A lamp is located at the centre of the circle, whilst there is 
a fence tangential to the circle at the point at which the 
horse starts. At what speed is the shadow of the horse moving 


along the fence when the horse has travelled ; of the 


circle 2 


1004. Figure 26 illustrates schematically the crank mecha- 
nism of a steam engine: A is the cross-head, BB’ the guide, 


Fia. 26. 


AP the connecting-rod, @ the fly-wheel. The fly-wheel rotates 
uniformly with angular velocity w, its radius is R, and the 
length of the connecting-rod is 7. At what speed does the 
cross-head move when the fly-wheel has rotated through 
the angle «? 


1005. A fly-wheel disrupts when rotating at 80 rev/min. 
The radius of the wheel is 90 cm, the centre is 1 m above the 
ground. What is the speed of the piece indicated by A in 
Fig. 27 when it strikes the ground? 
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Fie. 27. 


5. Repeated Differentiation 


Functions given Explicitly 
1006. y = a? — 37 +2; y”’ =? 
1007. y= 1—22—2; y” =? 
1008. f(z) = (@ + 10); f'%(2) = 2 
1009. f(z) = a6 — 403 + 4; f"YM)(1) = 2 
1010. y = (277+ 138; y’ = 2? 1011. y= cos?a2; y'” = ? 
1012. f(x) = e—!; f’(0) = ? 
1013. f(x) = arctan zx; f’'(1) = ? 
1 


1014. f(z) = = {(x) = 2 

1015. y= 28 lna;y™ = 2 1016. f(x) = si y"(x) = 2 
4 — 

1017. @ = asin 29; i= 2 1018. Y=Ta3 yf) = 4 


Find the second derivatives of the functions of problems 
1019-1028: 


1019. y = xe*?. 1020. y = : 


1+ ° 
1021. y = (1+ 2?) arctanaz. 1022. y = Va? — 2. 


os 1 
1023. y =In I+2). 1024. y= 
y (x + V1 + 2?) Tae 
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1025. y =el*. 1026. y = V1 — 2% are sin 2. 
1027. y = arc sin(asinz). 1028. y = 2*. 


Find general expressions for the nth order derivatives of 
the functions of problems 1029-1040: 


1029. y = e*. 1030. y = e-*. 

1031. y = sinaz + cosbz. 1032. y = sin® a. 

1033. y = xe*. 10384. y =a Inz. 

1 

1035. y = rans 1036. y = In (aw + 5b). 
x 

1037. y = log, x. 1038, y = a a 

1 
= 2 = sint 4 
1039. y = a a 1040. y = sint x + cos‘ z. 


1041. Prove that the function y = (x? — 1)" satisfies the 
relationship 


(2% — 1) yt2) — Qayt) — nin + I) y™ = 0. 

1042. Prove that the function y = e*sin2 satisfies the 
relationship y” — 2y' + 2y = 0, whilst y = e~* sin x satisfies 
y” + 2y' + 2y =0. 

1043. Show that the function y = 
tionship 2y'? = (y — 1) y”. 

1044. Show that the function y = ) 2x — 2? satisfies the 
relationship #°y” + 1 = 0. 

1045. Show that the function y = e* + 2e-* satisfies the 
relationship y’” — 13y' — 12y = 0. 

1046. Show that y = e!* + e”)* satisfies the relationship 


zx 
x 


: satisfies the rela- 


xy” + su iy = 0. 

1047. Show that y = cos e* + sin e* satisfies the equation 
y" —y + ye* = 0. 

1048. Show that the function 


y = Asin (wt +) + B cos (at + a) 
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(A, B, w, Wo constant) satisfies the equation 
at + oy = 0. 
1049. Show that the function 
ae" + a,e—™* + a, cos nx + a, sin nx 
(a1, G, @3, Q,, n constant) satisfies the equation - = ny. 
1050. Show that the function 
y = sin (n arc sin 2) 
satisfies the equation 
(1 — 2*)y” — ay’ + n’y = 0. 
1051. Show that the function e**si"* satisfies the equa- 
tion 
(1 — 2?) y” — ay’ — oy = 0. 
1052. Prove that the function y = (x + x? + 1)* satis- 
fies the relationship 
(1 + 2°) y” + ay’ — Py = 0. 
1053. Prove that the expression 


is unchanged if y is replaced by 3" ie. if we put y = * : 
1 


Y — aay = S. 


we have 


4 | 2H 


; da. dy 
1054. Given y = f(x), express dy? in terms of da and 
3 


2 12)2° 
oe Show that the formula Rk = a can be trans- 
formed to 
2 1 1 
R= 2 + 2. 
dy 3 d2x\3 
ere 
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1055. Given F(x) = f(x)p(x), where f’(x)p’(x) = C, show 
that 
D kd tf’ gy” 90 Wy es tr yg” 
aot ind = . 
Fo GG pe Bh Oe 


Functions given Implicitly 


d?y 
1056. bz? + a®y? = ab’; io 2 


d3y 
2 2 y2. ere) 
1057, 2 + Y=; a! 
= . dy _ , 
1058. y = tan (x + y); a! 
d?s 
1059. 8=1- fe; a=! 


1060. y° + 2° — 3azy=0; y” =? 
1061. y=sin(a+y); y=? 
1062. ety = zy; y” = 2? 


1063. Deduce the formula for the second derivative of the 
inverse of y = f(z). 


1064, e” + zy =e; find y’(x) for x = 0. 


at 


1065. y? = 2px; find = —__., 
y(l + y’)? 
1066. Show that 42+ 22?= R? implies k= # where 
k = ae . 
Vat+y? 


1067. Prove that, if 


ax? + 2bxy + cy? + 29x + 2fy +h=0, 
then 


dy _ au thytg oo ey _ A 
da bu + cy + f da? (bx + cy + f)>’ 


where A is constant (independent of x and y). 
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1068. Prove that, if 


y 
(a + bz) eX = 2, 
then 


Functions given Parametrically 


d2a 
1069. « = af®, y = bP, dy? =? 
2 
1070. x = acost, y =asint; ot 
3, 
1071. x =acost, y = bsint; ot = 
: d2y 
1072. x= a(p—sing), y=a(l—cosy); aa =! 
1078. (1) « =a cos? t =asin3t; dey _ 4 
: = ; ee ; dzt 
2 
(2) x = a cos? ft, y = asin? é; ot 
d?y 
1074, (1) « = Iné, y=@—1; ie! 
2, 
(2) x = arc sin f, y=In(1 — &); ce = 
2. 
1075. x = at cost, y = atsin ft; oo 3 


1076. Show that y = f(x) given by the parametric equa- 
tions y=e'cost, w=e'sini, satisfies y’(x + y= 
= 2(ay’ — y). 

1077. Show that y = f(z) given by the parametric equa- 
tions y = 3t — 8, x = 32”, satisfies 


36y” (y — V3x) =x + 3. 


1078. Show that the function given by the parametric 


equations 
a=sint, y = sin kt, 
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satisfies the relationship 


dy dy 
2 2 
(1 «*) +2 ta + k’y = 0. 


1079. Prove that, if 
x = fit) cost — f(t) sint, y = f(é) sint + f(t) cost#, 


we have 


ds? = dx? + dy? = [f(t) + f’"()P dé’. 


Acceleration 


1080. A particle moves along a straight line such that 


8= sf —t-+ 5. Find the acceleration a at the end of the 


second second (s is given in metres, f in seconds). 
1081. A rectilinear motion is given by 


s=P— 4641. 


Find the speed and acceleration. 
1082. A particle moves on a straight line such that 


$= ; sin ; at +8). Find the acceleration at the end of the 


first second (s in cm, ¢ in sec). 

1083. A particle moves in a straight line, and s = /t. 
Show that the motion is slowing down and that the accele- 
ration a is proportional to the cube of the velocity v. 

1084. A heavy beam of length 13 m is being lowered to 
the ground, its lower end being fixed to a trolley (Fig. 28) 
and its upper end attached to a rope wound round a windlass. 
The rope unwinds at a speed of 2 m/min. What is the accele- 
ration of the trolley away from point O when its distance 
from O is 5 m? 

1085. A barge, the deck of which is 4 m below the level of 
the wharf, is drawn towards the latter by a rope wound up 
on a windlass at a speed of 2 m/sec. 

What is the acceleration of the barge at the instant when 
it is 8m away from the wharf (measured horizontally) ? 
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1086. A particle is moving along a straight line in such 
a way that its speed is changing proportionally to the square 
root of the path traversed. Show that the motion occurs 
under the action of a constant force. 


Fic. 28. 


1087. If the force acting on a particle is inversely propor- 
tional to the speed, show that the kinetic energy of the 
particle is a linear function of time. 


Leibniz’s Formula 


1088. Use Leibniz’s formula to evaluate the following 
derivatives: 


(1) ((@? + 1)sina]™®; — (2) (e* sin x)”; 
(3) (x sin ax), 


1089. Show that, if y = (1 — x)~e-*, then 


(1 — 2) Y = any. 


Prove by using Leibniz’s formula that 


(l~— 2) yD —(n + ax) y(”) — nay") = 0, 
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1090. The function y = e**si"* satisfies the equation 
(1 — a) y” — ay’ — a’y = 0. 

(see problem 1051). By applying Leibniz’s theorem and 
differentiating this equation n times, show that 
(1 — x?) yr?) — (2m + 1) ay) — (n? + a?) yO = 0. 
1091. Prove that 


(e* cos br) = re% cos (bx + ng), 
where 


r= ja? + B, tang = 2. 
Obtain the following formulae by using Leibniz’s theorem: 
r” cos np = a” — C2an-2h2 +. C4a"-4b4 — ..., 
r” sin np = Cla"-16 — Cia"—363 + Coa"-5ph5 — .., 


1092. Prove that 
1 


[err 6}” o 
an-lex = (— 1)" yr . 


1093. Prove that y = arc sin 2 satisfies the equation 


, 


(1 — 2) y” = ay’. 
Apply Leibniz’s formula to both sides of this equation to 
find y (0) (n = 2). 
1094. By applying Leibniz’s formula n times, show that 
y = cos (m arc sin 2) 
satisfies the relationship 
(1 = 28) y49) — (2m $1) ay) — (m? — nd) yl = 0. 
1095. If y = (are sin x)?, we have 
(1 — 2?) y@F) — (2n — 1) ay — (n — IP y?-Y) = 0. 
Find (0), y’(0) .. ., y(0). 
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Differentials of Higher Orders 


8 
1096. y= Vx?; d’y =? 
1097. y= 2™; dy = ? 
1098. y = (x + 1)? (v7 — 1)?; d’y = 2 
1099. y= 4-"; d’y = ? 


1100. y = arc tan E tan 2}; d’y = ? 


1101. y=) Int'a—4; d’y = 2 
1102. y = sin? 2; d’y = ? 
1103. 9? cos’ » — a? sin?» = 0; d®?o = ? 


2 S ca 
1104. eityt=a3; d’y = 2 
1— 2 
se py ete pa : 2) 4 ‘ 
1105. y = In ioe: x = tant; express d’y in terms of: 


(1) x and da, (2) ¢ and dé. 
1106. y = sinz; z= a*; =#; express d’y in terms of: 
(1) z and dz, (2) x and dz, (3) ¢ and dé. 


CHAPTER IV 


THE INVESTIGATION OF 
FUNCTIONS AND CURVES 


1. The Behaviour of a Function “at a Point’ 


1107. Plot the graph of the function 
y = 8x4 — 403 + 1222 + 1. 


1108. Starting directly from the definition, show that the 
function y = 2° — 3x + 2 is increasing at x, = 2, is decreas- 
ing at 2, = 0, has a maximum at x, = —1 and a minimum 
at 2%, = 1. 

1109. Starting directly from the definition, show that the 
37 
4 


, has a maximum at 2,=0 and a minimum at 


function y = cos 2x is increasing at x, = —, is decreasing at 


ly = 


wla ola 


uy = 


1110. Starting directly from the definition, describe the 
behaviour of the following functions at x = 0: 


(I)y=l—at; (2) y= ah — 2; (3) y = Vas 


3 5 
(4) y=YVa?; (5) y=1—Yat; (6) y =|tane|; 
(7) y=|n@w+1)|; (8) y=e|; 
(9) y= Va + 2. 


1111. Show by using the tests for the behaviour of a 
function at a point that y = In (a + 2% — 3) is increasing 
at x, = 2, is decreasing at x, = —4 and has no stationary 
points. 
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1112. Examine the behaviour of the function 


y = sing + cosz 


at = 0,m=1ay=—F and x, = 2. 


1113. Examine the behaviour of the function 
y=x—Ine 
at 2 = X, = 2, x, =e and x, = 1, and show that, if the 
function is increasing at x = a > 0, it is decreasing at x’ = 


1114. How does the function 
y = xarctan x 
behave at x, = 1, x, = —1 and x, = 02 
1115. Examine the behaviour of the function given by 


sin x 


at x + 0, 
y= 
1 at «= 0, 
1 
att, = 5° t= —>anda,=—0. 


2. Applications of the First Derivative 


Theorems of Rolle and Lagrange 

1116. Prove that Rolle’s theorem holds for y = # + 
-+ 4x”? — 7x — 10 in the interval [—1, 2]. 

1117. Prove that Rolle’s theorem holds for y = Insin x 


: F nm 5x 
in the interval E 4 R 


1118. Prove that Rolle’s theorem holds for y = 4si9* 
in the interval [0, z]. 
1119. Prove that Rolle’s theorem holds for the function 
3 


y = V2" — 3x + 2 in the interval [1, 2]. 
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1190: The Fnctiony 3:2 a 
the ends of the interval [—1, 1]. Show that there is no point 
in the interval at which the derivative vanishes, and explain 


this deviation from Rolle’s theorem. 


takes equal values at 


1121. The function y= |x| takes equal values at the 
ends of the interval [—a, a]. Verify that there is no point of 
the interval at which the derivative of the function vanishes, 
and explain this deviation from Rolle’s theorem. 


1122. Prove the theorem: if the equation 
axe? +ae71+...+ 4,4 = 


has a positive root x = 2%, the equation 


naye 1 +. (n — l)aaw"-2 +...4+a,.,=0 
also has a positive root, which is less than 2». 

1123. Given the function f(x) = 1+ 2"(% — 1)", where 
m and n are positive integers, show without working out the 
derivative that the equation f’(z) = 0 has at least one root 
in the interval (0, 1]. 

1124. Show that the equation 2? — 32+c=0 cannot 
have two different roots in the interval [0, 1]. 

1125. Given 


f(x) = (@ — 1) (@ — 2) @ — 3) (@— 4), 


discover how many roots the equation /’(z) = 0 has, and 
indicate the intervals in which they lie. 

1126. Show that the function f/(x) = x" + px + q cannot 
have more than two real roots for ~ even or more than 
three for n odd. 

1127. Obtain Lagrange’s formula for the function y = 
= sin 3x in the interval [z,, z,]. 

1128. Obtain Lagrange’s formula for y = 2(1 — Inz) in 
the interval [a, b]. 

1129. Obtain Lagrange’s formula for y = arc sin 2x in the 
interval [x, % + Az]. 
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1130. Prove that Lagrange’s theorem holds for the func- 
tion y = x" in the interval [0,a]; n >0,a>0. 

1131. Prove that Lagrange’s theorem holds for the function 
y = In in the interval [1, e]. 

1132. Use Lagrange’s formula to prove the inequality 


> 24 8 eb 


a 67 6b ”’ 


when 0 < 6 Sa. 
1133. Use Lagrange’s formula to prove the inequality 


ap 
cos? B 


1134. Prove with the aid of Lagrange’s formula that the 
inequalities 


nb"— (a — b) < a" — 6" < na"! (a — DB), 


= =t—B ; ee. 
tan « tan B= ooo’ if 0<PSa< Gn. 


hold with a > b if n > 1, whilst they hold in the opposite 
sense if n < 1. 


1135. The function f(x) = 2? sin> forz +0, {(0) = 0 is 
differentiable for any x. Lagrange’s formula for it gives in 
the interval [0, x}: 

fx) — f(0) = af'(E)(0< b <2). 
We have: 


g g 


. 1 : 
2 sin | =2 (2s ae — cos 3] , 


] Pee | . 1 
whence cos — = 2é sin = — xsin x If we now let x tend 


& g 
to zero, & will also tend to zero, and we get: lim cos : = 0. 
£+0 


Explain this paradoxical result. 


1136. By applying to the function f(x) = arctan x in the 
interval [1, 1:1] the formula 


fees + 42) rs feed) +f (20 + F) 


find the approximate value of arc tan 1°1. 
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In problems 1137-1141, use the formula 
? A 
fey + A) 3 He) +1' (v0 + Ze 


to find approximate values of the given expressions. 

1137. aresin 0°54. 

1138. log 11. Compare with tables. 

1139. In (2 + Y1 + 2?) for « = 0-2. 

1140. log 7, knowing that log 2 = 0°3010 and log 3 = 
= 0'4771. Compare the result with tables. 


1141. log 61. Compare the result with tables. 
1142. Show that, if we use the formula 


f0) =) + 6— af (~F} 


to work out the logarithm of N + 0-01N, ie. if we put 
log (N + 0:01 W) = log N + ee 0-01.V 
N+ oF N 


0°43429 


=lgN + p05? 


the error involved is less than 0:00001, ie. the answer is 
correct to five figures after the decimal point, provided log V 
is correct to five figures. 


The Behaviour of a Function in an Interval 
1143. Prove that the function 
y = 223 + 32? — 12x41 
is decreasing in the interval (—2, 1). 
1144. Prove that the function 
y = \ 2x — x? 


is increasing in the interval (0,1) and decreasing in (1, 2). 
Draw the graph of the function. 
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1145. Prove that the function y = x? + 2 is always in- 
creasing. 

1146. Prove that the function y = arc tan x — z is always 
decreasing. 


2 
1147. Prove that the function y = = 


is increasing in 


any interval not containing the point x = 0. 

sin (x + a) 
sin (% + b) 
notonically in any interval not containing a discontinuity. 


1148. Prove that the function y = varies mo- 


1149*, Prove that 82% . % ; 
tana,” %y 
4 
0 ee, wy < Xv, < 2 6 


1150. Find the interval in which 
y = 8 — 32% — 9x + 14 
is monotonic, and plot its graph in the interval (—2, 4). 
1151. Do the same for the function 
y = x4 — 24? — 5 


in the interval (—2, 2). 
Find the intervals in which the functions of problems 
1152-1164 are monotonic: 


1152. y = (x — 2)5 (2a 4 1). 
8 


1153. y = ) (24% — a) (a — x)? (a > 0). 


_l-2#+2 = 10 
ne ase as NSS. 9 = gs oak + 6e * 
1156. y = x — e*. 1157. y = 2? e-*. 
1158. y = ins 1159. y = 2x? —Inz. 


1160. y = 2 — 2sin2 (0 Sz = 2n). 
1161. y = 2sinz + cos 2x (0 = 2 S 2n). 


1162. y = x + cos. 1163. y = In (e+ V1 + 22). 
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1164. 


y=xyaxr—2 (a>0). 


Find the extrema of the functions of problems 1165-1184: 


1165. y = 223 — 322. 
1166. y = 223 — 62? — 18% + 7. 

_ Ba + 4a +4 — 
1167. y = eer 1168. y = Vx — 32? + 8. 
1169. : 


Y = in (a + 423 4 30) ° 
3 


170. y=—¢2/e+2. Ue y= 2? Vn — 7. 
1172, y=—*13_. 1173. y = 2 
92 Y1l— 2x V4 + 5a? 
3 
1174. y = V(x? — a®)?. 1175. y= 2—In(14 2). 
3 
1176. y=x—In(l+ 2%). 1177. y = (x—5)? V(x +1). 


1178. 


1179. 


1180. 


1181. 


1182. 


1183. 


1184. 


y= (2? — 22) Ine — Sat + de, 


1 m x—l1 
eee —~ 2 = 
y 3 (* + 1) arc tan x g 9 


1 1 ] —— 2 
Sr eign c : is 2 2. 
y=3(2 3) are sine + g2Vi a — oa 
1 cg bs 
s = 2 _ =< = _ 
y= esinz + cose — 7H (~5=2=3]- 


_ fi : v—e eae 
y= (;—2) coz + sinz — a (023). 


y= == * cos nae + 3) + <5 sin x(n + 3) (0<a< 4). 


y = ae™ + be-?*, 


Find the maxima and minima, of the functions of problems 
1185-1197 in the intervals quoted: 


1185. 


1186. 
1187. 


y = et — 22? +5; [—2, 2]. 


y=x+2Vx; [0, 4]. 
y = 0 — Sat + 52341; [—1, 2]. 


IV. INVESTIGATION OF FUNCTIONS AND CURVES 113 
1188. y = 23 — 32? + 6% — 2; [-—1, 1]. 
1189. y= Y100—2? (—~6S25 8). 


=? 2 
1190. y= Ss (0 <2<1) 
1191. y= SS (02 <4) 

aa b 


1 um =< 
1193. y = sin 22 — x (~F=°s5)- 


1194. y = 2tan x — tan? x (0=2<5). 


1195. y=ax (01 <2 < 0). 
3 
1196. y = V(x? — 2x)? (02 S 3). 


1197. y = are tan i (0=x=1). 


Inequalities 
Prove the inequalities of problems 1198-1207: 


1198. 2)z >3—= (c > 1). 


1199. ee >1l+a2 (x +0). 
1200. «7 >In(l+a2) («& >0). 
2(2 — 1) 
z+1 
1202. 2x arc tan x = In (1 4+ 2). 

1208. 1 + #In (z+ V1 + a?) =Y1 + 2. 


1201. na > (x > 1). 


arctan % 
1204. In (1 + 2) > pase (x > 0). 
1205. se ee as a (x > 0). 


6 ' 120 
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1206. sin x + tan 2 > 2a (o<#<3]. 


ex + e-* a 
1207, —,— 21+ 3- 


Problems on Finding Maxima and Minima 


1208. Divide the number 8 into two parts such that the 
sum of their cubes is a minimum. 

1209. What positive number gives the least sum when 
added to its reciprocal ? 

1210. Divide the number 36 into two factors such that 
the sum of their squares is a minimum. 


1211. We want to make a box with a lid, its volume being 
72 cm, and the sides of the base in the ratio 1:2. What must 
be the dimensions of all the sides for the total surface area 
to be a minimum ? 


1212. We want to cut out equal squares from the corners 
of a square piece of paper measuring 18 x 18 cm? so that the 
box made by folding the paper along the dotted lines (Fig. 29) 
has the maximum capacity. What is the side of the squares 
cut out? 


Fie. 29. 


1213. Solve the previous problem for a rectangular sheet 
measuring 8X5 cm?. 

1214. The volume of a regular triangular prism is v. What 
must the side of the base be for the total surface area of the 
prism to be a minimum ? 
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1215. An open vat has a cylindrical shape. Given the 
volume v, what must be the radius of the base and the height 
for its surface area to be a minimum? 


1216. Find the ratio of the radius R and height H of a 
cylinder of given volume when its surface area is a mini- 
mum. 

1217. We want to make a conical funnel with a generator 
20 cm long. What must be the height of the funnel for its 
volume to be a maximum ? 

1218. A sector with central angle « is cut out of a circle. 
The sector is folded to form a conical shape. What is the 
value of « for the cone to have maximum volume? 


1219. The perimeter of an isosceles triangle is 2p. What are 
its sides for the volume of the solid formed by revolving the 
triangle about its base to be a maximum ? 

1220. The perimeter of an isosceles triangle is 2p. What are 
its sides if the volume of the cone formed by revolving the 
triangle about its height is a maximum ? 

1221. Find the height of the cylinder of maximum volume 
that can be inscribed in a sphere of radius R. 

1222. Find the height of the cone of maximum volume 
that can be inscribed in a sphere of radius R. 

1223. A rain drop of initial mass m, evaporates uniformly 
whilst falling under the action of gravity, so that its mass 
decreases proportionally to time (coefficient of proportiona- 
lity &). How many seconds after the drop starts falling is its 
kinetic energy a maximum, and what is the maximum? 
(Air resistance is neglected.) 

1224, A lever of the second kind has support point A; 
the load P is suspended at point B (AB = a). The weight of 
unit length of the lever is &k. What is the length of the lever 
for load P to be balanced by the least force? (The moment 
of the balancing force must be taken equal to the sum of 
the moments of load P and the lever.) 

1225. The cost of fuel for the furnace of a steamer is 
proportional to the cube of its speed. We know that the fuel 
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costs at a speed of 10 km/hr amount to 30 roubles/hour, 
the remaining costs (independent of the speed) being 480 
roubles/hour. What is the speed for the total cost per km 
travelled to be a minimum? What is the total cost per hour 
in this case ? 

1226. A, B and C are three non-collinear points, and 
Z ABC = 60°. A car leaves from A, and a train from B, 
at the same instant. The car travels towards B at a speed of 
80 km/hr and the train towards C at 50 km/hr. If AB = 
= 200 km, how long after the start are the car and train 
a minimum distance apart ? 

1227. Given the point A on a circle, draw the chord BC 
parallel to the tangent at A such that the area of the triangle 
ABC is a maximum. 


1228. Find the sides of the rectangle of maximum peri- 
meter inscribed in a semi-circle of radius R. 

1229. Inscribe the rectangle of maximum area in a given 
segment of a circle. 

1230. Circumscribe the cone of maximum volume about 
a given cylinder (the planes of the bases of cylinder and cone 
must coincide). 

1231. Find the height of the right circular cone of least 
volume circumscribed about a sphere of radius R. 

1232. Find the vertex angle of the axial section of the 
cone of least lateral surface area circumscribed about a given 
sphere. 

1233. What is the angle at the vertex of an isosceles triangle 
of given area for maximum radius of the inscribed circle? 

1234. Find the height of the cone of least volume circum- 


scribed about a hemisphere of radius R (the centre of the 
base of the cone lies at the centre of the sphere). 


1235. What must be the height of a cone inscribed in a 
sphere of radius R& if its lateral surface is a maximum ? 

1236. Prove that a conical tent of given capacity requires 
a minimum amount of material when its height is /2 times 
the base radius. 
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1237. Draw a straight line through the given point P (1,4) 
such that the sum of the lengths of the positive intercepts that 
it cuts off the coordinate axes is a minimum. 


1238. Find the sides of the rectangle of greatest area 
; : . : ey? 
inscribed in the ellipse 2 ++ ao 1. 


1239. Find the ellipse of least area circumscribed about 
a given rectangle (the area of an ellipse with semi-axes a 
and b is nab). 
1240. If the area of the triangle formed by a tangent to 
2 2 
the ellipse 5 + a = 1 and the coordinate axes is a mini- 


mum, what is the point of contact ? 


1241. Two points A (1, 4) and B(3, 0) are given on the 
ellipse 272 + y? = 18. Find the third point C of the ellipse 
such that the area of triangle ABC is a maximum, a minimum. 


1242. Given a point on the axis of the parabola y? = 2px 
at a distance a from the vertex, find the abscissa x of the 
point of the parabola closest to it. 


1248. An iron strip of width a has to be bent to form an 
open cylindrical gutter (the gutter section is the arc of a 
circle). Find the angle subtended by the are at the centre 
of the circle for maximum capacity of the gutter. 


1244. A log 20 m long is in the form of a frustum of a 
cone, the base diameters of which are 2 m and 1 m respectively. 
We want to cut out a beam from the log with a square cross- 
section and the same axis as the log, the volume of the beam 
being a maximum. What will be the dimensions of the beam ? 

1245. A series of experiments leads to n different values 
Hy, Ly,...,%, for the required quantity A. The value of A 
is often taken as the x such that the sum of the squares of 
its deviations from 2,, %,...,%, is @ minimum. Find the x 
satisfying this requirement. 

1246. A torpedo-boat stands at anchor 9 km from the 
nearest point of the coast; an express messenger has to be 
sent from the boat to a camp 15 km along the coast, measured 
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from the point nearest the boat. If the messenger can walk 
at 5 km/hr and row at 4 km/hr, at what point should 
he land on the coast in order to reach the camp in the shortest 
time ? 

1247. A lamp has to be suspended directly above the centre 
of a circular area of radius #. What should its height be in 
order to get the best illumination of a path round the area? 
(The degree of illumination of an area is directly proportional 
to the cosine of the angle of incidence of the ray and inversely 
proportional to the square of the distance from the source.) 

1248. Find the least illuminated point on a straight line 
of length 7 joining two light sources of intensities J, and J,. 

1249. A picture 1-4 m high hangs on a wall so that its 
lower edge is 1:8 m above the eye of an observer. At what 
distance should the observer stand from the wall for his posi- 
tion to be the most favourable for viewing the picture? 
(i.e. for maximum angle of vision). 

1250. A load of weight P on a horizontal plane has to be 
shifted by applying a force F to it. The friction force is pro- 
portional to the force pressing the body to the plane and 
is directed in opposition to the displacing force. The coefficient 
of proportionality (coefficient of friction) is &. At what 
angle g to the horizontal should the force be applied in order 
for it to be a minimum? What is the value of this minimum ? 

1251. The speed of flow of water along a circular pipe is 
directly proportional to the so-called hydraulic radius R, 


calculated from the formula R = my where S is the cross- 


sectional area of the water in the pipe and p is the wetted 
perimeter of the pipe section. The degree to which the water 
fills the pipe is characterized by the angle subtended at the 
centre by the horizontal surface of the water. At what degree 
of filling is the speed of flow of the water a maximum? 
(Find graphically the roots of the transcendental equation 
encountered in this problem.) 

1252. The printed text has to occupy S square centimetres 
on the page of a book. The upper and lower margins must be 
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a cm, the left and right margins 6 cm. If we are concerned 
only with paper economy, what are the best dimensions of a 
page ? 

1253*. A conical funnel of base radius R and height ZH is 
filled with water. A sphere is submerged in the water. What 
should the radius of the sphere be for the maximum volume of 
water to be displaced from the funnel by the submerged part 
of the sphere? 


1254. The vertex of a parabola lies on a circle of radius 
R, the parabola axis being along a diameter. What should the 
parabola parameters be for maximum area of segment boun- 
ded by the parabola and its common chord with the circle? 
(The area of a symmetrical parabolic segment is equal to 
two-thirds the product of its base and height.) 


1255. A cone of base radius R and height H is cut by a 
plane parallel to a generator. What is the distance between 
the line of intersection of this plane with the base plane and 
the centre of the base for a maximum area of intersection 
(See the previous problem.) 


1256. At what point P of the parabola y? = 2px is the 
segment of the normal at P, contained inside the curve, a 
minimum ? 


1257. Prove that the tangent to an ellipse, the intercept 
of which between its axes has minimum length, is divided 
by the point of contact into two pieces respectively equal to 
the semi-axes. 


1258. Prove that the distance from the centre of an ellipse 
to any normal does not exceed the difference between the 
semi-axes. (It is advisable to use the parametric equations of 
the ellipse.) 


1259. A point (a, 6) and a curve y = f(x) are given in a 
rectangular system of coordinates xOy. Show that the di- 
stance between the fixed point (a, b) and the variable point 
(x, f(z)) can only have an extremum in the direction of the 
normal to the curve y = f(z). 
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A Property of the Primitive 
1260. Prove (by two methods) that the functions y = 
= Inaz and y = Inz are primitives of the same function. 
1261. The same for functions y = 2 sin? xand y = —cos 22. 
1262. The same for y = (e* + e-*)? and y = (e* — e-*)2. 
1263*. Prove that the function 


y= costs + cost (5 + 2| — cos = 00s (5 + 2] 


is constant (independent of x). Find the value of this constant. 
1264, Prove that the function 


. 2a 

y = 2 arctan x + arcsin ite 

is constant for z = 1. Find the value of the constant. 
1265. Prove that the function 


= acosx-+b a—b, &% 
y= COS | won e — 2 aretan(|/ = tan 3} F 


where 0 < b <4, is constant for x = 0. Find the value of the 
constant. 


1266. Show that the functions 5 e* sinh z and e* cosh x 


differ by a constant. Show that each function is a primitive 
pce see fe. 
°" cosh @ — sinh x" 


3. Applications of the Second Derivative 


Extrema 


Find the extrema of the functions of problems 1267-1275 
by using the second derivative: 


1267. y = 23 — 2az?-+ ae (a > 0). 
2 
1268. p = 22 (a — 2). 1269. y=at “ (a > 0). 
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1270. y= - Vl—z. 1271. y = xV2— we. 


1272. y = a te? 1273. y = xe-*, 
1 
x a5 
1274, Y= ine . 1275. y= et. 


1276. For what value of a has the function 
f(x) = asinz + jain 3x 


a . . oe 
an extremum at 7 = 3! Is this a maximum or minimum? 


1277. Find the values of a and 6 for which the function 
y=alna+ be? +2 


has an extremum at points z, = 1 and 2, = 2. Show that, with 
these values of a and 6, the function has a minimum at x, and 
a maximum at 2. 


Convexity, Concavity, Points of Inflexion 
1278. Find whether y = 2° — 5x3 — 152? + 30 is convex 
or concave in the neighbourhood of points (1, 11) and (3, 3). 
1279. Find whether the curve y = arctan x is convex or 


concave in the neighbourhood of points (2 | and & 1, 


Salt 


1280. Find whether the curve y = x?Inz is convex or 


concave in the neighbourhood of points (1,0) and (= P 
2 
= a] 
1281. Prove that the graph of y = x arctan x is concave 
everywhere. 


1282. Prove that the graph of y = In (x? — 1) is convex 
everywhere. 
1283. Prove that, if the graph of a function is everywhere 


concave or convex, the function cannot have more than one 
extremum. 
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1284. Let P(x) be a polynomial with positive coefficients 
and even powers. Show that the graph of y = P(x) + ax + 6 
is everywhere concave. 

1285. The curves y = g(x) and y = y(x) are concave in 
the interval (a, 6). Show that, in this interval: (a) the curve 
y = (x) + y(x) is concave; (b) if g(x) and p(x) are positive 
and have a common minimum, the curve y = 9(x) p(x) is 
concave. 

1286. Find the shape of the graph of the function when we 
know that, in the interval [a, 5]: 


Qjy>0, y >0, y’ <0; ()y>0, y <0, y’ >0; 

B)y¥<0 ¥ >0, y >0; (4)y>9, y <0, y” <0. 

Find the points of inflexion and the intervals of convexity 
and concavity of the graphs of the functions of problems 
1287-1300: 

1287. y = x28 — 522+ 3x—5. 1288. y = (2 + 1)f#+ &. 

1289. y = at — 12x35 + 48x? — 50. 

1290. y = x + 362? — 223 — xt. 

1291. y = 32° — 5at* + 3x — 2. 


2 
= 6 , = 
1292. y = (w+ 2)§-+ 244-2. 1293. y + Ba (a > 0). 
3 
1294. y=a—YVu—b. 
1295. y= orm (—Faxs4). 
1296. y = In (1 + 2°). 1297. y =“ In= (a > 0). 


5 
1298. y = a — ) (a — 6)?. 1299, y = eartanz, 
1300. y = 24(12 In x — 7). 
x+1 
1301. Show that the curve y = I 


has three points 


of inflexion which are collinear. 


1302. Prove that the points of inflexion of y = x sin x lie 
on the curve y? (4 + 2?) = 42% 
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1303. Prove that the points of inflexion of the curve y = 


= _" lie on the curve y?(4 + 24) = 4. 


1304. Show that the graphs of y = --e-* and y = e-* sina 
(the curve of a damped vibration) have common tangents at 
the points of inflexion of the curve y = e-* sin x. 

1305. For what values of a and 6 is the point (1, 3) a 
point of inflexion of the curve y = ax + ba?? 

1306. Choose « and # such that the curve 2’y 4+ ax + 
+ By = 0 has a point of inflexion at A(2, 2°5). How many 
further points of inflexion are there ? 

1307. For what values of a has the graph of y = e* + az3 
a point of inflexion ? 

1308. Prove that the abscissa of the point of inflexion of 
the graph of a function cannot coincide with an extremal 
point of the function. 

1309. Prove that, for any twice differentiable function, at 
least one abscissa of a point of inflexion of the graph lies 
between two extremal points. 

1310. Prove by taking y = a + 823 + 1822+ 8 as an 
example that there can be no extremal points between the 
abscissae of points of inflexion of a function (cf. the previous 
problem). 

1311. Find the shapes of the graphs of the first and second 
derivatives from the graph of the function of Fig. 30. 


! 
' 
1 
1 
| 
' 
1 
iJ 
| 
b 


Fie. 30. 
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1312. Do the same from the graph of the function of 
Fig. 31. 


Fic. 31. 


1313. Find the shape of the graph of a function, given the 
graph of its derivative (Fig. 32). 


Fic. 32. 


1314. Find the shape of the graph of a function, given the 
graph of its derivative (Fig. 33). 


Fic. 33. 


1315. A curve is given by the parametric equations x = 
= g(t), y = y(t). Show that the curve has points of inflexion 
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tpn? 


(p'p" — v9") 
gy’ 
changes sign (the primes denote differentiations with respect 

to t), and g’(t) + 0. 

1316. Find the points of inflexion of the curve x = #, 
y = 3t+ 8. 

1317. Find the points of inflexion of the curve 2 = et, 
y = sini. 


at the values of ¢ for which the expression 


4, Auxiliary Problems. Solution of Equations 


Cauchy’s Formula and lV Hépital’s Rule 

1318. Write Cauchy’s formula for the functions f(x) = 
= sin and g(x) = In z in the interval [a,b], O<a< 0b. 

1319. Write Cauchy’s formula for the functions /(x) = e* 
and g(x) = 1 + e* in the interval [a, b]. 

1320. Prove that Cauchy’s formula holds for f(x) = 2° and 
g(x) = x? + 1 in the interval [1, 2]. 

1321. Prove that Cauchy’s formula holds for f/(x) = sin x 


and g(x) = x + cos in the interval o. 3| R 


1322. Prove that, if |f'(x)|2=J|q'(x)| in the interval 
[a,b], we also have |Af(x)| =|Ap(x)|, where Af(x) = 
= f(z + Ax) — f(x), Ap(x) = 9(x + Ax) — (x), and a and 
x -+ Ax are arbitrary points of interval [a, b]. 


1323. Prove that the increment of y = In (1 + 2?) is less 
than the increment of y = arctan in the interval |z, 3| 
(x = 0), whilst the converse holds in Ee |: A arc tana < 
< Aln (1 4+ 2?). Use the latter relationship to show that, 


in the interval E 4 ; 


arc tan x — In (1 +2) =7_—In2. 
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Find the limits of the functions of problems 1324-1364: 


3 3 
1324, tim 17 — V9. 1895, lim 9°82 
xa Vx _— Va x0 x 
1326. lim —— 1327, lim S— 08 
x0 SINS x-0 e°* — cos pa 
“x—arctanz. et Vx— J 
1328. lim ———._ 1329. lim ———— . 
x+0 x 2G Vsin ba 
. £—sine . w—2arctanx 
in( +4 | 
x 
1332. lim @ 2" 1333. lim “— 
x+qg & — a" x9 6% — a 
etn 1835. lim °°, 
y+9 COS % — 1 x+0 SIN X COS & 
- ax — . cos a In (x — a) 
e 1 ie? i ° [ "=> Baan To. le 
eae ee 
. ex a, e-x — Qn J etanx Po ex 
2 
eee 
1340. lim 5 
x-+0 x 
cos x + 27 1 


xs _ — 3 
1941,-tim 2 — * 


x-0 sine2xe ~ 


In (1+ a)! — der + 2a? — 3 a8 + a 


neat: ees 6 sin a ~ 6¢ + 23 
1248. lim 282 1344. lim 7", 
x0 Insins x-o in sin x 


In (1 — 2) + tan 
1345. lim . 1346. lim (v"e-*). 


xo cot 7x eepes 
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1347. lim {(a — 2 arc tan 2) Inz]. 


Xoo 


1348. lim |x sin@] . 1349. lim|—”. —_!], 
X00 H of x7] oe 1 In x 
: 2__ 92 ap (te 
1350. lim (« @)tan 52.1851. lim (i — A 
1 1 
1352. lim [cot x— 4 . 1353. lim ————————__ . 
x+0 x x+1 


cos In (1 — x) 


3 
1354. lim [V(a + x) (6+ 2) (e+ 2) — 2]. 


Xr 00 


1 ue 
1355. lim R & _— all 1356. lim [ 26" |, 
X00 x70 
1357. lim (tan x)?*~-*. 1358. lim x"*, 
x+F x0 
__) 1 tan x 
1359. lim gin @*—}), 1360. lim (2) ‘ 
x0 x+0 
is x tan =~ 
1361. ee (e« + a)*. 1362. lim (2 _— 2} 28. 
1+ 
1363. lim (1 if =) 1364. lim caer 
X~r 00 x0 x x 


1365. Prove that lim —— a 
uated by PH6pital’s rule. 


1366. For sufficiently large values of x, which is the big- 
ger: a*x? or a? 


—— exists but cannot be eval- 


1367. Assuming that f(z) + oo as x — co, which is the 
greater, f(x) or Inf(x), for sufficiently large values of x? 


1 

1868. Let x 0. Prove that e—(1+2)* is a first-order 
infinitesimal with respect to x. 

1369. Let 2 — 0. Prove that In (1+ 2) — e(InIn(e+2)) 
is a second-order infinitesimal with respect to zx. 
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1370. A length AN is marked off along the tangent to a 
circle of radius r at point A (Fig. 34) equal to the length of 
arc AM. NM produced cuts diameter AO produced at B. 
Prove that 
r (xcos « — sin «) 

sin « — @ 


OB = 


’ 


where « is the angle in radians subtended at the centre by 
arc AM, and show that lim OB = 2r. 


a+0 


Fic. 34. 


Asymptotic Variation of Functions and Asymptotes to Curves 


1371. Prove directly from the definition that y = 27 + 1 
is the asymptote to the curve 
_ 2+ 241 
i] — 9 : 
1372. Prove directly from the definition that x+y = 0 
is an asymptote to the curve z’y + ay? = 1. 
3 
1873. Prove that the curves y = 2? + 32? and y = 


2 


= —+ are asymptotic to each other as x — + ov. 


1374. Prove that the functions 
f(x) = Yx8 + 224 + 722 +1 and g(x) = 23 +2 


are asymptotically equal as 2 — oo. Use this fact to evaluate 
approximately /(115) and /(120). What is the error if we put 
{(100) = (100)? 


IV. INVESTIGATION OF FUNCTIONS AND CURVES 129 


Find the asymptotes of the curves of problems 1375-1391: 


1375. es y= 1. 1376. zy =a. 

yee es, i Se 
w— 4e44+ 5 (x — b)? 

1379. 2y (x + 1)? = 2. 1380. y3 = a3 — 23. 

1381. y3 = 62? + 2%. 1382. y?(z?-+1) = 22(x?—1). 


1383. xy? + xy = a3. 
1384. y(2? — 3bx + 2b?) = 23 — 3az? + ad. 
1385. (ytae+t1pP=2+l. 


1 
1886. y = x in(c + 1) : 1387. y = xe*. 
Z 
1388. y = xze* + 1. 1389. y = x arc sec x. 
x 


1390. y = 2% + arc tan 5 


af(x) +a 
1391. y (a) 
1392. A curve is given by the parametric equations x = 
= g(t), y = y(t). Show that there can only be asymptotes, 
not parallel to either axis, for the values ¢ = ¢, at which 
simultaneously 


, where f(x) is a polynomial (a + 0). 


lim g(t) = co and lim y(t) = oo. 
t+lg 


{lg 


In this case, if the equation of the asymptote is y = ax + 5b, 
we have 


A) 
a= lim +, 
t+to p(t) 
How do we find the asymptotes parallel to an axis ? 
1393. Find the asymptotes of the curve 


1 ot 
ee ee oS es 


b = lim [y(t) — ag(@)} 


H re 
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1394. Find the asymptotes of the curve 


2ef __ tet 
Ps tee oats 


1395. Find the asymptotes of the curve 


eae ae 
1396. Find the asymptotes of the folium of Descartes: 


teas 3at _ 3a? 
a ey a a 


1397. Find the asymptotes of the curve 


t—8 3 


Pag to Gey * 


General Investigation of Functions and Curves 


Carry out a full investigation and draw the graphs of the 
functions of problems 1398-1464: 


1398. y= 74. 1399, y= 5. 
x 

1400. Y= a | . 

1401. y(x — 1) (x — 2) (x — 3) = 1 
2 

1402. y=". 1403. y = (x? — 1). 


1404, y = 3227(a? — 1). 


1405. y = Z + 4a? (Newton’s “‘trident’’). 
Is 


1 2x — I 
— 72 aa = — —— 
1406. y= 2? + we" 1407. y Ce 
x xz 
1408. y= 3 _ 3 . 1409. y= 2x + 1)? . 


1410. y(z — 1) = 23. 1411. y(z? — 1) = at 
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_ («—1P _ B+ 2a? + Te — 3 
1412. y= Ga i * 1413. y= Sort 
1414, xy = (a? — 1) (x — 2). 
1415. (y—2x)a4+8=0. 1416. y=5 
1417. y = 2°e-*. 1418. y = - . 
1419. y = x — In (x + 1). 1420. y = In (x? + 1). 
1421. y = ve’. 1422. y = we-*. 

28 1 
1423. y= xe ? 1404. y= 27 
Ina 1\* 

1425, y= at 2%, 1426. y= (142). 
1427, y=a2-4 sing. 1428. y = asin x. 
1429. y = In cos a. 1430. y = cos x — In cos z. 


1 
1431. y=x—2arctanz. 14382. y=e*—4+3, 


1433. y = e'"* — sinz (without seeking the points of 
inflexion). 
3 
1434, y = x? — x. 1435. y8 = 2?(a? — 4)3. 


1436. (3y + x)? = 27. 
3 3 
1487, y = V(x + 1)? — Yao? +1. 
2 
1438. y = (x — 1)3 (# + 1). 


1439, 3 = 62? — 23. 1440. (y — x)? = 25. 
1441. (y — x*)? = a. 1442. y= 2341, 
1443. 7? = 23 — a. 1444, y? = x(x — 1). 
1445. ? = 2%X(n — 1). 1446. y? = == 2 


1447. xy + xy? = 2. 


1448. y? = 2? ate (strophoid) 
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1449. 
1451. 
1453. 
1454. 
1455. 
1456. 
1457. 


1459. 
1461. 


1463. 
1464. 


Sy? = 423 — at. 1450. 25y? = 77(4 — 2?)3, 
y? = 2? — ot. 1452. xy? = 4(% — 1). 
y?(2a — x) = 23 (cissoid) 
zy? = (« — 1) (w — 2). 
xy? = (a + x)3 (a — x) (conchoid) 
16y2 = (2? — 4)2 (1 — 22) 
y? = (1 — 2?)8, 1458, y?a* = (2? — 1)8, 
1 
y? = 2e xe-™, 1460. y = e* —2. 
y = etn, 1462, f(z) = "2%, 0) = 1. 
Selene! 
y=1—z2e !*! * for x+=0, y=1 for r=0. 


y =a — 4 |x| + 3. 


Investigate the functions given parametrically in problems 
1465-1469 and sketch their graphs: 


1465. 
1466. 


1467. 


er=84+34+1, y=8—3t4+1. 
x= 8 — 3x, y = & — barctant. 
a: ae 
— Top?! Toe” 


1468. x = te!, y = te~'. 


1469. 


dioid). 


x = 2a cost — acos 2t, y = 2asint — asin 2¢ (car- 


Investigate the curves whose equations are given in polar 
coordinates in problems 1470-1477: 


1470. 
1471. 
1473. 
1474, 


1475. 


1477. 


e@ = asin 3p (three-petal rose). 
eo =atan®@. 1472. 0 = a(1 + tan g). 
e@ = a(1 + cos ¢) (cardioid). 


g=a(l+ bcosg) @>0,b >1) ae 
o= \z (litus). 1476. 9 = 2 are tan : 
o=YVl—#, o=aresint+)1—#. 
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First reduce the equations of the curves of problems 1478- 
1481 to polar coordinates, then investigate and plot the 
curves: 


1478, (2? + y*)3 = 4a®a%y?, 1479. (2? + y*) x = ay. 
1480. a4 + y4 = a%(x? + y?). 
1481. (a? + y?) (x? — y?)? = 4a?y?. 


Solution of Equations 
1482. Prove that the equation 
a — a? — 8&&€& + 12=0 


has one simple root x, = —3 and one double root x, = 2. 

1483. Prove that the equation 

a’ + 203 — 3a? — 4a +4=0 
has two double roots x, = 1 and x, = —2. 

1484. Show that the equation x arc sin x = 0 has only one 
real root, this being double. 

1485. Show that the roots of the equation x sin x = 0 have 
the form x = ka (k = 0, + 1, + 2,...), where k = 0 corre- 
sponds to a double root. What is the multiplicity of the re- 
maining roots? 

1486. Show that the equation 2? — 3x7+ 6z—-1=0 
has a unique real simple root in the interval (0, 1), and find 
the root, by using trial and error, to an accuracy of 0°1. 

1487. Show that the equation 24 + 32? —x —2= 0 has 
two (and only two) real simple roots, lying in the intervals 
(—1, 0) and (0, 1) respectively. Use trial and error to find 
these roots to an accuracy of 0:1. 

1488. Show that the equation f(z) = a + 0, where f(x) is 
a polynomial with positive coefficients and odd powers only, 
has one and only one real root (which may be multiple). Con- 
sider the case when a = 0. Find to an accuracy of 0°01 the 
root of the equation 

et 34—1=0, 


by combining trial and error and the chord method. 
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1489. Prove the theorem: the necessary and sufficient 
condition for the equation x3 + px + 1= 0 to have three 
simple real roots is that coefficients p and q satisfy the in- 
equality 4p? + 27q2 < 0. Find to an accuracy of 0°01 all the 
roots of the equation 

28 — 97 +2=—0, 


by combining trial and error and the chord method. 
1490. Prove that the equation 


a + 202 —64+2=0 


has two (and only two) real simple roots, lying in the intervals 
(0, 1) and (1, 2) respectively. Find these roots to an accuracy 
of 0°01 by combining the tangent and chord methods. 


1491. Prove that the equation 
a> — 5a + 1=0 


has a unique real simple root lying in the interval (—1, 0), 
and find the root to an accuracy of 0:01 by combining the 
chord and tangent methods. 

1492. Show that the equation we* = 2 has only one real 
root, which belongs to the interval (0, 1), and find the root 
to an accuracy of 0°01. 


1493. Prove that the equation z In x = a has no real roots 


1 1 
fora< — a has one real double root for a= — = two 


: 1 5 
real simple roots for — acts 0 and one real simple root 


for a = 0. Find the root of the equation z In = 0°8 to an 
accuracy of 0-01. 

1494. Show that Kepler’s equation 2 = ¢ sin x + a, where 
0 < e <1, has one simple real root, and find this root to an 
accuracy of 0°001 when e = 0°538 and a = 1. 

1495. Show that the equation a* = az always has two 
(and only two) real positive roots for a > 1, one root being 
equal to unity and the other less, greater than or equal to 
unity, depending on whether a is greater than, less than or 
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equal to e. Find the second root of the equation to an accu- 
racy of 0:001 when a = 3. 


1496. Show that the equation 2? arctanz =a, where 
a +0, has one real root. Find the root to an accuracy of 
0°:001 when a = 1. 


1497. For what base a of a system of logarithms do num- 
bers exist which are equal to their logarithms? How many 
such numbers can there be? What is this number (to an 


accuracy of 0°01) when a = st 


5. Taylor’s Formula and its Applications 


Taylor's Formula for Polynomials 


1498. Expand the polynomial a* — 523+ 2? — 3x+ 4 
in powers of x — 4. 

1499. Expand the polynomial x3 + 32? — 2x + 4 in po- 
wers of x + 1. 

1500. Expand x!° — 325 + 1 in powers of x — 1. 

1501. Expand the function f(x) = (x? — 32 + 1)3 in po- 
wers of x by using Taylor’s formula. 

1502. f(x) is a fourth-degree polynomial. Knowing that 
f(2) = —1, f'(2) = 0, f"(2) = 2, f'"(2) = —12, f'¥(2) = 24, 
find f(—1), (0), f"(1). 


Taylor's Formula 


1503. Find Taylor’s formula of order n at x, = —1 for 


: eee. 


1504. Find Taylor’s formula of order n at x = 0 (Mac- 
laurin’s formula) for y = xe*. 


1505. Find Taylor’s formula of order » at x = 4 for 


y = Ve. 


136 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


1506. Find Taylor’s formula of order 2m at x, = 0 for 
ex + e ~ 

—. 

1507. Find Taylor’s formula of order n at 2% = 1 for y = 
= #3 In a. 

1508. Find Taylor’s formula of order 2n at x) = 0 for 
y = sin? a. 

1509. Find Taylor’s formula of order 3 at x = 2 for y = 


=— = 7 and draw the graph of the function and of its 


third-degree Taylor polynomial. 

1510. Find Taylor’s formula of order 2 at x = 0 for y = 
= tan x and draw the graph of the function and of its second- 
degree Taylor polynomial. 

1511. Find Taylor’s formula of order 3 at x = 0 for y= 
= arcsinz and draw the graph of the function and of its 
third-degree Taylor polynomial. 

1512. Find Taylor’s formula of order 3 at x = 1 for 


y= 7 and draw the graph of the function and of its 
x 


third-degree Taylor polynomial. 
1513*. Prove that the number 6 in the remainder term of 
Taylor’s formula of order 1: 


fla +h) = fla) + f(a) + % f"(a + Oh) 


tends to ; as h- 0 if /’’(x) is continuous at «=a and 


f(a) + 0. Generalize this result. 


Some Applications of Taybor’s Formula 


Describe the behaviour of the functions of problems 1514— 
1519 at the points mentioned: 


1514. y = 22° — 23 + 3 at the point x = 0. 
1515. y = c4 + 328+ 1 at the point z= 0. 
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1516. y = 2 cosa + 2? at the point x = 0. 
1517. y = 6In a — 225 + 927 — 18x at the point x = 1. 
1518. y = 6sinz + 2 at the point z = 0. 


1519. y = 24e% — 24x — 122? — 473 — 2? — 20 at the 
point z = 0. 


1520. f(x) = w° — 328 + 22+ 2. Find the first three 
terms of the Taylor expansion at x, = 1. Evaluate approxi- 
mately (1:03). 


1521. f(x) = 28 — 227 + 52% — x + 3. Find the first three 
terms of the Taylor expansion at x) = 2. Evaluate approxi- 
mately {(2°02) and /(1°97). 


1522. f(x) = 28° — a + 220, Find the first three terms of 
the expansion of f(x) in powers of 2 — 1 and find approxi- 
mately {(1:005). 


1523. f(z) = a — 523+ 2. Find the first three terms 
of the expansion in powers of x — 2. Evaluate approximately 
(2:1). Evaluate /(2°1) accurately and find the absolute and 
relative errors. 


1524. Show that the error is less than 0°01 when evaluating 
e* for 0 <a <_1 from the approximate formula 


a 
eeltet+ sts: 


Using this, find Ye correct to three figures. 
1525. By using the approximation formula 


2 
evl+et+s, 


find = and estimate the error. 
Ve 


1526. Show that, if we take + — = +2 instead of sin x 


for angles less than 28°, the error is less than 0°000001. Use 
this to evaluate sin 20° to six correct figures. 
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1527. Find cos 10° to an accuracy of 0-001. Show that this 
accuracy can be achieved by taking the second-order Taylor 
formula. 


1528. Use the approximation 


x x at 


In(l+2)sw%x— Pt s—FZ 


to find In 1:5, and estimate the error. 


6. Curvature 


Find the curvatures of the curves of problems 1529-1526: 
1529, The hyperbola zy = 4 at the point (2, 2). 


: an) : , 
1530. The ellipse ae 2 1 at its vertices. 


1531. y = at — 43 — 182? at the origin. 
1532. y? = 8x at the point (5, 3| d 


1533. y = Ina at the point (1, 0). 
1534, y = In (x + 1 + 2?) at the origin. 


1535. y = sin at points corresponding to extremals of 
the function. 


1536. The folium of Descartes 2° + y® = 3axry at the 
int ae 
poi 5% 54> 
Find the curvatures of the curves of problems 1537-1542 
at an arbitrary point (z, y): 


x y? 


1537. y = 2. 1538. a a 1. 
2 2 2 
1539. y = In sec z. 1540. 22 + yF =a. 
an a gem - ad 
1541. a + pa 1. 1542. y=a cosh = . 
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Find the curvatures of the curves of problems 1543-1549: 

1548. ¢ = 32, y= 3t—@ for t= 1. 

1544. x =acos*t, y=asin’?é for t = #¢,. 

1545. 2 =a(cost+tsint), y=a (sin? — ¢ cos #) for 
nt 


Cy 


1546. x = 2a cost — a cos 2t, y = 2a siné — asin 2¢ at an 
arbitrary point. 

1547. 0 = a? at the point 9 = 1, p=0. 

1548. @ = ag at an arbitrary point. 

1549. 9 =ag* at an arbitrary point. 


1550. Find the radius of curvature of the ellipse . + 
v= 1 at the point where the segment of the tangent 
lying between the coordinate axes is bisected by the point 
of contact. 

1551. Show that the radius of curvature of a parabola is 
equal to twice the segment of the normal lying between its 
points of intersection with the parabola and with the direct- 
rix. 

1552. Show that the radius of curvature of the cycloid at 
any point is twice the length of the normal at that point. 


1553. Show that the radius of curvature of the lemniscate 
0? = a’ cos 29 is inversely proportional to the corresponding 
radius vector. 

1554. Find the circle of curvature of the parabola y = 2? 
at the point (1, 1). 

1555. Find the circle of curvature of the hyperbola zy = 1 
at the point (1, 1). 

1556. Find the circle of curvature of y = e* at the point 
(0, 1). 

1557. Find the circle of curvature of y = tana at the 


point (i: i ‘ 


140 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


1558. Find the circle of curvature of the cissoid (x? + 
+ y*) x — 2ay? = 0 at the point (a, a). 

Find the vertices (the points at which the curvature has an 
extremal value, see Course, sec. 93) of the curves of problems 
1559— 1562: 


1559. Vx + Vy = Ya. 1560. y = Inz. 

1561. y = e*. 

1562. « = a (3 cost + cos 3t), y = a(3 sin? + sin 3é). 
1563. Find the maximum radius of curvature of the curve 


4 P 
= 35 a 
g=asin’ 5 


1564. Show that the curvature at a point P of the curve 
y = }(x) is equal to | y’’ cos* « |, where « is the angle formed 
by the tangent at P with the positive direction of the axis 
of abscissae. 

1565. Show that the curvature of a curve at an arbitrary 
point can be expressed as k = fens ; 
where « has the same meaning as in the previous problem. 

1566. Function f(x) is defined thus: f(x) = x in the inter- 
val ~—w<e=1, f(x) =axz*?+bx+ec in the interval 
1 <x < co. What must be the values of a, b, c for the curve 
y = f(x) to have a continuous curvature at all points? 

1567. Given (Fig. 35) are AM of a circle of radius 5 with 
centre at (0,5) and segment BC of the straight line joining 


C(1,66) 


a 
“ *8(1,3) 
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B (1, 3) and C (11, 66), we require to join M and B with a 
parabolic arc such that the curve AMBC has continuous 
curvature everywhere. Find the equation of the required 
parabola (take a fifth-order parabola). 


Find the coordinates of the centre of curvature and the 
equation of the evolute for the curves of problems 1568-1574: 


1568. Parabola of nth order y = x". 
2 yf 
1569. Hyperbola hae 1, 
Ca < 
1570. Astroid 27 + ¥3 =a’. 
1571. Semi-cubical parabola y? = az?. 


1572. Parabola x = 3t, y=??? — 6. 
x3 
ere 
1573. Cissoid y? = ere 


1574. The curve }”~ “% (1 + cos? é) sin ¢, 


y = asin? t cost. 
1575. Show that the evolute of the tractrix 


c= —a(In tan 5 + cos i), y =asint 


is a catenary. 

1576. Show that the evolute of the logarithmic spiral 
0 = a? is precisely the same spiral except for rotation through 
a certain angle. Is it possible to choose a so that the evolute 
coincides with the spiral ? 

1577. Show that any evolute of a circle can be got by 
rotation of one of them through a suitable angle. 

1578. Show that the distance of a point of the cycloid 
from the centre of curvature of the corresponding point of 
the evolute is equal to twice the diameter of the rolling circle. 

1579. The evolute of the parabola y? = 4px is the semi- 
cubical parabola 


4 
py’ = a7 (x — 2p). 
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Find the length of are of the semi-cubical parabola from 
the cusp to the point (2, y). 


1580. Find the total length of the evolute of the ellipse 
with semi-axes a and 6. 


1581. Show that the evolute of the astroid « = a cos? t, 
y = asin’ ¢ is an astroid of twice the linear dimensions turned 


through 45°. Use this to find the length of are of the original 
astroid. 


1582*. Show that the evolute of the cardioid 
«= 2a cost —acos 2t; y = 2asint — asin 2t 


is also a cardioid, similar to the first. Use this to find the total 
arc length of the cardioid. 


1583*. Prove the theorem: if the curvature of the are of 
a given curve is either only increasing or only decreasing, 
the circles of curvature corresponding to different points of 
the arc lie inside each other and do not intersect. 


7. Numerical Problems 


1584. Find the minimum of the function 
y=ett+etetl 
to an accuracy of unity. 
1585. Find the maximum of the function 
y=x2+Inge — 2 
to an accuracy of 0°001. 
1586. Find the greatest and least values of the function 


y = 2+ 3cosz 
in the interval o. al to an accuracy of 0°01. 


1587. Find the greatest and least values of 
y=u—e 


in the interval [0°2, 0-5] to an accuracy of 0°001. 
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1588. Find the coordinates of the point of inflexion of the 
curve 


x 
y = 5 (o* — 6x? + 19% — 30) 


to an accuracy of 0°01. 
1589. Find the coordinates of the point of inflexion of the 
curve 
y = 6x? In x + 223 — 9x? 


to an accuracy of 0-01. 


1590. Find to an accuracy of 0°0001 the curvature of the 
curve 
1 


: ar) 
at its point of intersection with the straight line y = x — 1. 
1591. Find to an accuracy of 0°001 the coordinates of 


the point on the curve y = In x at which the radius of curva- 
ture of the curve is three times the abscissa of the point. 


CHAPTER V 


THE DEFINITE INTEGRAL 


1. The Definite Integral and its Elementary Properties 


1592. Express with the aid of an integral the area boun- 
ded by the following curves: 

(1) the coordinate axes, the straight line x = 3 and the 
parabola y = 2? +1; 

(2) the axis of abscissae, the straight lines x =a, x = 6 
and the curve y=e*+2 (b >a); 

(3) the axis of abscissae and the arc of the sine wave 
y = sin x corresponding to the first half-period; 

(4) the parabolas y = 2? and y = 8 — 2°; 

(5) the parabolas y = x? and y = Vz; 

(6) the curves y = Inz and y = In?z. 

1593. A figure is bounded by the axis of abscissae and the 
straight lines y = 2x, x = 4, x = 6. By dividing the interval 
[4, 6] into equal parts, finds the areas of the “inner” and 
“outer” n-step figures. Show that both the expressions ob- 
tained tend on indefinite increase of n to the same limit S, 
the area of the figure. Find the absolute and relative errors 
on replacing the given area by the areas of the inner and 
outer n-step figures. 

1594. A curvilinear trapezium with base [2, 3] is bounded 
by the parabola y = x?. Find the absolute and relative error 
on replacing the given area by the ‘‘inner’’ 10-step figure. 


1595. Find the area of the figure bounded by the parabola 


2 
y= > the straight lines « = 3, x = 6, and the axis of 


abscissae. 


1596. Find the area of the segment cut out of the parabola 
y = x? by the straight line y = 2” + 3. 
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1597. Find the area of the parabolic segment with base 
a= 10 cm and “height” + = 6 cm (the base is the chord 
perpendicular to the parabola axis. Fig. 36). 


fom eee 


+ 


h 


Fie. 36. 


1598. Find the area of the figure bounded by the parabola 
y = x? — 4x + 5, the axis of abscissae and the straight lines 
x=3,24=5. 

1599. Find the area of the figure bounded by the arcs of 

1 x 
parabolas y = i” and y = 3 — oe 

1600. Find the area of the figure bounded by the parabolas 
y = x7 — 6x + 10 and y = 6x — 2”. 

1601. Find the area contained between the parabola 
y = wv — 2x + 2, the tangent to it at the point (3, 5), the 
axis of ordinates and the axis of abscissae. 

1602. A particle travels with a speed v = 2¢ + 4 cm/sec. 
Find the path traversed in the first 10 sec. 

1603. The velocity of a body falling freely is v = gt. 
Find the distance traversed in the first 5 sec. 

1604. If the velocity is proportional to the square of time 
and is equal to 1 cm/sec at the end of the 4th second, what 
is the distance travelled in the first 10 sec? 

1605. We know from physics that the force opposing the 
extension of a spring is proportional to its elongation (Hooke’s 
law). The work done on extending a spring 4 cm is 10 kg. 
How much work is done in extending the spring 10 cm? 
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1606. The work required to extend a spring 2 cm is 20 kg. 
How much can the spring be extended on expending work 
of 80 kg? 


1607. The speed v of radioactive decay is a known function 
of time: v = v(t). Express the amount m of radioactive 
material disintegrating between time 7, and time 7: (a) 
approximately, by a sum, (b) exactly, by an integral. 

1608. The rate of heating of a body is a known function of 
time y(t). How many degrees 6 is the body heated from time 
T, to time T,? Express the solution: (a) approximately, by 
a sum, (b) exactly, by an integral. 


1609. A variable current J is a known function of time: 
I = I(t). Express (approximately by a sum and exactly by 
an integral) the quantity of electricity Q that has flowed 
through the cross-section of the conductor after time 7 
from the start of the experiment. 


1610. The voltage H of a variable current is a given func- 
tion of time H = g(t); the current J is also a given function 
of time J = y(t). Express the work A done by the current 
between time 7’, and time 7: (a) approximately, by a sum, 
(b) exactly, by an integral. 


1611. An electrical circuit is supplied from batteries. 
During 10 min the voltage at the terminals falls uniformly 
from HE, = 60 V to EH = 40 V. The circuit resistance R = 20 
ohm. Find the amount of electricity flowing through the 
circuit in 10 min. 


1612. The voltage drops uniformly in an electrical circuit, 
at 15 V per min. The initial voltage H) = 120 V. Find the 
work done by the current in 5 min. The circuit resistance 
R = 60 ohm. Inductance and capacity are neglected. 


1613. The input voltage of a circuit rises uniformly, being 
zero at the start of the experiment. The voltage reaches 
120 V during one minute. The circuit resistance is 100 ohm. 
Inductance and capacity are neglected. Find the work done 
by the current during one minute. 
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1614. The water reaches the top of the rectangular wall of 
an aquarium of base a and height 6. Express the pressure of 
the water over the entire wall: (a) approximately, by a sum, 
(b) exactly, by an integral. 

1615. (a) Evaluate the pressure P exerted by the water in 
an aquarium on one of its walls. The wall is rectangular. 
Its length a = 60 cm, and height b = 25 cm. (b) Divide the 
wall by a horizontal line so that the pressure on the two 
parts is the same. 


Evaluation of Integrals by Summation 


1 


1616. Find fe dx by direct summation followed by 
0 
passage to the limit. (Divide the interval of integration into 


nm parts.) 
b 
1617. Evaluate | 2 dz, where & is a positive integer, by 


a 
direct summation followed by passage to the limit (divide 
the interval of integration so that the abscissae of the points 
of subdivision form a geometrical progression) (see Course, 
sec. 87). 


1618. Use the formula obtained in the previous example to 
evaluate the integrals: 


(1) foos (2) fae (3) [ora (4) (OE a 
a—2 a a 


0) fra 1 (6) = tes 
QO 


25 


i) eines @ flee oes 
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0 1 2 
(9) [Ue (10) f (Fp) aes (11) {2° de; 
—a 0G 0 


a—b 


3 1 
4 ae) 
(12) = de; (13) (7 = 4 dx. 
J J 


k k k 
1619*. Find lim (* 7 ll ae | fo 6. vas 


nit. 


f+ oo 


luate approximately 15 + 25+... -+ 100°. 
2 
1620. Find (F by direct summation followed by pas- 
1 


sage to the limit. (Divide the interval of integration so that 
the abscissae of the points of subdivision form a geometrical 
progression.) 


2 
1621. Form the integral sum for (2 by dividing the 
1 


interval of integration into n equal parts. By comparing 
with the previous problem, evaluate: 


tim (7 + : Pope teeta) 


nao |\n n+l n+ 2 Qn 
1622*. Evaluate lim (te et a 
noo \N n+1 n+2 an 


(a is an integer). Evaluate approximately 


1 1 1 1 
(ice + or taor tf -F at0) 


1623*. Use direct summation followed by passage to the 
limit to evaluate: 


a a b 
(1) Jro* de: (2) fine de; (3) [rw 
@) 1 a 


(Divide the interval of integration into equal parts in (1), 
and as in problem 1620 in (2) and (3)). 
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2. Fundamental Properties of the Definite Integral 


Geometrical Interpretation of the Definite Integral 

1624. Express with the aid of an integral the area of the 
figure bounded by the arc of the sine wave corresponding to 
the interval 0 = x = 2x and by the axis of abscissae. 

1625. Find the area of the figure bounded by the cubical 
parabola y = 2° and the straight line y = x. 

1626. Find area of the figure bounded by the parabolas 
y = a? — 2 — 3 and y= —2? + 6x — 3. 

1627, Find the area of the figure bounded by the curves 
y= —xand y = 24 — 1. 


Inequalities for Integrals 10 
; zdx . 5 
1628. Show that the integral i ao 16 38 Tess than 3. 
0 
2 
1629. Show that the integral fer= dz lies between 
2 6 
=~ and 2e? 
Ve 
35 te 2 
x 
1630 J - 1631. Jara 
15 
ed a 
2 
1632 J (1 + sin? x) de 163 if 
a 
y3 e 
1634, | arctan x de. 1635. | 2%e-*' de. 
¥3 2 
3 e 


1636. Find out, without evaluating them, which of the 
integrals is the greater: 
, 2 


1 1 2 
(1) | a2de or fata? (2) jade or Jatde? 
0 0 F 1 


150 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


1637. Find out which of the integrals is the greater: 
1 1 2 2 
(1) [2"dx or [2" de? (2) [2" dex or [ 2" de? 
6 0 1 i 
2 


2 
(3) {nz dz or {dn x)? dx? 
i 


1 


4 4 
(4) fin x dx or | (In 2)? dx? 
3 3 
1 


1638. Prove that fui + 8dr < % (use Bunyakovskii’s 
0 


inequality). Show that employment of the general rule yields 
a cruder estimate. 


1639. Prove the following propositions by starting from 
geometrical considerations: 

(a) if function f(z) is increasing in the interval [a, 6] and 
has a concave graph, then 


6 
(ba) fla) < fe) de <b — a) AOFM, 


(b) if the function /(x) is increasing in interval [a, b] and 
has a convex graph, then 


(b — a) A) < fre da < (b — a) f(b). 


3 
x? da 
4 P i 
1640*. Estimate the integral few Te" 


2 
1 
1641. Estimate the integral {yi + at dx, by using: 
0) 


(a) the fundamental theorem on estimation of an integral, 
(b) the result of problem 1639, 
(c) Bunyakovskii’s inequality. 


V. THE DEFINITE INTEGRAL 151 


Mean Values of a Function 


1642. Find the mean value of the linear function y = 
= kx + b in the interval [2,, 2,]. Find the point at which the 
function takes this value. 

1643. Find the mean value of the quadratic function 
y = az? in the interval [x,, x]. At how many points of the 
interval does the function assume this value? 

1644. Find the mean value of y = 2x2 + 32-4 3 in the 
interval [1, 4]. 

1645. Starting from geometrical considerations, find the 
mean value of y = Ya? — z? in the interval [—~a, a]. 


1646. Starting from geometrical considerations, obtain 
the mean value of a continuous odd function in an interval 
symmetric with respect to the origin. 

1647. A gutter section is in the form of a parabolic seg- 
ment. Its base a = 1 m, the depth h = 1°5 m (see Fig. 36). 
Find the mean depth of the gutter. 

1648. The voltage of an electrical circuit increases uni- 
formly during one minute from FZ, = 100 V to #, = 120 V. 
Find the average current during this time. The circuit resist- 
ance is 10 ohms. 

1649. The voltage of an electrical circuit falls uniformly 
at a rate of 0°4 V per minute. The initial voltage of the circuit 
is 100 V. The circuit resistance is 5 ohm. Find the average 
power of the current during the first hour of working. 


Integral with Variable Limits 


1650. Find the expressions for the following integrals 
with variable upper limit: 


(1) eae ofan of (G-ae 


1651. The speed of a moving body is proportional to the 
square of time. Find the relationship between the path trav- 
ersed sand time é, if it is known that the body moves 18 cm 
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in the first 3 sec and that the motion starts at the instant 
t= 0. 

1652. The force acting on a material particle varies uni- 
formly with respect to the path traversed. It is equal to 
100 dynes at the start of the path, and increases to 600 dynes 
when the particle has moved 10 cm. Find the function 
defining the dependence of the work on the path. 

1653. The voltage of an electrical circuit varies uniformly. 
It is equal to #, at t =1,, and equal to H, at t = t,. The resist- 
ance & is constant, whilst we neglect inductance and capacity. 
Express the work of the current as a function of time ¢ 
after the start of the experiment. 

1654. The specific heat of a body depends on the temper- 
ature as follows: c =c, + af + fé. Find the function that 
defines the dependence of the quantity of heat, acquired by 
the body on heating from zero to é, on the temperature ¢. 

1655. A curvilinear trapezium is bounded by the parabola 
y = x*, the axis of abscissae and a movable ordinate. Find 
the value of the increment AS and differential dS of the 
area of the trapezium at x = 10 when Az = 0°1. 

1656. A curvilinear trapezium is bounded by the curve 
y = V2? + 16, the coordinate axes and a movable ordinate. 
Find the value of the differential dS of the area of the tra- 
pezium when x = 3 and Az = 0:2. 

1657. A curvilinear trapezium is bounded by the curve 
y = «3, the axis of abscissae and a movable ordinate. Find 
the values of the increment JAS of the area, its differential dS, 


and the absolute («) and relative (° = as| errors arising on 


replacing the increment by the differential, if x = 4, and dx 
takes the values 1; 0:1 and 0°01. 


1658. Find the numerical values of the derivative of 


_ fl—t+e _ 
0 
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1659. Find the numerical values of the derivative of 
x 
y= {sin 2 de at x=— 0, Pie and. pi 
4 2 
0 


1660. Find the derivative with respect to the lower limit 
of an integral with variable lower and constant upper limit. 


1661. Find the numerical values of the derivative of 
5 
y =| V1 +2 de with « = 0 and 2=3. 


1662. Find the derivative with respect to x of the function 


2x . 
y= [PP &. 
0 


x 


1663. Find the derivative with respect to 2 of the functions 


7 


e 1 
Inz 
(1) |—dez; (2) |Inadz. 
J J 


1664*, Find the derivative with respect to 2 of the function 
2x 


| In? x dz. 


1665. Find the derivative y’ with respect to x of the 
function given implicitly: 


x 


fo dt + | cost dt = 0. 


0 0 
1666. Find the derivative of y with respect to x for the 
functions given parametrically: 


t t 


Q)ec= | sin ¢ ae, y= | cos ¢ ae; 
0 


0 


fad 1 
(2) c= [tmntdt, y= [einede. 
1 ? 
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1667. Find the value of the second derivative with respect 


Zz 
to z of the function y = J 


0 
1668. For what values of x does the function 


daz 
T+ for z = I. 


x 
I(x) = | ae-* dx 
0 
have extrema? 


1669. Find the curvature of the curve given by the equation 


x 


‘(1 + #)In (1 + #) dt. 


YS .| 
6 


1670. Find the extremal points and points of inflexion of 
x 


the graph of the function y = | (x? — 32+ 2) dx. Draw the 
iy 


graph of this function. 


1671. Use the graphs of functions illustrated in Fig. 37 
and 38 to find the shape of the graphs of their derivatives. 


Fria. 37. Fie. 38, 


Newton—Leibniz Formula 


1672. Evaluate the following integrals by a suitable choice 
of the primitive function for x*: 


(1) [%, (2) [, (3) fi a de; 
1 4 1 
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2 9 
ca | (2 +3] da; (5) Sve + Vz) dx 
1 
ss 3 
(6) ee 0 fs @ [iia 


o fi (a >0, b > 0); ow for Zz ~ 1)? de. 


1673. By using the fundamental tables of derivatives, pick 
out the primitive and evaluate the integral: 


(1) [entoaay (2) (osetia 
6 0 


(interpret geometrically the result obtained), 


a 


(3) for (4) Jrcvean (5) [re + a 


2 
dx 
(6) J Tt 
+ 


1674. A function f(z) has equal values at points =a 
b 


and 2 = b and a continuous derivative. What does if (x) da 
equal? 
1675. The tangent to the graph of the pee y = f(x) 


at the point with abscissa 2 = a fae an angle 5 = with the 


axis of abscissae, and an angle 7 — at the point with abscissa 


z=. Evaluate [rca ae and fre) f(a) dx; f(x) is 


assumed continuous, 


CHAPTER VI 


THE INDEFINITE INTEGRAL. 
INTEGRAL CALCULUS 


1. Elementary Examples of Integration 


Find the integrals of problems 1676-1702 by using the 
basic table of integrals and the theorems on splitting up the 
integrand and on taking outside a constant factor: 


1676. | Vz der. 1677. | Va" da. 
1678. i 1679. | 10* de. 
x 
dx 
1680. | a*e* de. 1681. (—. 
i j 2x 
dh . 
1682. J ee, 1683. | 3-40-01" der. 
V2gh 


1684. [(1—2u)du. 1685, [z+ 1) (e — Vx +1) de 
1686. (js ane ay 
x 


1687. Jeet? + 34-98 — 59038) dy. 


== 2 oa 2 
1688. f (’ ‘) aly: 1689. fe ay de 
z aya 
3 4 
3 ans 
1690. J Aids Ce 1691. jee de. 
Vz Vx 
1692. ie 1693. f En cS 
V3— 322 2* 
1 + cos? x cos 2x 
nee ea 1 + cos 169): pe ernrny cos? x sin? x 
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1696. J tan? x dx. 1697. i) cot? x da. 


1699. J a 


a © 
1698. { 2 sin 5 ae. A 


(1 + x)? dx 
1700. |G oe 


1701. \ ecasspaare 


1702. | (are sin x ++ arc cos x) dz. 


Find the integrals of problems 1703-1780 by using the 
theorem stating that the form of the integration formula is 
independent of the nature of the variable of integration: 


1703. | sin 2 d(sin 2). 


1705. "yrs Zz) 
V1 + 2 


1707. Wee oa 3 


1709. {ve — 3x8 dx. 


1704. J tan? x d(tan 2). 
1706. J (x + 1) da. 


dx 
1708. i ai ©): 


1710. J /8 — 22 de. 


1711. [aoe 1712. {20 Va? +1 de. 
(a+ ee 
—— 5 ——_—$—$—$$$ 
1713. | «V1 — a? de. 1714, [22/28 2 de. 
1716. i abe 
V4+ 2 


17s. [ (6% — 5) dx 


pur fe er Oe 
Veet 2322 — 5a + 6 


1719. J sin® x cos x dx. 


1720. [rare 


= x dz 1722. Jcos® x sin 2x dx. 


1721. 


V sin? x 


1723. ue Yin & 


dx 


1725. J ont, 
(arc sin x)3 V1 — 2? 


1727. Joos 32 d(3a). 
1729. feos 3a da. 


1731. J sin (2a — 3) dz. 


1733. i (2 = a] & 


1 + 2°) 
la? ° 
(2a — 3) dx 

— 34+ 8° 


1735. is 
1737. i 


1739. \eem 


x? da 
lax 1° 

e dx 
Vee +a? 


J cot x dx. 


1741. 


1743. 
1745. 


1747. fect (2a + 1) da; 


_ da 
lene 


J ev (sin 2). 


1749. 


1751. 
1753. i a® de. 


1755. i e-3+1 dy, 


1724. 


1726. 


1728, 


1730. 


1732. 


1734. 


1736. 


1738. 


1740. 


1742 


1746. 


1748. 


1750. 


1752. 


1754. 


1756. 
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= tan x)? dx 
1+ 2 : 


f dx 

cos? «V1 + tana 
d(1 + 1n2z) 

lone + In 2) ° 

| (cos « — cos 2x) dx. 


[eos (1 — 2x) dx. 


fe (sin e*) dz. 


(pot 


arc sin x 
_ dx 
24 — 1° 


x dx 
oat 


e* dz 
ee 


1744, 


[tan x da. 


| tan 3x da. 


sin 2a 
1 + cos? x 


pe" de. 


e 


ex cog x dx. 


J 
Jam 
Jers 
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1757. | e-* a? de. 


1759. { es ae 
V1 — 2522 


1761. : 
fe — x 


1763. Seagate | 1764. 
i — 922 
1765. 1766. 
Je 7 i 
1767. fe 1768. 
Vi- 
1769. J Tos te 1770. 
1771. {r a dk 1772. 
1773. i na ab 1774. 
1776. 
— 72 
1777. i Liens ad lees ay 1778 
— x?) 
1779. {Fr <p — dx. 1780. 
—2x 


1760. | 


1762. 
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“hen 


ifeae 
_ de 
227 ++ 9° 


a dx 


Por 


a? dx 
aaa 
ex dz 


(acer 


cos « da 


la + sin? « ° 

| (ex + 1) 
3a — 1 

Neots dz. 


ee — 2°) 


1+ 24 


da. 


dx 
ares res 


ie -+ (arc cos 32)? ax 
V1 — 922 


Find the integrals of problems 1781-1790 by dividing out 


the integrand fraction: 


1781. J od 
x 


+4 


1782. 


da. 


x 
ean 


1784. [5S ae 
3—2 
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a+ 2 
1786. i a a. 


+ ae x— 1) 

1787. Ve wey 1788. (eee 
1789. |" a 1790, (2 
lr “— de. iE ae 


Find the integrals of problems 1791-1807 by using the 
method of partial fractions and the method of completing 
the square: 


1791. (xen: 1792. J wo: 

1798. |G, + — (194. | az Sa ae 
1795. | wt ae. 1796. ari: 
1797. i ee: 1798. oe 

1799. i —_s 1800. J te eET: 
1801. J = Soy: 1902. \exeors 


dx daz 
1803. | —————_.. . 1804. ——. 
\eeeaes rete. 
1806. 


1805, [—T J ON 
V4x — 3 — 2? y8+ 6x — 92? 


1807. | == is _ = 
V 2 — 6x — 9x2 


Find the integrals of problems 1808-1831 by using trigo- 
nometric formulae for transforming the integrand: 


1808. J cos? a dx. 1809. | sin? x da. 
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dx daz 
1810. { Soa: vo — 
1812, (> — °° ay, 1813. frome Ee ne 
1+ cosxz — sin x 


cos 2x da 
1814. | (tan? 2 +- tant x) de, 1815. leesrer<? Tf sin cos" 


1816. i) cos x sin 32 dx. 1817. | cos 2x2 cos 3x dx. 
1818. J sin 2x sin 5x dx. 1819. | cosa cos 22 cos 3a da. 
1820. j co ieee 1821. eS pe ene ay 
COS 2 cos x 
ms 
1822, J eal aa 1823. [Se cose dy. 
cos x 
1824. iF ain Sie: 1825. fam awe 
Vcos « cos! x 
1826. f cos# a dz. 1827. | tant x dx. 
1828. | sin’ x de. 1829. I x de. 
1830. | tan? x de. 1831. fas = 
sin 


2. Basie Methods of Integration 


Integration by Parts 
Find the integrals of problems 1832-1868: 


1882. | asin 2x der. 1833. | x cos x de. 
1884. | xo-* der. 1835. | x3* de. 

1836. farina de (n+ —1). 1837. Je arc tan 2 dz. 
1838. | are cos x dz. 1839. J are tan x da. 


1840. Ws fanaa tiade 1841. |x tan® x de, 
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1842. | « cos? x dx. 1843. (= da 
x are tan x ; Va 
1844, ——----—— dz. 1845. | arc sin-——— dz. 
Vl+2 Vi-—=z 
x? dx 
2 
1846, {In (2? + 1) de. 1847, J ae 
a dx 
1848. eared 1849, | 2? In (1 + x) de 
1850. | 2? e-* de. 1851. | «ex de. 
1852. | 22x de. 1853. [2% sin 2 dz. 
1854. [22 cos? x dx. 1855. | In? x dx. 
3 2 
1856. J aoa a 
x V5 
1858. | (aresin x)? de. 1859. | (aretan 2)? x de. 


1860. fe sin x dz. 


1861. Jer (sin 2a — cos 2a) dx. 


1862. fex cos nx dz. 1863. | sin In # de. 
. 2 
1864. { cos In x de. 1865*. i eae, 
Vl—2? 
1866+. | Va? + a de. 1867. vane a ¥ 


1868. | ate sin x dz. 


Change of Variable 
Find the integrals of problems 1869-1904: 


1869. - wae (substitute 2 + 1 = 2?). 
+Yz2+1 - 


3 da 4x4 +- 3 


Ya—1— 
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dx a+l 
1872, (_°_. 1873. 
1874. f tee, 1875. ‘ Ve nay 
1+/z a(x + 1) 
1876. (oe de. 1877. f >—. 
oe L+yzx+1 


1879. J ae te (substitute x = 25). 


1880. (-;~—~ a 
J Vz(Ve—1) late 


Vx 
ae 


1883. fi aid (substitute e* + 1 = 24). 


eee +1 

1884, fe ical 1885. je + Ine gy, 
~Vlte xIinx 

1886. {vi + cos® x sin 22 cos 2 da. 

1887. (ane owe et ee iss, (= _ 
sin % Cos & Vas — x 


1889. jee 


dx 1 
1890. |; —————— : —-, or «x =atan 2,or 
iE Ved a (substitute x = > 


x = asinhz). 


2 
1891. J ad 
yar 
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1892, [— i or “= od , or 
a z COS Zz 
x = a cosh z). 
7 2 _— 2 
1893, (VI +? ae is94, (WI q 
at x2 
2\3 
1895. = 1896. prec’ ae | 
a x 
1897. i ee 1898. \ ee 
2 22 —9 a Vl + 2 
1899. j Ta a e 1900. | «2/4 — a? de. 
xv —a 
dx —Ildz 
1901. . Pe | eta 
lane 1902", | xctil2- 
1903*, (22 _ 1904s, ( & + 2) de 
Vu — 2x a(1 + xe*) 


Find the integrals of problems 1905-1909 by first changing 
the variable and then integrating by parts: 


= 3 
1905. [e!® de. 1906. sin Vz de. 
1907. — arc sin x de: 1908. a eran a 
Va — 2) 
are tan x 
1909. Enea da. 


Miscellaneous Problems 
Find the integrals of problems 1910-2011: 


1910. | (w + 1) Va + Bede. 1911. | (1 + 0%) 0% de. 
1912. J oleae 1913. ee a 
Vz ecos x 


1914. | /I — ef et de. 1915. | « cos a? de. 
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411 
3 


1916. | (2 — 32 


1185 pede ; 
1+ 2? 


dx 
1920. | —_—___ . 
le ) 1 ra e72x 
eee 
V9a? — 4 


1924, (9, 

iP 78 es 

1926. 6. fF ish 2a wee 
Ver i 


1928. lamer . 
sin? p cos? » 


1930. J ts ae ; 
cos 


1922. 


1932. { (1 — tan 3x)? de. 


x dx 
1934, i e- 


1936. : 
Fes Vi + 2x 


1938, | (sine x + cos x)? dx. 


1940, [FT ——. 
V5 — 2a + x? 


dz 
1942. ——— * 
iF 12x — 9x7 — 2 


1944, fos ear eye 


24 9% +2" 
—I)dz | 
beets poe 4x +17 


5 a3 dx. 


245 — _ 


1917. [Be eee 
1919. lakes 
1921. ls au <= a 
1923. are oe 


1925. ear inst 


(arc tan 7 


1927. Tix da. 
1929. j pot de 
cos? x 
1931. | Viens x sec! x dx. 
3 dx 
1933. ie as 
x dx 
1935. : 
y2-+ 4a 


1937. Je Ja +a dz. 


1939. | amore dx. 


1941. SS : 
) 9x? — 62 + 2 

19igy (ne 
V5 + 2a — 2? 

1945. _(@ — 3)dx_ ; 
V3 — 2x — 2? 


1947. — ; 
Vx? + 24+ 2 
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(x — 2) dx 
1948. x? — 7x +12 . 
3 — 4x 
1950. J Boe & 
1932. —— — 5x) dx 
V402 + 921° 
1954. | Ye dx 
V2e +3 


1956. J arc tan x dz. 
1958. | x? cos wx dz. 


In cos x dz 
1960. j ae 
a? dx 
1962. (1 + 24)? . 


da 
1964. Ja aaa . 


1966. f raha 
1968. | e+ dr. 
a dz 
1972. J BOSE ay 


sin? x 


1974. {Se +- tan x) dx 


sin 2x 


sin? x cos x 


Y 
|. a 


1949. 


1951. 


1953. 


1955 


1959. 


1961. 


1963 


1965. 


1967. 


1969. 


1971. 


1973. 


1975, 


1977. 


1979. 


2a + 5 
— 
V 9a? +- 6x + 2 i 


(4 — 3x) dx 
es + 62 + 18° 


f x da 
V3"? ~ lla + 2 2° 


. {/ESae 


1957. 


fe sin z cos 2 dz. 
[oma dz. 


cot x 
In sin x 


(ee 


sin 3a 


sin 2a da 
4 — cos? 2x ° 


ex — ] 
janie 


ferrtinx dx. 


x arc sin x 


Vl — 2? 
| et sin? x de. 
1 — tan zx 
| 1+ tan 2x de 
sin 2 dx 
1+ sin x” 


[Dt eos? ae 


sin & 


dx. 


VI. THE INDEFINITE INTEGRAL 


1980. | ne 
x 
1982. | e—*a5 de. 


1984, | Ba. 
oe 


1986. | —_———_. . 
(ae Va? + 4 


2 
rose, | #2 dz 


1990. f: Yrde 
Vo? +1 


1992, {____“" __ 
erties 


1994. — igs 


dx 
1996. | ——_--——_. . 
iF (ax + b) Va 
1998. J _ ede 


= 
iy 


2000. hs aes 


a! dx 
2002. + 2p" 


2004. {aS ; 
V1 —e® 


2006*. J lates Me 


a(x + 1) 


dz 
2007. eae . 


1981. | ae de. 


1983. 
lFres: V1 + 222° 


a 2\5 
1985, p= as 


: 
1987. [U2 any) 
x 


1989. _——_ ‘ 
xt Va? — 3 


1991. (Se 


1993, {TS — \adx 
a (Vx +18) 


a? 
* 


th 


1999. lya wide 
Vat 


— 
2001. i ae 
2 Va 


Ye 
2003. j cad 
2a Vx 


2005. | Ve — I de. 
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I 
arctan x dz. 


— 
2008. fare cos|| 2 daz 
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2009. | In ges x) dx. 2010. = * dex. 
2011. J eee eee 
oes 2x 


3. Basie Classes of Integrable Functions 


Rational Fractions 
Find the integrals of problems 2012-2067: 
(1) The denominator has only real distinct roots. 
x dx x dx 
2012. le Sey: |e. one 
2x? + 41a — 91 
2014. 
fe=y @+3e—4H 4 


dx x ai _ — 8 
2015. J aoa: CO. of ttese de. 
2017. laa —o 
32x da 

2018. { (2a — 1) (4a? — 16% + 15) ° 

x dx (2%? — 5) dx 
2019. J pomry: (1020. \eoeers ae 

a8 — Qat + 323 — Oa? + 4 

zoat. | a ee 


(2) The denominator has only real roots; some roots are 
multiple. 


2022. le — 82+ 2)da 993, le as le 


x(x? + 2x + 1) x 
a? da e+ 1 
2024, i ALE ea: 20%. [5 Td. 


a — 62? + lla — 5 
2026, j ea 
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2027, la=s 


a — 622+ 9274-7 


2029. a ae a 


2030. {3 ar 1) a 


ial — 22 + 3) dx 


x? dx 

208. | ETT 
x° da 

2081. c= are 


2032. oe a 


aa — 9) da_ 
2083, | a ea: 
322 + 1 
2035. \a@eo yd 


) (w® — 4a2 + 32) ° 


a — 22 +4 
2034. le eso dx. 


(3) The denominator has complex distinct roots. 


dx 
2036. | ae ° 
x dx 
2038. es a 


a at TS 


2044. fez +2-+ 3) dx 


1)? (2? + 1) ° 


a3 — 6) dx 
oe tae + 6a? $8" 


2087. \rez 


(2x2 — 34 — 3) dx 
2008. | = Tyee 5y 


ede 
2041. Jr 
dx 
ame. |e 
w+ Qa34 dat 4 
ee eae oF 


dx 
* 
2047*, \rfa a 


(4) The denominator has complex multiple roots. 


x Aim oe 
2048. Fesa apr @ 


(5a? — 12) dx 
2050. ie eae 


2052. les aoe 


da 
2089. | Fa es ose) 
(@+1 
2051. | a = + Se 
2x dx 
2053. i‘ a ae 
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2054. ese 


ae . 


(5) Ostrogradskii’s method. 


2056. le Oey vy ap iy 
2058. ie a sieety 
2060. i i is 5 ae oe 
2062. | le “oR: 


2 dx 
2055. | a 


(40? — 8x) dx 
1)? (a? + 1)? ° 


2057. i @ 


x8 + at — 4a? — 2 
2059. J aaa 


a(x + 12 * 


(x + 2) da 
2063. germs 


x — xt — 264? — 24x — 25 
a J (2% + 4x + 5)? (a® + 4)? 


Sat + 4 
2065. la veri @ 


eae 


dz. 


a dz. 


2066. = 
9 dx 
2067. J AS a 


Some Irrational Functions 


at — 203 + 22? +4 —] 


Find the integrals in problems 2068-2989: 


(1) Functions of the form 


m p 
y5 yet; 
{», a,x +b,’ az + b; oe 


2068. {| ————_.—_- . 
Sa 


ae 


2070. J i 
(% + EVE + (e+ +1) 


Bis, -* 4 
Vat Va + 2Ve 
1 — « dx 
li+aax’ 


2071. J 
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2072. | 1—V2 ay. 2073. — +VI+2 4g, 
; ae 
ors eS l—e de 2075*. J ; 
ited’ \@—ise+ x 


(2) Binomial differentials x(a + bx")? dx. 


3 1 
2076. {Vx (1 + Vx)! de. 2077. | a-1 (1 + a8)-8 de. 


3 
2078. J ee. 2079. Jas VQ + 2)? de. 
x Vor? +1 
2080. J ae, 2081. [2 
yl+2 eee 1 + a4 
2082. it eel aae 2083. (lon dz 
a Va 
3 
d 
2084. J Vi+Vz a, 2085. i ae 
ig Vl + 28 


3 
3 
2086. ie ee te, 
wv 


Trigonometric Functions 
Find the integrals in problems 2090-2131: 


2090, { sin® x cos? a dx, 2091. IE ne de 
cos 
gog2, (9% ___ 2093. [2 ay, 
cos x sin? x cos? x 


OY a 2005, (2 _, 
cos? 2 sin’ a sin’ x cos! x 


dx 
2087, { —“*___ . 
3 yl+ at 
3 : 4 
2088. | x (I — 2%) de. 2089. Mh fades 
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2096. —. sin x dx 


— cos x)? 


2098. i} cos® dz. 


2100. | tan® x dz. 


2102. i ad 


sin’ x 


da 


ae lice z+ cosa)? ° 


dx 


a ie cosx-+ bsina ° 


2 
2108. \apeaea 
sin x cos 3a 


da 


2114. fovea | 


dz 


cos x da 
200%. Nee — cos x)? 


2099. | cot! x dx. 


2101. lease 


4 
2103. (3e xz + sin 


cos? x — sin? x 


dx 


sin x + cos 2 ° 


2107. i de 


2105. i 


tan x cos 22 


dx 
2109. { Tes 


he 
O111. J oF tse 


an tae 


dx 
(sin x + 2 sec x)? ° 


mS sane roa : 


2117. iF 


dz 
one i iaeante 


dx 


— 3 a x a 5 sin? x ° 


okey: le sin? x + 6? cos? x 


9199 cos x da 
‘. ane — cos? x * 


2193, | V1 + sing de. 


2119, facears ere 


dz 
- lame x + tan? x 


2194. jis Vtan x 


sin x cos x 
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21.25%, f! sn 2 ae 2126. ae 
sin 


Ysin3 x cos x 
dx —— ae 
2127. jt. . 2128. fyi -+ cosec x dz. 
(cos 2a — 3) dx 


2129, Se. Bigs | 
cost x V4 — cot? x : al 3% 
sin 5 |/ cos? 5 

2131. J )tan x dz. 


Hyperbolic Functions 
Find the integrals of problems 2132-2150: 


2132. J cosh x dz. 2133. { sinh x dz. 
dx ex dx 
2184. laa x are): lake cosh z + sinha * 
2136. | (cosh? az + sinh? ax) dx. 2137. | sinh? x dx. 
2138. | tanh? x dx. 2139. | coth? x dz. 
2140. J sinh? x dz. 2141. J cosh? x dz. 
2142, J tanh! x de. 2143. | sinke x cosh? x de. 
dx 
5 
2144. | coth’ x de. 2145. J ke 
dx dz 
2146. J —— 2147. i Tr eaigF 
2148. | / tanh a de. 2149. Saenrs rs 


2150. \ sure ee 


Rational Functions of x and ¥ ax? + bz +c 


Find the integrals of problems 2151-2174: 


dz - da 
2151*. ————" 2152, x= . 
== LV x? + 4¢ — 4 
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2153. J i re) 71 J eee ee 
xVx? + 22—1 xV2+a— 2? 
V 2% + x? dx 


dx Gees Seer eee aes 
2157. . 2158. x? — 2a — 1 da. 
laxpye== JV 


2159. [3a —3e+1dx. 2160. [YI — 4% — at de. 


dz dz 
2161. ————————- , 2162, ; 
|e eens lacy 


2163. J a een 7 Aer (Meee 
1+ Va? + 274 2 V1 — 2a — x? 
_ ga 
2165. SS eae eee S160 3| ee Oe ae 
Ve — 2% +5 V3 — 2a — x? 
323 dx e—z+1 
2167. | —_—-___. 2168, | ———----——. dx 
javier — 
aa Vx? + 4a +5 
Sy ial “aia 
ee 
2172. [Ee ae 2178. [— ae, 
2+ a? V 2a? — 22 +1 


2174, { (2% + 3) dx 
(a? + 2a + 3) Va? + 22+ 4- 


Various Functions 


Find the integrals of problems 2175-2230: 


a da a dx 
2175. 2176. | ——______ 
lear == 13" == 
2177 fey V dx he a 
-jJuxV~a+ x2dn. * | a@emx oe be~™x ° 


xVl+2 me & a 4 da 
2179. fe de. 2180. (aces 
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de 
2182. J gop 


2184, J (ar 32 +5) cos 2adz. 


9183. lee : 


Vz +1 
2185. fa? sinh x dz 


2187. i ee, 
x 


2189. | ze!¥ de 


2191. | sin Vx de. 


dx 
2193. | ——_—_——_ . 
laa 


at dx 
2195, (227 
ic x ] 
2197. J ee 
a /(1+2) 
at de 
2199. jas 


da 


2208. | «In (1 + 28) de. 


zing 


2205. J a= 


2207. | we*(2? + 1) de. 


2209. a Ae 
sin 2 cos® x 


2186. 


2188. 


2190. 


2192. 


| are tan (1+ Vx) da 
fee dz 


| (@ — 202 + 5) e® de. 


ae 
a 
} x3(x¢ — 1)? 


2194, | cee dee 


3 
a, | =F 
1+ Ya 


2198. iL me ae, 


dx 


sai [ates 


2202. laws 


-% cos? x 


2904. eect 1) da 


2206. fa e* cos x dz. 


2208. 


da 


Vsin? x cos® 


sin 2x7 dx 


aay. \ ma x+sintz* 
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dz 
seit hi 1+ sina-+ cosa 


ants, [— (x? — 1) da 
Vat + 322+ 1° 


xe* dx 
2215. (2 —- 


arc tan 7 dx 
9217. J ee 


9919. Nae tan & a. 


1+ me 
(e8* +. e*) dx 
2901, |= 
tan x dz 
2228. hi 1+ tan 2 + tan? x 
2)\2 43 
2295, oe z CS 
dx 
sat Te x + cost az" 
S550 
etl Yitad 


x cos? x — sin x 


cos? a 


2930, J eins 


2212. J Vtan? x + 2 dz. 
dx 


(22 — 3) V 4x — 2? . 


axe* da 


2216. ———— , 
iF + e 


9918. eee arctan wy 


Tap d 
2990, la 


sane, (=. 
Vl+te +e 


2224, | sin’ x da. 


—~ gx yc 


a— 8¢4+7 


2996, Vie se 10) es wp de. 
x + sin x) 
esas ees 1 + cos x 


dx. 


CHAPTER VII 


METHODS OF EVALUATING 
DEFINITE INTEGRALS. 
IMPROPER INTEGRALS 


1, Methods of Exact Evaluation of Integrals 


Direct Application of the Newton—Leibniz Formula 


Evaluate the integrals in problems 2231-2258: 


1 
2231. | V1 42 de. 


—13 


2233. — ear = 


2935. j sin (Fr = r dt. 


2237. j (e* — 1)fex da. 


2939, fatty arp 


2041, i aatiays ae 


n 


2 
9943, J A a 


Va? — y2n 


-1 
aie 
2939, J aie - 
2 


9 
—1 
seas, | 7 dy 
JVy+1 


16 
da 
2236. pen ee tees 
Jie 9—Ya 


2938, fs Sue 
— z# 


(b>a>0). 


ston, fo ce, 
xV1 — (nz)? 
1 
21 


2249, ie Lae 
zx 


2244, la . 
zVl+ing 
1 


178 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


va 
3 
oe a 
(5-~) |s-+ 
> 
xv 
2247. [oa ge 
2 
" d 
x 
2249, | 


2253. 


1 wat nya NI 
a 


Definite Integration by Parts 


Veos x — cos* x dz. 


a 


2 
a dx 
2046, a= oan 


1 
dz 
2248, J Steir: 
0 


1 
2250. { Ge 2) 
V8 + 22 — 2 


—0'5 


1a 


cos® x sin 2x da. 


ee 


2252. 


c 


2254. | sin? (wx + gp) da. 


CH 8/2 


% 
4 


2256. | cott » do. 


x 


2 
2258. Joos ¢ sin (2 ~ i] dé. 


2: 


Find the integrals in problems 2259-2268: 


2259. {wor dx. 


0 


2260. | 2 cos a dz. 


Chee ts 
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3 : 
2261, J ae 2262, | asin 2 de. 
sin* x 3 
a 
2 e—l 
2263, | x log, « da. 2264, [In (w + 1) de. 
i 0 
aV7 ‘ “i 
2265. i ae ae 2266, | Va? — a? de. 
2 . 
2267. | e cos a dz. 2268. | In3 x dz. 
1 


a 
2269. Form recurrence formulae for | cos" xz dx and 


bid 

2 

| sin” xdx (n is a positive integer or zero; see Course, sec. 
0 


106) and evaluate the integrals: 


a a nm 


(a) | sins xdx; (b) J cos’ xdzx; (c) | sins x dex. 
0 0 6 


2270. Form a recurrence formula for the integral 


2 
fain xcos"xdx (m and n are positive integers or zero; 
0 
investigate the particular cases of even and odd values 
of m and n). 0 

2271. Form a recurrence formula for | arex dz (n is a 
positive integer or zero). = 


2272. Obtain the recurrence formula 


da > x 
la Fey We hi+ey> 
2n — 3 da 


Tem—h) ape) 
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(n is a positive integer or zero) and evaluate with its aid 


the integral 
1 
dx 


TFay 
0 
2273. Prove that, if J,, = i In” x dx we have J,, =e — 


i 
—mdJ,,-, (m is a positive integer or zero). 


1 
2274*, Find [ xP(1 — x) dx (p and q are positive inte- 
0 
gers). 
Change of Variable in a Definite Integral 
Evaluate the integrals in problems 2275-2295: 


9 1 
2975, ee de 2976. (cee 
¥z—1 l+2 
4 0 
8 1 
9277, J pale 2978, i ne 
Vl+2 1+YVa 
0 
293 
2279, (poo gogo, (Ve = 2) de 
=e . 3 . 
Wet e te i3+/@— oP 
“ 7 
2981*, | ain® © de. 2.989%, | cos? 2x de. 
0 o 
ye 
x? dx Vi+2 og 
2283. iF ae 2984, jore 


42 ras | 
2285, jo © dx. 2286, —— de. 
x x 
V2 


2 


VII. METHODS OF EVALUATING DEFINITE INTEGRALS 181 


2 1 
dz Sead ttt, 
2287, | ————- . 2288, 1 — 2?)3 dz. 
J Wes Iv ) 
1 


1 — iIn2 


2989. | a? yl —atdz. 2290. lv T— e* dr. 


6 6 
a 3 
2291, i = 2292, f ee 
ied ae p (2? + 3)? 
1 
5 V3 Se 
(/25 — 2*)8 J 
25 0 
2V2 


ie 
2295, J 7 


3 


Miscellaneous Problems 


2296. Find the mean value of the function y = Va + em 
x 


7 


in the interval [1, 4]. 


2297. Find the mean value of the function 


1 
f(x) = Ae 
in the interval [1, 1-5]. 
2298. Find the mean value of the functions /(x) = sin x 
and f(x) = sin? x in the interval [0, z]. 
2299. Find the mean value of the function 
Ke) = sy 
in the interval [0, 2]. 
2300. For what a is the mean value of the function y = 
== In z in the interval [1, a] equal to the mean rate of change 


of the function in this interval ? 
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Evaluate the integrals of aa 2301-2317: 


2 
dz 
2301. J re 
1 


1 


2 
2303. le a B: 
0 


dx 


ows. aT eR 


1 
2307. J 2x + a? de. 
0 


ind 
e& Vex — 1 


2309. | 73 


dz. 


2314. J (are sin x)! dx. 


9316. a : 
0 (2? + 4a + 1)? 


wa 


sin z cos x dz 


aunt ja cos? a + 6? sin? x ° 


0 


2302, ie aot 


2308. | we V1 4 a 


0 


a? da. 
za10, [——— — 
x Va? + 5a +1 
1 


mi 
2 


16 


2315. | arc tan \Ve — ldz. 
1 
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a 


2 
2318. Prove that IE: = ae or > where a and 
0 
b are any real non-zero numbers. 


cf 
2319. Solve the equation ig 
" _—— cya? — ~ 12 
y2 
- dz rd 
2320. Solve the equation | ————— =-—. 
q lye ==] 6 


In2 


2321. Having verified the inequalities . >Inz>1 for 
4 


x >e, prove that the integral is less than unity 


but greater than 0°92. 3 Yine 
2322*, Prove that 


re 4 
= 53 0523 < <—~* 0°555. 
6 fis 42 


2323*. Prove that 


O5< Jy Fm 088 (n = 1). 
—2Z 


2324. By using the inequality sinz > x — = valid for 


x >0, and Bunyakovskii’s inequality, estimate the integral 


a 
\ Vz sin x dz. 
0 
2325*. Prove that 


1 
0-78 < hs < 0:93. 
Vl+ 
0 


184 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


2326. Find the maximum and minimum of the function 
_ - 22+) 7 : 
J (x) =| oe ae 5 de in the interval [—1, 1]. 
0 


2327. Find the extremal points and points of inflexion of 
the graph of the function y = Kc — 1) (@ — 2)? da. 
i) 


In problems 2328-2331, prove without evaluating the 
integrals that the equalities hold (see Course, sec. 107): 


2328. jo sin? « dx = 0. 


n 
8 


1 
' en 3 
220. {* Bore Tete oe. 
-1 


cos? x 


1 1 
2330. Jom dz = 2 J ers dar, 
_ 6 


1 


1 

2881. { cos 2 In Sa eee | 
1l—2x 

} 


2 


2332*. (a) Prove that, if f(t) is an odd function, J f(t) dé 
is an even function, i.e. that | {() dt = J f(t) dt. 


(b) Will J f(t) dé be an odd function, if f(é) is an even 


function ? 
2333*. Prove the equality 


xT 
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2334. Prove the identity 
tanx 


t dt 
J oes rake + 2) 


2335. Prove the identity 
sin* x cos? x 
i arc sin Vé dé -+ J arccos Vt df = — 
0 0 

2336. Prove the equality 


1 1 


fonq — x)" dx = fara — x)" dx 
0 0 
2337. Prove the equality 


6 b 
| f@) de = | a+b — 2) de 


2338. Show that 


z 
| (cos x) dx =i (sin x) dx 


(see Course, sec. 107). 
Apply the result obtained to evaluation of the integrals 


* bid 


2 2 
) cos? x dz and | sin? x da. 
0 é 


2339*. Prove that 


x 


J eftein 2) dz = 2 | sin x) da 
0 


0 


“sa 


n 
2 


= 3 X 2] fein 2) de = a | fin 2) de, 
0 


w/a 
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Apply the result obtained to evaluation of the integral 


% 


x sin x 
iF + ae Pe 
0 


2340*. Show that, if f(x) is a periodic function of period 
a+T 
T, | j(z) dx is independent of a. 
2341*. We know in regard to the function f(x) that it is 
7. 


odd in the interval |- z| and has the period 7’. Show 


x 
that | f(x) dz is also a periodic function with the same period. 


1 
2342, Evaluate | (1 — x?)" dz, where n is a positive inte- 
0 


ger, by two methods: by using Newton’s formula to expand 
the integrand as a series, and by substituting x = sin g. 
By comparing the results, obtain the following summation 
formula (C* are binomial coefficients): 


a Cm @ (—1)"c" 2.4.6...2n 
oO n a n a. 
or a 7 ttt) Sad -1.8.5...(n+ 1) 


2n 
2343. The integral ear is easily obtained with 
0 


the aid of the substitution tan 5 = 2. We have: 


2n 


0 
j da = 2dz _0 
— = —. 2 oa : 
5 3 COS & (+29(5— 3) 4 
0 


0 22 


But on the other hand, —3 < —3cos% < +3, so that 


1 1] 1 
2<5—3cosxz < 8 and 97 Boden? 8 Hence 
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fi 0 > fai > dx 
— 3cosx 
Qn 


i.e. see > Find the mistake in the argument. 
5—3cosx” 4 


0 


a 


4 
2344*, Let J, = | tan” x dx (n > | and an integer). Prove 
0 


1 
that I, + I-s = aE | . Show that mit2~ I, < ———_~ 
2345*, Prove the equality 


x xt X 2 
Jexe* dz =e* Je * de. 
0 


0 
2346*. Prove that 


: ekotxt 0, if a < 64, 
lim =“—— = 
o-oo fotor ae 


a 


(o >0,k >0,b > 0). 
o,ifx=8, 


2, Approximation Methods 


Carry out the working to an accuracy of 0-001 in problems 
2347-2349. 


2347. The area of the quadrant of a circle of unit radius 
is equal to i: On the other hand, on taking the unit circle 


with centre at the origin, the equation of which is x? + y? = 1, 
and using integration to evaluate the area of a quadrant of 
this circle, we get: 


1 1 
qa [Yl— aa, i.e. n= 4 {Yl — a? dz, 
0 0 
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By using the rectangle, trapezium and Simpson rules, 
evaluate approximately the number 2, the interval of inte- 
gration [0, 1] being divided into 10 parts. Compare the results 
with each other and with the tabulated value of the number a. 

1 


2348. Knowing that i 


0 
mately the number x. Split the interval of integration into 
10 parts and compare the results obtained by the various 
methods with each other and with the results of the previous 
problem. 


ae sa evaluate approxi 
l-e@ 4’ pees 


10 
2349, Evaluate In 10 = (F- by using Simpson’s rule 
1 


with m = 10. Find the modulus of transition from natural to 
common logarithms. Compare with the tabulated value. 

Use Simpson’s rule to evaluate approximately the integrals 
given in problems 2350-2355; these integrals cannot be found 
in a finite form with the aid of elementary functions. The 
number (n) of sub-intervals is quoted in brackets. 


1 1 
2350. |/1—a%dx (n=10). 2851. [YI-Fatde (n= 10). 
0 0 
- x 
x ——$———_— 
2352. J = (n= 6). 2353. [Voos @ dp (n = 10). 
2 


2 
e364. {V1 —Olsintgdy (n= 6). 
0 


x 


3 
23565. J sn ax (m= 10). 
0 


2356. Evaluate from Simpson’s formula the integral 
1:35 
| f(z) dx, by using the following table of values of f(x): 


1:05 
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1-20 | 1:25) 1:30 | 1:35 


x 1:05 ; 1:10 | 1-15 


3:04 | 3-46 303 | 4:60 


H(z) | 236) 2:50 | 2-74 
| | 


2357. A straight line touches a river bank at points A 
and B. To measure the area lying between the river and AB, 
11 perpendiculars 5 m apart are drawn to AB from points 
along the river (hence AB has a length of 60 m). The lengths of 
these perpendiculars turn out to be 3°28; 4:02; 4°64; 5:26; 
4:98; 3°62; 3°82; 4°68; 5°26; 3°82; 3:24 m. Work out 
approximately the area in question. 

2358. Work out the cross-section at the widest part of a 
ship (middle rib section) from the following data (Fig. 39): 

AA, = A,A, = A,A, = A,A, = A,A, = A,Ay = AA, = 

= 0°4 m, 
AB = 3m, A,B, = 292m, A,B, = 2°75 m, A,B, = 2°52 m 
A,B, = 2:30 m, A,B, = 1:84 m, A,B, = 0°92 m. 


3:00 


Fie. 39. 


2359. The work done by the steam in the cylinder of a 
steam engine is worked out by finding the area of the indi- 
cator diagram, representing graphically the relationship 
between the steam pressure in the cylinder and the movement 
of the piston. The indicator diagram of a steam engine is 
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p 


Fic. 40. 


illustrated in Fig. 40. The ordinates of the points of curves 
ABC and ED, corresponding to abscissae 2p, 2, 2, 


pb elas 
are given by the following tables: 
AbDSCISSA .. eee cee eee ene Xo a, Lo Ly L4 Xs 
Ordinate of curve ABC . 60-6 | 53-0 | 32:2 | 24-4 | 19-9 | 17-0 
Ordinate of curve HD .. 5:8 1:2 0-6 0-6 0-7 0:8 
Abscissa ...-..eeeeeeeeee 6 Ly Lg Ly Ly 
Ordinate of curve ABC . 15-0 | 13:3] 12-0] 11-0 6-2 
Ordinate of curve HD .. 0-9 1-0 13 1:8 5-7 


Evaluate the area ABCDE with the aid of Simpson’s 
formula. The ordinates are given in millimetres. Length 
OF = 887 mm. 

In problems 2360-2363 it is necessary to use methods of 
approximate solution of equations for finding the limits of 
integration. 

2360. Find the area of the figure bounded by the arcs of 
parabolas y = x? — 7 and y = —2z? + 32 and the axis of 
ordinates. 

2361. Find the area of the figure bounded by the parabola 
y = 2 and the straight line y = 7(x + 1). 

2362. Find the area of the figure bounded by the parabols 


y = 16 — 2? and the semi-cubical parabola y = —V2?. 
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2363. Find the area of the figure bounded by the curves 
3 


y=4—ct and y=YJz. 

2364. A steam engine indicator diagram (simplified) is 
shown in Fig. 41. Starting from the dimensions quoted in the 
figure (in mm), evaluate the area ABCDO, if it is known that 
the equation of curve BC is: pv’ = const (curve BC is 
called an adiabat), y = 1:3, AB being a straight line parallel 
to the Ov axis. 


O 35 70 
Fic. 41. 


2365. The indicator diagram of a Diesel engine is shown in 
Fig. 42. Segment AB corresponds to the mixture combustion 
process, adiabat BC to expansion, segment CD to exhaust 
and adiabat DA to compression. The equation of adiabat 
BC is pv'3 = const, and of adiabat AD : pu' — const. 
Starting from the dimensions given in the figure (in mm), 
find the area ABCD. 


p 
AB 
ite) 
m 
Cc 
a 
A aid 
2 
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3. Improper Integrals 


Integrals with Infinite Limits 


Evaluate the improper integrals in problems 2366-2385 
(or establish their divergence): 


2366. j oe 2367. i alg 
a \z 
i 
a si 2x da 
2368. J e-*«dx (a>0). 2869. A: rei: 
r dx rin v4 
2370. J ates 2371, ye 
° dx x 
i 0 
° dz - dx 
2374. —— 2375. | —————.. 
joes las 
1 az 
2376. fe e~? da. 2377. iE e—’ da. 
0 0 
2378, | x sin « de. 2379. jeer da. 
0 
2380. Jen sin a dz. 2381. fo-m cos bx dx. 
iy 
faretan x r dz 
2382. jn me ay, 2383. J ra 


dee 
2384. (2 Crave 2385. fr rpar 


0° 
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Investigate the convergence of the integrals of problems 
2386-2393: 


r Aa Pap8 +1 

2386. Jaw = de. 9387. J + ax, 
cin (2? + 1) 

2388. j ae wap 2389. [re 
2390. | Vae-* dz. 9391, fa fearotanz 4) 

: 4 Vi + a 
2392, J ee 2398. J 

je lve J x (n2)t 


Integrals of Functions with Infinite Discontinuities 


Evaluate the improper integrals of problems 2394-2411 
(or establish their divergence): 


1 
da 
2394, 
lis 2395, Jeter ioe 
2396. ji 2397. Jemeae 
Ye—1- 
ee > de 
2398. j sai: 2399. J ses: 
0 1 
e dz b 
2400. J ae 2401. ——" (a<b). 
zYinz V (z—a) (b—«) 


2402. en =e OO < 
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sf ; 240d. | or 
enna 1—a?+ 2/1 — 2 
0 
1 
2 
2405. j ; co 2406. i essa 
E (2~2)Vl—2 Vz 
1 
2407. i aunler, 
1 Ye 
1 3 1 
2409. eae de. 2410. fs de. 
oy. Sie 
cs 
2411. Is dx 
x 


Investigate the convergence of the integrals of problems 
2412-2417: 


1 
2412, jue dg 2413. ie 
J fia » a= 2 
1 
oats, | Oe 2415. de 
V x esinx waa 1 
e ~ 0 
; a 
2416. J ae, 2417. J ene 4 
e* — cos x Va 
0 0 


Various Problems 


2418. Function f(x) is continuous in the interval [a, o) 
and f(z) + A #40 as > ov. Can | {(x) dz be convergent ? 


, © + sin & 
x — sin x 


2419. For what values of & will fe 


convergent ? 
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2420. For what values of k will the following integrals be 


convergent: 
rd (dz 
= —" _ 2 
Jz Inz and iE (In x) © 
2 


2421, For what values of & is fate ey (6 >a) con- 


vergent ? 


2422. Can a k be found such that fae dz is convergent ? 
t¢) oo 


k 
2423. For what values of & and ¢ is eee dz con- 
1++2! 
vergent ? 


nv] 8 


ry 


1 — cosz 
am 


2424, For what values of m is | dz conver- 


gent? é 


2425. For what values of k is | = convergent ? 
sink x 


Evaluate the improper integrals in problems 2426-2435: 


3 
2426, fae 247%, iF fe ae 
Yx—1- 1—2# yl — 2 
= 
2498. f arc n (x — 1) dx 
Ve (z — 1) 


2429. —- (n is a positive integer). 
0 


oo 


2430. J x"e-* dx (n is a positive integer). 
Q 


2431. | a2ntt0—™ dz (n is a positive integer). 
6 
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1 
2432. | (In x)" dz (n is a positive integer). 
0 


1 
2433*, J aw for m: (a) even, (b) odd (m > 0). 
—zx 
0 


1 


= n 
Te ne dx (n is a positive integer). 
x 


2435, J Pee | 
(a — cos a) Va? — 1 
1 


oo co 


* da x? dx ‘a 
* — —, 
2436*. Prove that i = es i {= 2/5 F 


0 0 


co 


5 alnz 
2437*. Prove that a +2) + a 


0 


dz = 0. 


da. 


°° mot 
2438. Evaluate the integral |S 
x3 Va? ~ 1 

1 


Evaluate the integrals of problems 2439-2448 by using 
the formulae (see Course, secs. 111, 180, 181) 


| e-* dz = ee — Poisson’s integral, 


ie = dx =5 — Dirichlet’s integral. 


= e-x 
2439, | o-e'dx (a >0). 2440. J o- ai. 
0 : Va 


2441*, J ae-** da. 


0 
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2442. | ae-™ dx (n is a positive integer). 
iv] 


2443. J ata 2444, ‘i sai 
x zx 
0 0 
244s, (OO ae (a >0, b > 0). 


0 


pee 2 fa 3 ae 4 
446%, { 3 * ae. o447*,( SP 7 ae ogage, | SP ae. 
x x x 


0 0 0 


2449*. We put o(x) = — Jin cos y dy. (This is known as 
0 


Lobachevskii’s integral.) Prove the relationship 
ae a 
p(x) = 2 (7 + 3] _ > (7 _ 3] —aziIn2. 


Evaluate with the aid of this relationship: 


% 


2 
(3) =— Jim cosy dy 
0 


(The quantity a3 "| was first evaluated by Euler.) 


Evaluate the integrals of problems 2450-2454: 


nx 


2 54 


2450. Jin sin x dz. 2451, fe In sin 2 dz. 
0 


¢) 


1 
x cot x dz. papas, (Sem dz. 


=>] 8 


2452*. 


0 


0 
1 
2454, i sae 
V1 — 2 
0 


CHAPTER VIII 


APPLICATIONS OF THE 
INTEGRAL 


1. Some Problems of Geometry and Statics 


Areas of Figures 

2455. Find the area of the figure bounded by the curves 
whose equations are y2 = 2x + 1 and x—y—1=0, 

2456. Find the area of the figure lying between the para- 
bola y = —2z? + 4x2 — 3 and the tangents toit at the points 
(0, —3) and (3, 0). 

2457. Find the area of the figure bounded by the parabola 
y? = 2px and the normal to it inclined at 135° to the axis of 
abscissae. 

2458. Find the area of the figure bounded by the para- 
bolas y = a? and y = 2. 

2459. Find the area of the figure bounded by the para- 
bolas y? + 8% = 16 and y? — 24x = 48. 

2460. Find the area of the figure bounded by the parabolas 

3 
y= x? and y = x : 
2461. The circle x? + y? = 8 is divided into two parts by 
2 
the parabola y = _ Find the area of each part. 


2462. Find the areas of the figures into which the parabola 
y? = 62 divides the circle x? + y* = 16. 

2463. An ellipse is cut out from a circular disc of radius a 
such that its major axis coincides with a diameter of the 
circle and its minor axis is equal to 26. 

Prove that the area of the remaining part is equal to the 
area of the ellipse with semi-axes a and a — b. 


198 
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2464. Find the area of the figure bounded by the arc of a 
hyperbola and a chord passing through a focus perpendi- 
cularly to the transverse axis. 

2465. The circle x? + y? = a? is cut into three parts by the 


2 
hyperbola a? — 2y? = -. Find the areas of these parts. 


2466. Find the areas of the curvilinear figures formed by 
2 
the intersection of the ellipse t + y* = 1 and the hyper- 


x? 
—— y= 
bola a7 Y 1. 


2467. Find the area of the figure lying between the curve 
2 


y= wes and the parabola y= ae , 

2468. Find the area of the figure bounded by the curve 
y = 2(% — 1)? and the axis of abscissae. 

2469. Find the area of the figure bounded by the axis of 
ordinates and the curve 2 = y?(y — 1). 

2470. Find the area of the piece of the figure bounded by 
the curves y” = 2" and y” = 2”, where m and n are positive 
integers, lying in the first quadrant. Consider the area of the 
whole figure from the point of view of the property of num- 
bers m and n of being even or odd. 

2471. (a) Find the area of the curvilinear trapezium boun- 
ded by the axis of abscissae and the curve y= x — 2? /x. 

(b) Work out the area of the figure bounded by the two 
branches of the curve (y — x)? = 2° and the straight line 
a= 4, 

2472. Find the area of the figure bounded by the curve 
(y — « — 2)? = 9x and the coordinate axes. 

2473. Find the area of the loop of the curve y? = x(x — 1)?. 

2474, Find the area of the figure bounded by the closed 
curve y? = (1 — 2?)8, 

2475. Find the area of the figure bounded by the closed 
curve y? = 2? — 24. 
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2476. Find the area of the figure bounded by the closed 
curve 24 — az? + a’y? = 0. 

2477. Find the area of the finite part of the figure bounded 
by the curve xy? = 4(x — 1) and the straight line passing 
through its points of inflexion. 

2478. Find the area of the figure bounded by the curves 
y = e*, y = e-* and the straight line x = I. 

2479. Find the area of the curvilinear trapezium bounded 
by the curve y = (x? + 2x)e-* and the axis of abscissae. 

2480. Find the area of the curvilinear trapezium bounded 
by the curve y = e™ (x? + 32+ 1)+ e*, axis Ox and the 
two straight lines parallel to Oy passing through the extremal 
points of function y. 

2481. Find the area of the finite part of the figure bounded 
by the curves y = 2xe* and y = —23 e*, 

2482. (a) Work out the area of the curvilinear trapezium 
with base [a, b] bounded by curve y = Inz. 

(b) Work out the area of the figure bounded by the curve 
y = 1n 2, the axis of ordinates and the straight lines y = Ina 
and y = Inb. 

2483. Work out the area of the figure bounded by the cur- 
ves y = Inw and y = In’ z. 

2484, Find the area of the figure bounded by the curves 


Inz 
y= Gz andy = «Ine. 


2485. Find the area of one of the curvilinear triangles 
bounded by the axis of abscissae and the curves 


y = sing and y = cosz. 


2486. Find the area of the curvilinear triangle bounded by 
the axis of ordinates and the curves 


y = tan cand y = 5 cos 2. 
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2487. Find the area of the figure bounded by the curve 
y = sin? x + cos? x and the segment of the axis of abscissae 
joining two successive points of intersection of the curve 
with the axis of abscissae. 

2488. Work out the area of the figure bounded by the 
axis of abscissae and the curves 

y=aresinx and y = are cos2. 

2489. Find the area of the figure bounded by the closed 
curve (y — arc sin x)? = x — 2x. 

2490. Find the area of the figure bounded by one arc of 
the cycloid «+ = a(t — sint), y = a(1 — cost) and the axis 
of abscissae. 

2491. Work out the area of the figure bounded by the 
astroid x = acos*t, y = asin’ ft. 

2492. Find the area of the figure bounded by the cardioid 
x = 2a cost — acos 2t, y = 2asint — asin 2t. 

2493. Find the area of the figure bounded: (1) by the 
epicycloid 


x= (k+1r) cost —rcos Bars 

y = (R+1r) sint — rsin = 
(2) by the hypocycloid 

x = (Rk —r)cost+r cos " t, 

y = (R — r) sin t — rsin dre 


where & = nr (n is an integer). Here F& is the radius of the 
fixed, and r the radius of the moving circle; the centre of the 
fixed circle coincides with the origin, whilst ¢ denotes the 
angle of rotation of the radius from the centre of the fixed 
circle to the point of contact (see Course, sec. 83). 


2494. Find the area of the loop of the curve: 
(1) @ = 32, y= 38-—@#; (2) 2 =P —1, y= —-E. 
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2495. (a) Find the area swept out by the radius vector of 
the spiral of Archimedes 9 = ag during one rotation, if the 
start of the motion corresponds to » = 0. 

(b) Find the area of the figure bounded by the second 
and third turns of the spiral and the segment of the polar 
axis. 

2496. Find the area of the figure bounded by the curve 

= asin 29. 

2497. Find the area of the figure bounded by the curve 
@ = acos 59. 

2498. Find the area of the figure bounded by the limacgon 
of Pascal 9 = 2a(2 + cos 9). 

2499. Find the area of the figure bounded by the curve 


e@ = a tan g(a > 0) and the straight line » = ; : 


2500. Find the area of the common part of the figures 
bounded by the curves 9 = 3 + cos 4p and g = 2 — cos 4. 

2501. Find the area of the piece of the figure bounded by 
the curve 9 = 2+ cos 2 lying outside the curve 9 = 2 + 
+ sin 9. 

2502. Find the area of the figure bounded by the curve 
0” = a’ cos np (n is a positive integer). 

2503. Prove that the area of the figure bounded by any two 
radius vectors of the hyperbolic spiral py = a and its arc is 
proportional to the difference between these radius vectors. 

2504. Prove that the area of the figure bounded by any 
two radius vectors of the logarithmic spiral g@ = ae”? and 
its arc is proportional to the difference between the squares of 
these radius vectors. 

2505*. Find the area of the figure lying between the exte- 


rior and interior parts of the curve ge = a sin? : : 


2506. Find the area of the figure bounded by the curve 


o=V1—?, p=aresint+V1—?. 
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It is convenient to pass first to polar coordinates in 
problems 2507-2511. 

2507. Find the area of the figure bounded by the lemniscate 
of Bernoulli (a? + y?)? = a®(a? — y?). 

2508. Find the area of the part of the figure bounded by 
the lemniscate of Bernoulli (see problem 2507) lying inside 
the circle x? + y? =< . 

2509. Find the area of figure bounded by the curve 
(x? + y?)? — a®a? — b2y2? = 0 (“pedal of ellipse’). 

2510. Find the area of the figure bounded by the curve 

(x? + y?)® = 4a?ay(x® — y?). 

2511. Find the area of the figure bounded by the curve 
e+ yf = e+ y?, 

2512. Find the area of the figure lying between the curve 


y= wah and its asymptote. 


2513. Find the area of the figure lying between the curve 


y = xe 7 and its asymptote. 
2514, Find the area of the figure contained between the 


cissoid y? = and its asymptote. 


x3 
(2a — 2) 

2515. Find the area of the figure lying between the curve 
xy? = 8 — 4x and its asymptote. 

2516*. (1) Find the area of the figure bounded by the curve 
y = 2e-* and its asymptote. 

(2) Find the area of the figure bounded by the curve 
y? = re, 

2517. Find the area of the figure lying between the tractrix 


x=a [c0s t+1n tan ,y = asin ¢t and the axis of abscissae. 


2518. For the curve 9 = ae find the area of the 


loop and the area of the figure lying between the curve and 
its asymptote. 
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Length of Arct 
2519. Find the length of arc of the catenary 


“1 2. 
y=Slor re “| (from xz, = 0 to x, = B). 


2520. Find the length of arc of the parabola y? = 2px 
from the vertex to its point M(x, y). (Take y as the indepen- 
dent variable.) 


2521. Find the length of arc of the curve 
y =Inz (froma, = V3 tox, = 
2522. Find the length of arc of the curve 


y = In (1 — 2?) [from 2 = 0 to m= 3) 


2523. Find the length of arc of the curve 


—_ 


y=hQ— 


(from x, =a to x, = b). 


2524. Find the length of arc of the semi-cubical parabola 
y= ; (« — 1)8 lying inside the parabola y? = = 


2525. Find the length of are of the semi-cubical parabola 
5y° = 2? lying inside the circle x? + y? = 6. 
2526. Find the length of the loop of the curve 
9ay? = a(x — 3a). 


2527. Find the perimeter of one of the curvilinear trapezia 
bounded by the axis of abscissae and the curves y = In cos « 
and y = Insinz. 

, x Ing 

2528. Find the length of are of the curve y = ge 
lying between its lowest point and the vertex (the point of 


the curve of extremal curvature). 


t In the problems on evaluating the length of arc, the interval 
of variation of the independent variable corresponding to the rectified 
arc is indicated where necessary. 
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2529. Find the length of the curve y=)ax— 2+ 


+ aresin Vx. 

2530. Find the length of the curve (y — arcsin x)? = 
=] — 2. 

2531. Find the point that divides the length of the first 
are of the cycloid z= a(é — sint), y = a(1 — cost) in the 
ratio 1:3. 

2532. Given the astroid « = R cos*t, y = Rsin’¢ and the 
points A(R, 0), B(0,R) on it, find the point M on arc 
AB such that the length of arc AM amounts to a quarter 
of the length of arc AB. 

2533*, Find the length of the curve 


2534. Find the length of the curve 
x =acos’t, y= asin't. 


2535. Find the length of arc of the tractrix 


z= a{oost + In tan 3), y =asint 


from the point (0, a) to the point (z, y). 
2536. Find the length of arc of the involute of the circle 


x = R(cost + tsint), y = R(sint — t cos?) 
(from #, = 0 to t, = 2). 
2537. Find the length of arc of the curve 
x = (P — 2)sint + 2t cost, y = (2 — #) cost 4+ 2ésinét 
(from t, = 0 to t, = 2). 
2538. Find the length of the loop of the curve x = #, 


YS Ses 
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2539. Two circles of radii equal to 6 roll without slipping 
with the same angular velocity on the inside and outside of a 
circle of radius a. At the instant ¢ = 0 they touch the point 
MM of the fixed circle with their points M7, and M,. Show that 
the ratio of the paths traversed by points M, and M, after 


a Cage 
a—b 


an arbitrary interval of time ¢ is a constant equal to 


problem 2493). 
2540. Show that the length of arc of the curve 


x = f(t) cost + f(t) sint, y = —f'(é) sint + f(t) cosé, 
corresponding to the interval (t,, ¢,) is equal to 


ITAA) + POI. 

2541. Apply the result of the previous problem to evaluat- 
ing the length of arc of the curve x =e! (cos¢ + sin 42), 
y = e! (cost — sin t) (from ¢, = 0 to t, = 2). 

2542. Show that the arcs of the curves 


x= f(t)—q'(t), y= oO+/O 
and 


x = f(t) sint — g'(t) cost, y = f’(é) cost + o'(¢) sin#, 
corresponding to the same interval of variation of parameter 
t, have equal lengths. 

2543. Find the length of arc of the spiral of Archimedes 
o = ap from the origin to the end of the first turn. 
2 
2544. Show that the arc of the parabola y = op corre- 
sponding to the interval 0 = «7 =a has the same length as 
the arc of the spiral @ = pp corresponding to the interval 
0=oe=a. 


2545. Find the length of arc of the hyperbolic spiral 
3 4 
ep = 1, (from ~1 = 7 to m3] : 
2546. Find the length of the cardioid @ = a(1 + cos @). 


2547. Find the length of the curve p = a sin? ; (see 
problem 2505). 
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2548. Show that the length of the curve o = asin” £ 


(m is an integer) is commensurate with a when m is even and 
commensurate with the circumference of a circle of radius 
a when m is odd. 

2549. For what values of the exponent k (k + 0) is the 
length of are of the curve y = az* expressed in elementary 
functions? (Take as basis Chebyshev’s theorem on the condi- 
tions for integrability in a finite form of the differential 
binomial; see Course, sec. 102.) 

2550. Find the length of the curve given by the equation 


x 


y = | Voos # de. 


Fd 


2 
2551. Find the length of arc of the curve 


t t 
cos 2 sin z 
t= | dz, y= J dz 
1 1 


2 2 


from the origin to the nearest point with vertical tangent. 

2552. Show that the length of arc of the sine wave y = sin x 
corresponding to one period is equal to the length of the 
ellipse whose semi-axes are equal to Y2 and 1. 

2553. Show that the length of arc of the curtate or prolate 
cycloid + = mt—nsint, y= m—ncost (m and n are 
positive numbers) in the interval from ¢,=0 to t, = 2x 
is equal to the length of the ellipse with semi-axes a = m + n, 
b= |m—n|. 

2554*, Show that the length of the ellipse with semi-axes 
a and 6 satisfies the inequality x(a + b)<L<2V2x 
x Ya? + 6? (Bernoulli’s problem). 


Volume of a Solid 


2555. Find the volume of the solid, bounded by the surface 
which is formed by revolution of the parabola y? = 4x about 
its axis (paraboloid of revolution), and by the plane perpendi- 
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cular to the axis and at a distance equal to unity from the 
vertex. 


2556. An ellipse with major axis equal to 2a and minor 
axis 26 revolves (1) about the major axis, (2) about the 
minor axis. Find the volumes of the ellipsoids of revolution 
thus obtained. Obtain the volume of a sphere as a partic- 
ular case. 


2557. A symmetric parabolic segment of base a and height 
h revolves about the base. Find the volume of the solid of 
revolution thus obtained. (Cavalieri’s “lJemon’’.) 


2558. The figure bounded by the hyperbola 2? — y? = a? 
and the straight line = a- h(h > 0) revolves about the 
axis of abscissae. Find the volume of the solid of revolution. 

2559. The curvilinear trapezium bounded by the curve 
y = xe* and the straight lines x = 1 and y= 0 revolves 
about the axis of abscissae. Find the volume of the solid 
thus obtained. 

Tres 


2560. The catenary y =°- : 
of abscissae. The surface thus obtained is called a cate- 
noid. Find the volume of the solid bounded by the catenoid 


and two planes at distances of a and b units from the origin 
and perpendicular to the axis of abscissae. 


revolves about the axis 


2561. The figure bounded by the arcs of parabolas y = 2? 
and y? = x revolves about the axis of abscissae. Find the 
volume of the solid thus obtained. 


2562. Find the volume of the solid obtained by revolution 
about the axis of abscissae of the trapezium lying above 
Ox and bounded by the curve (x — 4) y? = x (x — 3). 


2563. Find the volume of the solid obtained by revolution 
of the curvilinear trapezium bounded by the curve y = 
= aresin x, and with base [0, 1], about the Ox axis. 

2564. Find the volume of the solid obtained by revolution 
of the figure, bounded by the parabola y = 2x — 2? and the 
axis of abscissae, about the axis of ordinates. 
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2565. Find the volume of the body which is obtained on 
revolution about the axis of ordinates of the curvilinear trap- 
ezium bounded by the arc of the sine wave y = sin x corre- 
sponding to a half period. 

2566. The lemniscate (a? + y?)? = a(x? — y?) revolves 
about the axis of abscissae. Find the volume of the solid 
of revolution thus formed. 


2567. Find the volume of the solid formed by revolution 
about the axis of abscissae of the figure bounded by the 
curve: (1) at + yt = a’z?; (2) a8 4+ yt = 23. 

2568. One arc of the cycloid 2x=a(t—sint), y= 
= a(1 — cost) revolves about its base. Find the volume of 
the solid bounded by the surface obtained. 

2569. The figure, bounded by an arc of the cycloid (see 
previous problem) and its base, revolves about the perpendi- 
cular bisector of the base (the axis of symmetry). Find the 
volume of the solid thus obtained. 

2570. Find the volume of the solid obtained on revolution 


2 2 2 
of the astroid 2° + y? = a? about its axis of symmetry. 


2571. The figure bounded by the arc of the curve 2 = 
2 2 
= < cos* t, y = 5 sintt (evolute of the ellipse), lying in the 
first quadrant, and by the coordinate axes, revolves about 
the axis of abscissae. Find the volume of the solid thus ob- 
tained. 


2572. Find the volume of the solid bounded by the surface 
of the infinite “spindle”, formed by revolution of the curve 


1 ; 

y= (It 2%) about its asymptote. 
2573. The curve y? = 2exe—2* revolves about its asymptote. 
Find the volume of the solid bounded by the resulting surface. 


2574*. (1) The figure bounded by the curve y = e—* and 
its asymptote revolves about the axis of ordinates. Find the 
volume of the resulting solid. 
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(2) The same figure revolves about the axis of abscissae. 
Find the volume of the resulting solid. 

2575*. Find the volume of the solid formed by revolution 
of the curve y= x2’e-* about its asymptote. 

2576*. The figure bounded by the curve y = =~ ad 
the axis of abscissae revolves about the axis of abscissae. 
Find the volume of the resulting solid. 


2577*, Find the volume of the solid bounded by the surface 


produced by revolution of the cissoid y? = 


and 


x3 
(Qa — 2) (a > a) 
about its asymptote. 


2578. Find the volume of the solid whose boundary 
surface is obtained by revolution of the tractrix «= 


a [cos + In tan 3} » ¥ = asin t about its asymptote. 


2579*, Find the volume of the solid bounded by the ellip- 
ty? 
sid Gtptat 1. 
2580. (1) Find the volume of the solid bounded by the 
2 2 
elliptic paraboloid z = t + a and the plane z = 1. 
(2) Find the volume of the solid bounded by the hyper- 
2 2 
boloid of one sheet = + 5 —2z2*=1 and the planes 
z2=—l1 and z= 2. 


2581. Find the volumes of the solids bounded by the para- 
boloid z = a? + 2y? and by the ellipsoid 2? + 2y? + 2? = 6. 


2582. Find the volumes of the solids formed by intersection 


; a oy? 2 

of the hyperboloid of two sheets go gg S 1 and 
a ey oP 

the ellipsoid * + a + a 1. 


2583. Find the volume of the solid bounded by the conical 
2 2 
surface (z — 2)? = 5 + + and the plane z = 0. 
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2584. Find the volume of the solid bounded by the para- 
boloid 2z = od + y and the cone e. + y = 2, 
4 9 4 9 
2585*. Find the volume of the solid cut out from a circular 
cylinder by a plane through a base diameter (“special ungula 
of cylinder’, Fig. 43). In particular, put R = 10 em, H = 
= 6 cm. 


Fic. 43. Fic. 44. 


2586. A parabolic cylinder is cut by two planes, one of 
which is perpendicular to the generators. The resulting solid 
is illustrated in Fig. 44. The common base of the parabolic 
segments is a = 10 cm, the height of the parabolic segment 
lying in the base is H = 8 cm, and the height of the solid 
is h = 6 cm. Find the volume of the solid. 

2587. A cylinder, whose base is an ellipse, is cut by an 
inclined plane through the major axis of the ellipse. Find the 


H=5cm 
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volume of the resulting solid. The linear dimensions are 
given in Fig. 45. 

2588*. Symmetrical parabolic segments, of constant height 
Hf, are constructed on all the chords of a circle of radius R 
parallel to a single direction. The planes of the segments are 
perpendicular to the plane of the circle. Find the volume of 
the solid thus obtained. 

2589*. A right circular cone of radius R and height H is 
cut into two pieces by a plane through the centre of the base 
parallel to a generator (Fig. 46). Find the volumes of the two 
pieces. (The sections of a cone by planes parallel to a generator 
are parabolic segments.) 


Fie. 46. 


2590. The centre of a square moves along a diameter of a 
circle of radius a, the plane of the square remains perpendi- 
cular to the plane of the circle, whilst two opposite vertices 
of the square move round the circumference. Find the volume 
of the solid formed by this moving square. 


2591. A circle of variable radius moves in such a way that 
a point of its circumference remains on the axis of abscissae, 
whilst the centre moves along the circle 2? +- y? = 7?, and 
the plane of the circle is perpendicular to the axis of abscissae. 
Find the volume of the solid thus obtained. 


2592. The axes of two equal cylinders intersect at right 
angles. Find the volume of the solid consisting of the common 
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part of the cylinders (1/, of the solid is illustrated in Fig. 47). 
(Consider the sections formed by planes parallel to the axes 
of the two cylinders.) 


Fia. 47. 


2593. Two circular cylinders have the same height H and 
a common upper base of radius R, whilst the lower bases touch 
(Fig. 48). Find the volume of the common part of the cylin- 
ders. 


Fie. 48. 


Area of a Surface of Revolution 


2594, Find the area of the surface formed by revolution 
of the parabola y? = 4ax about the axis of abscissae from 
the vertex to the point with abscissa + = 3a. 

2595. Find the area of the surface formed by revolution 
of the cubical parabola 3y — 23 = 0 about the axis of abscis- 
sae (from 2, = 0 to a = a). 
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2596. Find the area of the catenoid — the surface formed 
by revolution of the catenary 


Hl. ek 
yafeoe 


about the axis of abscissae (from 2, = 0 to x, = 2). 
2597. When the ellipse 


revolves about its major axis a surface is obtained which is 
called a prolate ellipsoid of revolution, whilst when it revolves 
about the minor axis the surface is an oblate ellipsoid of 
revolution. Find the surface areas of the prolate and oblate 
ellipsoids of revolution. 

2598. Find the area of the spindle-shaped surface formed by 
revolution of one arc of the sine wave y = sin x about the 
axis of abscissae. 


2599. The arc of the tangent curve y = tana from the 
point (0, 0) to the point (i: 7 revolves about the axis of 


abscissae. Find the area of the surface thus obtained. 

2600. Find the area of the surface formed by revolution 
about the axis of abscissae of the loop of the curve 9ay? = 
= 2(3a — x). 

2601. The arc of the circle x? + y? = a? lying in the first 
quadrant revolves about the chord subtending it. Find the 
area of the resulting surface. 

2602. Find the area of the surface formed by revolution 
about the axis of abscissae of the arc of the curve 


x=e'sini, y =e! cost (from i, = 0 to 4=5)- 


2603. Find the area of the surface formed by revolution 
of the astroid = acos*t, y=asin?¢ about the axis of 
abscissae. 
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2604. An arc of the cycloid revolves about its axis of 
symmetry. Find the area of the surface thus obtained. (See 
problem 2568.) 

2605. Find the area of the surface formed by revolution 
about the polar axis of the cardioid g = a(1 + cos 9). 

2606. The circle 9 = 2rsing revolves about the polar 
axis. Find the area of the surface thus formed. 

2607. The lemniscate 9? = a? cos 2p revolves about the 
polar axis. Find the area of the resulting surface. 

2608. The infinite arc of the curve y = e~*, corresponding 
to positive values of x, revolves about the axis of abscissae. 
Find the area of the surface thus obtained. 


2609. The tractrix 2 = afcost + In tan 5) y = asint 


revolves about the axis of abscissae. Find the area of the 
resulting infinite surface. 


Moments and Centres of Gravityt 


2610. Find the statical moment of a rectangle of base a 
and height h about its base. 

2611. Find the statical moment of a right-angled isosceles 
triangle, whose adjacent sides are equal to a, with respect to 
each of its sides. 


2612. Prove that the following formula holds: 


b 6 
| (ax + B) fla) da = (ak + b) | Hx) de, 


where & is the abscissa of the centre of gravity of the curvi- 
linear trapezium with base [a,b], bounded by the curve 
y = f(x). (Vereshchagin’s rule.) 

2613. Find the centre of gravity of the symmetrical 
parabolic segment with base equal to a and height h. 


t The density is taken as equal to unity in all the problems of 
this section (2610-2662). 
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2614. A rectangle of sides a and 6 is divided into two parts 
by the arc of the parabola whose vertex coincides with one 
corner of the rectangle and which passes through the opposite 
corner (Fig. 49). Find the centres of gravity of the two parts 
S, and 8, of the rectangle. 


y 


i 


eae get x 


Fie. 49. 


2615. Find the coordinates of the centre of gravity of the 
semi-circular arc 
y = Yr — x. 
2616. Find the coordinates of the centre of gravity of the 
semi-circular area bounded by the axis of abscissae and 


y = pr? — 2, 


2617. Find the centre of gravity of the circular arc of 
radius & subtending an angle « at the centre. 


2618. Find the coordinates of the centre of gravity of the 
figure bounded by the coordinate axes and the parabola 


Vo + Vy = Ya. 
2619. Find the coordinates of the centre of gravity of the 
figure bounded by the coordinate axes and the are of the 


2 2 
ellipse = + a = 1, lying in the first quadrant, with re- 


spect to the axis of abscissae. 
2620. Find the statical moment of the arc of the ellipse 


2 2 
- + z = 1, lying in the first quadrant, with respect to 


the axis of abscissae. 
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2621. Find the coordinates of the centre of gravity of the 
figure bounded by the arc of the sine wave y = sin x and the 
segment of the axis of abscissae (from 2, = 0 to 2, = 2). 


2622. Find the statical moment of the figure bounded by 


the curves y = and y= 2? with respect to the 


2 
(I + 2) 
axis of abscissae. 
2623. The same for the curves y=sinz and y =5 


(one segment) with respect to the axis of abscissae. 

2624. The same for the curves y = a? and y = x with 
respect to the axis of abscissae. 

2625. Find the coordinates of the centre of gravity of the 
figure bounded by the closed curve y? = az® — 24, 


2626. Find the coordinates of the centre of gravity of the 


x x 
arc of the catenary y = (ee +e. ‘), lying between the 


points with abscissae z, = —a and x, = a. 

2627. Prove the theorem: the statical moment of an 
arbitrary arc of a parabola with respect to the parabola axis 
is proportional to the difference between the radii of curvature 
at the ends of the arc. The coefficient of proportionality is 
P 
3 

2628. Find the coordinates of the centre of gravity of the 
first arc of the cycloid 


equal to =, where p is the parameter of the parabola. 


z= a(t — siné), y = a(l — cos 2). 


2629. Find the coordinates of the centre of gravity of the 
figure bounded by the first arc of the cycloid and the axis 
of abscissae. 

2630. Find the coordinates of the centre of gravity of the 
arc of the astroid x = acos*t, y=asin't, lying in the 
first quadrant. 

2631. Find the coordinates of the centre of gravity of the 
figure bounded by the coordinate axes and the arc of the 
astroid (in the first quadrant). 
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2632. Prove that the abscissa and ordinate of the centre of 
gravity of the sector bounded by two radius vectors and the 
curve whose equation is given in polar coordinates 9 = 


=0(¢), is given by 


?* %2 
Je cos y dp | o? sin » dp 
tee: 2 24, 
3 F2 i y 3 Pe 
fe dp fo? dy 
Pi 1 


2633. Find the Cartesian coordinates of the centre of 
gravity of the sector bounded by one half turn of the spiral 
of Archimedes 9 = ap (from 9, = 0 to 9, = 2). 

2634. Find the centre of gravity of the circular sector 
of radius R subtending an angle 2a at the centre. 

2635. Find the Cartesian coordinates of the centre of 
gravity of the figure bounded by the cardioid eo = a(1 + 
+ cos ¢). 

2636. Find the Cartesian coordinates of the centre of 


gravity of the figure bounded by the right-hand loop of the 
lemniscate of Bernoulli 


2637. Prove that the Cartesian coordinates of the centre 
of gravity of the arc of the curve whose equation is given in 
polar coordinates as @ = o(¢) is given by 


Ps Ps 
| ecos p Ve +o? dy J esing Ve + ody 
x 


Q 
» y= 


z= 


2 Pe 
| Ve + e? dp | Ve + ec? dg 
1 va 
2638. Find the Cartesian coordinates of the centre of 
gravity of the arc of the logarithmic spiral ¢ = ae? (from 


m 
a=ztom=a}. 
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2639. Find the Cartesian coordinates of the centre of 
gravity of the arc of the cardioid e = a(1 + cosq) (from 
~, = 0 to y, = 2). 

2640. At what distance from the geometrical centre is the 
centre of gravity of a solid hemisphere of radius R? 

2641. Find the centre of gravity of the surface of a hemis- 
phere. 

2642. The base radius of a right circular cone is R, its 
height is H. Find the distance from the base of the centre of 
gravity of its lateral surface, of its total surface and of its 
volume. 

2643. How far from the base is the centre of gravity of the 
solid bounded by a paraboloid of revolution and a plane 
perpendicular to its axis? The height of the solid is h. 

2644. Find the moment of inertia of the segment AB = 1 
with respect to an axis lying in the same plane, given that 
the distance of end A of the segment from the axis is a 
units and the distance of end B from the axis is b units. 


2645. Find the moment of inertia of the semi-circular arc 
of radius R with respect to the diameter. 


2646. Find the moment of inertia of the arc of the curve 


y=" (° S25 3| with respect to the axis of abscissae. 


2647. Find the moment of inertia with respect to both 
coordinate axes of an arc of the cycloid x= a(t — sin), 
y = a(l — cos 2). 

2648. Find the moment of inertia of a rectangle with sides 
a and 6 with respect to side a. 

2649. Find the moment of inertia of a triangle of base a 
and height / with respect to: 

(1) the base; 

(2) a straight line parallel to the base through the vertex; 


(3) a straight line parallel to the base through the centre 
of gravity of the triangle. 
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2650. Find the moment of inertia of a semi-circular area of 
radius R with respect to its diameter. 

2651. Find the moment of inertia of a circular disc of 
radius R with respect to the centre. 

2652. Find the moment of inertia of the ellipse with semi- 
axes a and b with respect to both its axes. 

2653. Find the moment of inertia of a cylinder of base 
radius R and height H with respect to its axis. 

2654. Find the moment of inertia of the cone of base 
radius R and height H with respect to its axis. 

2655. Find the moment of inertia of a sphere of radius 
R with respect to a diameter. 

2656. An ellipse revolves about one of its axes. Find the 
moment of inertia of the resulting solid (ellipsoid of revolution) 
with respect to the axis of revolution. 

2657. Find the moment of inertia with respect to the axis 
of revolution of the paraboloid of revolution, the base radius 
of which is R, and the height H. 

2658. Find the moment of inertia with respect to Oz of 
the solid bounded by the hyperboloid of one sheet 


Bg Bee 


and the planes 
z=0 and z=1. 
2659. The curvilinear trapezium bounded by the curves 
y=e*, y=0, x= 0 and r= 1, 


revolves (1) about Ox, (2) about Oy. 

Find the moment of inertia of the resulting solid with 
respect to the axis of revolution. 

2660. Find the moment of inertia of the lateral surface of 
a cylinder (base radius R, height H) with respect to its 
axis. 

2661. Find the moment of inertia of the lateral surface of a 
cone (base radius R, height H) with respect to its axis. 
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2662. Find the moment of inertia of the spherical surface 
of radius R with respect to a diameter. 


Guldin’s Theorem 


2663. A regular hexagon of side a revolves about one of the 
sides. Find the volume of the solid thus obtained. 

2664. An ellipse with axes AA, = 2a, BB, = 2b, revolves 
about a straight line parallel to axis AA, and at a distance 30 
from it. Find the volume of the solid thus obtained. 

2665. An astroid revolves about an axis through two 
neighbouring cusps. Find the volume and surface of the body 
thus formed (see problem 2630). 

2666. The figure formed by the first arcs of the cycloids 


x=a(ét—sint), y = a(1 — cost) 
and 
x=a(ti—sint), y = —a(1 — cos?), 


revolves about the axis of ordinates. Find the volume and 
surface of the solid thus obtained. 

2667. A square revolves about an axis, lying in its plane 
and passing through one of its corners. For what position of 
the axis with respect to the square is the volume of the solid 
thus obtained a maximum? The same problem for a triangle. 


2. Some Problems of Physics 


2668. The speed of a body is given by v = V1 + ¢ m/sec. 
Find the path traversed by the body during the first 10 sec. 
from the start of the motion. 


2669. The speed “ for a harmonic vibration along the 
axis of abscissae about the origin is given by 


dz 2x Qt 
a 7 (a + %| 
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(é is time, T the period of vibration, gy, the initial phase). 
Find the position of the point at the instant ¢,, if it is known 
that it was at the point x = 2, at the instant ¢,. 

The force / of interaction of two material particles is given 
mM 
r2 
the particles, r is the distance between them, and & is a 
coefficient of proportionality, equal in the CGS system to 
6°66 x 10-8 (Newton’s law). Use this in solving problems 

2670-2678. (The density is assumed constant.) 

2670. A rod AB of length J and mass UM attracts a particle 
C of mass m which lies on the continuation of the rod at 
a distance a from its nearest end B. Find the force of interac- 
tion of the rod and particle. What material particle must be 
located at A in order for it to act on C with the same force as 
rod AB? How much work is done by the force of attraction 
when the particle, situated at a distance r, from the rod, appro- 
aches along the straight line forming the prolongation of the 
rod until its distance from the rod is r,? 

2671. With what force does a half-ring of radius r and mass 
M act on a material particle of mass m situated at its centre? 


by the formula { = & , where m and M are the masses of 


2672. With what force does a wire ring of mass M and 
radius R act on a material particle C of mass m, located on the 
straight line through the centre of the ring perpendicular 
to its plane? The distance from the particle to the ring centre 
is equal to a. What work is done by the attraction force 
when the particle moves from infinity to the ring centre? 


2673. Using the result of the previous problem, find the 
force that a plane disc of radius R and mass M exerts on a 
material particle of mass m, which lies on its axis at a distance 
a from the centre. 


2674. Using the result of the previous problem, find the 
force exerted on a material particle of mass m by an infinite 
plane on which mass is uniformly distributed with surface 
density o. The distance from the particle to the plane is equal 
to a. 
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2675. The base radii of the frustum of a right circular 
cone are equal to RF and 7, its height is h. and density y. 
What force does it exert on a material particle of mass m 
located at its vertex? 

2676. With what force does the material step-line y = 
= |«|-+ 1 attract a material particle of mass m, located at 
the origin? (The linear density is equal to y.) 

2677. Prove that the material step-line y=a|2|+1 
(a = 0) attracts a material particle, situated at the origin, 
with a force independent of a, i.e. independent of the angle 
between the sides of the step-line. 

2678*. Two equal rods (each of length / and mass JM) lie 
on the same straight line at a distance / from each other. Work 
out the force of mutual attraction. 

2679. A drop with initial mass M falls under the action 
of gravity and evaporates uniformly, losing mass m per second. 
What is the work done by gravity from the start of the motion 
to the complete evaporation of the drop? (The air resistance 
is neglected.) 


2680. How much work must be done in producing a conical 
heap of sand of base radius 1-2 m and height 1 m? The specific 
weight of sand is 2 g/em$ (the sand is taken from the surface 
of the earth). 


2681. The dimensions of the pyramid of Cheops are roughly 
as follows: height 140 m, side of the (square) base 200 m. 
The specific weight of the stone of which it is made is approxi- 
mately 2°5 g/cm’. Find the work done during its construction 
in overcoming the force of gravity. 

2682. Find the work required when pumping out the water 

from a cylindrical reservoir of height H = 5 m, having a 
circular base of radius R = 3 m. 
- 2683. Find the work that must be expended in pumping 
out liquid of specific weight d from a reservoir, having the 
shape of an inverted cone with vertex downwards, the height 
of which is H and base radius 2. How is the result affected if 
the one has ite vsertx upwards ? 
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2684. Find the work that must be expended to pump 
out the water filling a hemispherical vessel of radius R = 
= 06 m. 

2685. A boiler has the shape of a paraboloid of revolution 
(Fig. 50). The base radius R = 2 m, the depth of the boiler 
H = 4m. It is filled with liquid of specific weight d = 0°8 
g/cm, Find the work which must be done to pump the liquid 
out of the boiler. 


a= 
/ | 


Fie. 50. 


2686. Find the work which must be expended to pump out 
the water from a trough which has the following dimensions 
(Fig. 51): a=075 m, b= 1:2 m, H=1 m. The surface 
bounding the trough is a parabolic cylinder. 


ne 
Pe a 


Fie. 61. 


The kinetic energy of a body rotating about a fixed axis is 


equal to 50, where w is the angular velocity and J is the 


moment of inertia with respect to the axis of rotation. Know- 
ing this, solve problems 2687-2692. 
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2687. A rod AB (Fig. 52) rotates in a horizontal plane about 
axis OO’ with angular velocity w = 10a rad/sec. The cross- 
section of the rod S = 4 cm?, its length / = 20 cm, the density 
of the material of which it is made is y = 7°8 g/cm. Find the 
kinetic energy of the rod. 


ie) 
eT em 
o* ws, 
ra A “vB 
NC F 
sek ! Le? 
pal ae -_— 
0 
Fie. 52 


2688. A rectangular plate with sides a = 50 cm and b = 40 
cm rotates with constant angular velocity w, equal to 32 sec—}, 
about the side a. Find the kinetic energy of the plate. The 
plate thickness d is equal to 0°3 cm, the density of its material 
y is equal to 8 g/cm’. 

2689. A triangular plate, whose base a = 40 cm and height 
h = 30 cm, rotates about its base with constant angular 
velocity @ = 5x sec-1. Find the kinetic energy of the plate, 
if its thickness d = 0°2 cm, and the density of its material 
y = 2-2 g/cm$. 

2690. A plate in the shape of a parabolic segment (Fig. 53) 
rotates about the parabola axis with constant angular veloc- 
ity w = 4xsec"}, The base of the segment a = 20 cm, the 
height h = 30 cm, the thickness of the plate d = 0-3 cm, 
the density of the material y = 7:8 g/cm’. Find the kinetic 
energy of the plate. 


Fie. 53. 
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2691. A circular cylinder of base radius R and height H 
rotates about its axis with constant angular velocity o. 
The density of the material of which the cylinder is made is 
equal to y. Find the kinetic energy of the cylinder. 


2692. A thin wire of mass M is bent to form a semi-circle 
of radius R and rotates about an axis passing through the 
ends of the semi-circle, performing n revolutions per minute. 
Find its kinetic energy. 

Work out the kinetic energy if the axis of rotation is the 
tangent at the mid-point of the semi-circle. 


2693. A plate of triangular shape is submerged vertically 
in water so that its base lies at the surface of the water. 
The plate base is a, its height h. 

(a) Find the force of the water pressure on each side of the 
plate. 

(b) How many times is the force increased if the plate 
is turned over so that the vertex is at the water surface and 
the base is parallel to the water surface ? 


2694. A square plate is submerged vertically in water so 
that one corner lies at the water surface and a diagonal is 
parallel to the surface. The side of the square is a. What is the 
water pressure on each side of the plate? 

2695. Calculate the water pressure on a dam having the 
shape of an isosceles trapezoid, whose upper base a = 6°4 m, 
lower base b = 4:2 m, and height H = 3 m. 


2696. A plate in the form of an ellipse is half submerged in 
liquid (vertically), so that one of its axes (of length 26) lies 
at the surface of the liquid. How great is the fluid pressure on 
each of the sides of the plate if the length of the submerged 
semi-axis of the ellipse is equal to a, whilst the specific weight 
of the fluid is d? 

2697. A rectangular plate with sides a and b (a > J) is 
submerged in fluid at an angle a to the fluid surface. The 
longer side is parallel to the surface and lies at a depth A. 
Calculate the fluid pressure on each of the plate sides, if the 
specific weight of the fluid isd. - 
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2698. A rectangular vessel is filled with equal parts by 
volume of water and oil, the oil being twice as light as water. 
Show that the pressure on each wall of the vessel is diminished 
by a fifth if oil only is taken instead of the mixture. (Take 
into account the fact that all the oil is on top.) 

The solutions of problems 2699-2700 must be based on 
Archimedes’ law: the buoyancy force acting on a solid body 
immersed in a fluid is equal to the weight of displaced fluid. 


2699. A wooden float of cylindrical shape, the base area of 
which S = 4000 cm?, and height H = 50 em, floats on water. 
The specific gravity of wood d = 0-8 g/cm’, (a) What work 
must be done in order to pull the float out of the water? 
(b) Find how much work must be expended to submerge the 
float completely. 


2700. A sphere of radius R with specific weight 1 is sub- 
merged in water so that it touches the surface. How much 
work must be done in order to pull the sphere from the 
water ? 

Problems 2701-2706 are connected with the flow of a 
fluid from a small orifice. The velocity of flow of the fluid is 


defined by Torricelli’s law: v = )2gh, where h is the height 
of the column of fluid above the orifice, g is the acceleration 
due to gravityt (see Course, sec. 116). 


2701. There is an orifice at the bottom of a cylindrical 
vessel, the base area of which is 100 cm, and the height 30 cm. 
Find the area of the orifice if it is known that water filling 
the vessel flows out in the course of 2 min. 

2702. Water fills a conical funnel of height H = 20 cm. 
The radius of the upper orifice R = 12 cm. The lower orifice, 
through which the water flows from the funnel, has radius 
r = 0-3 em. (a) How long does it take the level of water in 
the funnel to fall by 5 cm? (b) When will the funnel be empty ? 


t Torricelli’s law in the form given here is only applicable to 
an ideal fluid. The answers to the problems are given for this ideal 
fluid. (In practice, the formula v = yz //2gh is used, where mu is a 
coefficient depending on the fluid viscosity and the nature of the 
orifice. For water in the simplest case, ~ = 0°6. 
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2703. A hole of area S = 0°2 cm? has formed in the bottom 
of a boiler, of hemispherical shape with radius R = 43 cm. 
If the boiler is filled with water, how long will it take the 
water to flow out? 

2704. A boiler has the form of an elliptic cylinder with 
horizontal axis. The semi-axes of the elliptic section (per- 
pendicular to the cylinder axis) are b (horizontal) and a (ver- 
tical); the cylinder generator is of length | (Fig. 54). The boiler 


Fig. 54. 


is half filled with water. How long does it take the water to 
flow from the boiler through an orifice of area S at the 
bottom ? 

2705. A rectangular vertical slit, of height h and width 8, 
is made in the vertical wall of a prismatic vessel filled with 
water. The upper edge of the slit, parallel to the water surface, 
is at a distance H from the surface. What amount of water 
flows from the vessel in 1 sec., if the water level is assumed 
always to be maintained at the same height? Take the case 
H = 0 (problem of a spill-way). 

2706. A vessel filled to the brim with water has the shape 
of a parallelepiped with base area 100 cm?. There is a narrow 


Fig. 55. 
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slit in the side wall, of height 20 cm and width 0°1 cm (Fig. 
55). How long does it take the water level in the vessel to 
fall by (a) 5 cm? (b) 10 cm? (c) 19 cm? (d) 20 cm? (The 
result of the previous problem should be used.) 

The equation of state of an ideal gas has the form pv = RT, 
where 7 is the pressure, v the volume, 7’ the absolute tempe- 
rature, and R a constant for a given mass of gas. Solve 
problems 2707-2709 on the assumption that the gases are 
ideal. 

2707. Atmospheric air is contained in a cylindrical vessel 
of base area 10 cm? and height 30 cm. What work must be 
expended in order to drive in a piston 20 cm, i.e. so that the 
piston is 10 cm from the cylinder bottom (Fig. 56)? Atmosphe- 


ric pressure is 1:033 kg/cm?. The process is carried out iso- 
thermically, i.e. at constant temperature. (To find the work 
in kgm, the pressure must be taken in kg/m? and the volume 
in m3.) 

2708. Air at atmospheric pressure is contained in a cylind- 
rical vessel of cross-section 100 cm?. There is a piston in the 
vessel. Its initial distance from the vessel bottom is 0:1 m. 
The vessel is placed in a vacuum, as a result of which the air 
in it expands and pushes out the piston. (1) Find the work 
done by the air in the cylinder when it raises the piston a 
height (a) 0°2 m, (b) 0°5 m, (c) 1 m. (2) Can this work increase 
indefinitely on indefinite expansion of the gas? (The process 
is isothermal, as in the previous example.) 
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2709. Atmospheric air is contained in a cylindrical vessel 
of volume v, = 0°1 m? and is subjected to compression by 
rapidly driving in a piston (it is assumed here that the pro- 
cess is carried out without the influx or transmission of heat, 
ie. adiabatically). What work must be expended to compress 
the air in the vessel to a volume v = 0°03 m3? (Atmospheric 
pressure is 1:033 kg/cm?.) In the case of an adiabatic process 
the pressure and volume of the gas are connected by the rela- 
tionship pv’ = pov} (Poisson’s equation). For diatomic gases 
(as also for air) y & 1°40. 

By Newton’s law of cooling, the rate of cooling of a body is 
proportional to the difference in temperature between the 
body and the surrounding medium. Solve problems 2710-2711 
on the basis of this law. 


2710. A body whose temperature is 25° is placed in a ther- 
mostat (the temperature of which is maintained at 0°). How 
long does it take the body to cool to 10°, if it has cooled to 
20° after 20 min.? 


2711. A body whose temperature is 30° reaches a tem- 
perature of 22°5° after being placed for 30 min in a ther- 
mostat whose temperature is 0°. What will the temperature 
of the body be 3 hours after the start of the experiment ? 


ee, 


The force of interaction of two electric charges is er? 


dynes, where e, and e, are the charges in electrostatic units, 
r is the separation in cm, and e is the dielectric constant 
(Coulomb’s law). Solve problems 2712-2714 on the basis of 
this law. 


2712. An infinite straight line is uniformly charged with 
positive electricity (the linear density of electricity is ¢). 
What force does this straight line exert on a unit charge 
located at a point A distant a from it? The dielectric constant 
of the medium is equal to unity (see Course, sec. 116). 

2713. Two electric charges: e, = 20 electrostatic units and 
e, = 30 electrostatic units, are separated by a distance of 
10 cm. The medium between them is air. Both charges are 
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first held fixed, then charge e, is freed. Under the action of the 
force of repulsion, charge e, starts to move away from charge 
e,. How much work is done by the repulsion force when the 
charge (a) moves away to a distance of 30 cm? (b) moves 
away to infinity? 

2714, Two electric charges: e, = 100 electrostatic units 
and e, = 120 electrostatic units, are at a distance of 20 cm 
from each other. What will the distance be between the char- 
ges if we bring the second closer to the first whilst expending 
1800 ergs of work? (Air is the separating medium.) 


2715. The voltage is v = 120 V at the terminals of an 
electrical circuit. Resistance is introduced into the circuit 
at a uniform rate of 0°1 ohm per sec. Furthermore, a constant 
resistance of r = 10 ohm is included in the circuit. How many 
Coulombs of electricity pass through the circuit during two 
minutes ? 


2716. The voltage at the terminals of an electrical circuit, 
initially equal to 120 V, falls uniformly, decreasing by 0°01 V 
in a second. Simultaneously with this, resistance is introduced 
into the circuit, also at a uniform rate, viz. 0°1 ohm per sec. 
Moreover, constant resistance equal to 12 ohm is present in 
the circuit. How many Coulombs of electricity flow through 
the circuit during 3 min? 


2717. When the temperature changes, the resistance of 
a metallic conductor varies (at normal temperatures) in 
accordance with the law R = R, (1+ 0°004 6), where Ry 
is the resistance at 0° C and @ is the temperature in centi- 
grade. (This law holds for the majority of pure metals.) 
A conductor whose resistance at 0° C is equal to 10 ohm is 
uniformly heated from 0, = 20° to 6, = 200° in the course 
of 10 min. A current flows along it in this time at a voltage 
of 120 V. How many Coulombs of electricity flow through 
the conductor during this time? 

2718. The law of variation of the voltage of ordinary 
alternating (urban) current, of 50 cycles per sec, is 
given by the formula: H = E, sin 100 at, where Hy is the 
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maximum voltage and ¢ is time. Find the mean value of the 
square of the voltage during 1 period (0°02 sec). Show that, 
when the resistance is constant, alternating current produces 
as much heat during 1 cycle as a constant current having 


a voltage equal to )(E?),y. (In view of this, expression 


V(#2)qy is termed the effective voltage of the alternating 
current.) 


2719. The voltage of a sinusoidal electric current is given by 


. (2% 
B= Bysin (7 |. 


whilst the current is given by 
. (2xt 
I= Iysin (7 — r) 


where H, and J, are constant quantities (the peak values of 
the voltage and current), 7’ is the period, and gy, the phase 
difference. Find the work done by the current during the 
time from #, = 0 to ¢, = 7 and show that the peak value of 
this work will be obtained when the phase difference 9, is 
zero. 


2720. Find the time required to heat 1 kg of water electri- 
cally from 20 to 100° C, if the voltage is 120 V, the spiral 
resistance is 14°4 ohm, the air temperature in the room is 
20° C and it is known that 1 kg of water cools from 40°C to 
30°C in 10 min. (By the Joule-Lenz law, Q = 0°24/°Rt, where 
Q is the amount of heat in small calories, [ is the current in 
amperes, 2 is the resistance in ohms, and ¢ is the time in 
seconds. In addition, use is made of Newton’s law of cooling 
(see problem 2710). 


2721. Air filling a vessel of capacity 31., contains 20 per 
cent oxygen. The vessel has two pipes. Pure oxygen is now 
pumped into the vessel through one of them, whilst air 
passes out through the other, the amount of air leaving being 
the same as the amount of oxygen flowing in. How much 
oxygen will the vessel contain after 10 1. of gas have flowed 
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through it? The concentration of oxygen is kept the same in 
the vessel at each instant with the aid of a mixer. 


2722. Air contains @ per cent (= 8 per cent) CO,; it is 
filtered through a cylindrical vessel with an absorbent 
medium. A thin layer of the medium absorbs an amount of 
gas proportional to its concentration and the layer thickness. 
(a) If air that has passed through a layer H cm (= 10 cm) 
thick contains 6 per cent (= 2 per cent) CO,, what thickness 
H, must the layer have for the air leaving the filter to contain 
only c per cent (= 1 per cent) carbon dioxide? (b) How 
much carbon dioxide (in per cent) remains in the air after 
passing through the filter if the thickness of the absorbent 
layer is 30 cm? 

2723. If half the initial quantity of light is absorbed on 
passing through a layer of water 3 m thick, what part of this 
quantity remains at a depth of 30 m? The quantity of light 
absorbed on passing through a thin layer of water is propor- 
tional to the layer thickness and the quantity of light incident 
on its surface. 


2724. If an initial quantity of ferment equal to 1 g becomes 
1:2 g after an hour, what will it be 5 hours after the start of 
the fermentation, if the rate of growth of the ferment is 
assumed proportional to the initial quantity ? 

2725. If the quantity of ferment present is 2 g two hours 
after the start of the fermentation, and is 3 g after 3 hours, 
what was the initial quantity of ferment? (See previous 
problem.) 

2726. Two kilogrammes of salt are dissolved in 30 1. water. 
One kilogramme of salt passes into solution after 5 min. 
How long will it take 99 per cent of the initial quantity of 
salt to pass into solution? (The rate of solution is proportional 
to the amount of undissolved salt and the difference between 
the concentration of a saturated solution, which is equal to 
1 kg per 3 1., and the concentration at the given instant.) 


CHAPTER IX 


SERIES 


1. Numerical Series 


Convergence of Numerical Series 


For each series of problews 2727-2736: (1) find the sum 
(S,,) of the first n terms of the series, (2) show directly from 
the definition that the series is convergent and (3) find the 
sum (S) of the series. 
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Series with Positive Terms 


Solve the question of the convergence of the series of 
problems 2737-2753 with the aid of the theorems on compa- 
rison of series: 
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Prove the convergence of the series of problems 2754- 
2762 with the aid of d’Alembert’s test: 
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Prove the convergence of the series of problems 2763-2766 
with the aid of Cauchy’s test: 
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Solve the question of the convergence of the series of 
problems 2767-2770 with the aid of the integral test for 
convergence ; 
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Examine the series of problems 2771-2784 for convergence 
or divergence: 


1 1 1 
2771. — + —— +... aR 
aya aya” arenes oer tal 


2 n 
2772. Lg het poy te 


n+1 
a7. 2+ 34... + ET tee 
4 2 
274. 1+ ote. tot... 
n? +1 


n 


2775. 2+ oboe. t 


Ae 3. 


J 2 n 
BAN: iol * R001 Tt 1000n be? 


1 2 


2n —1 


1 3 
2778. state ++... 


2779. arctan 1 + are tan? 5 +...+ are tan" = ak 


4 2" 
2780. 2+ G4+...+¢ G+... 


238 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 
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Prove each of the relationships of problems 2785-2789 
with the aid of the series whose general term is the given 
function: 
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Series with Arbitrary Terms. Absolute Convergence 


Examine the series of problems 2790-2799 for absolute 
convergence, non-absolute convergence, or divergence: 
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= J a, is also absolutely convergent. 


2. Functional Series 


Convergence of Functional Series 


Find the domains of convergence of the series of problems 
2802-2816: 

2802, l+a+...+2"4... 

2803. Ina +In?a24+...+In"*2z+... 

2804. ¢+a44+...+ 97+... 


2, n 
2805. 2+ 5+...+ 54... 


x x" 
2806. age ae ee 
1 1 1 
yap gar eS tou-rea pn wee 


l+z 
2808. 2x + 6a? 4+ ...+n(n+1)a"+... 


2807. 


x a an 


2809. — ... + ———=+... 
a ais 


2810. = ilSD 
eas Vee ee gee tee 
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2 . 2 . 2 
2811. sing + sing +...+sing, +. 


2812. x tan = + 2? tan = +...+2" tan +. 


: sin 22 sin “2% 
2818. sin x + 7 +...4 ar 
cos x cos 22 COS NX 


2614. -—- + a +e te to 


2815. e-* +e +... + e7%* 4... 


x 2a 


NX 
2816. + Ge bet Game tee 


Uniform Convergence 


Verify that the series of problems 2817-2820 are uniformly 
convergent throughout the Ox axis: 


sin x sin na 
2817. bea ee a ee 
a 1 n= sin nx 
2818. eos 2819. 
2 Pt Gah AF 
2820, "So 
‘ 1 ] 
2821. ath that the series T+ [eee + i+ (pai +... 
seh w+ lo@)e +... is uniformly convergent in any 


interval in which the function g(x) is defined. 


2822. Show that the series eeecree + oes 2, 
Vita 2Yl4+ 22 


+... is uniformly convergent through- 


bs, 


1 
*" gn-1 V1 + nz ; 
out the positive semi-axis (0 =x< oo). Given any non- 
negative x, how many terms of the series must be taken 
for the sum to be calculable to an accuracy of 0:001? 


+. 
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2823*. Show that the series mat =) + as ot az) -- 
In (1 
+e. tH aa +... is uniformly convergent in any 


interval 1 +-@ =a < oo, where m is any positive number. 
Verify that, for any 2 of the interval (2 = x = 100), it is 
sufficient to take eight terms in order to obtain the sum of 
the series to an accuracy of 0°01. 


2824. Prove that the series > x"(1 — x") is non-uniformly 
n=1 


convergent in the interval [0, 1]. (See Course, sec. 127). 


2825. The function f(x) is given by the series 


n= COS NX 
f(x) = a 10” ka 


Show that f(x) is defined and continuous for any 2. Find 
/(0), i(3} , and i(5}: Verify that it is necessary to take 


three terms of the series in order to compute the approximate 
values of f(x) for any x to an accuracy of 0:001. Find to this 
accuracy /(1) and /(—0°2). 

2826. The function f(z) is defined by the series 


1 fae 1 
M)= yet 21 e+ nap t 


N==00 


1 


n=l 


Show that /(x) is defined and continuous for any x. Establish 
that f(x) is a periodic function with period w. 


Integration and Differentiation of Series 


2827. Show that the series x? + a6 + ...+ gf"-?4... is 
uniformly convergent in any interval -1-+o =z =1l1—a, 
where w is any positive number less than unity. By integ- 
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rating this series, find the sum in the interval (—1, 1) of 


the series 
eet gAn-1 


gt7 cat key Rea bs 


2828. Find the sum of the series 


as gina 
Aad eee ggg P 


2829, Find the sum of the series 
x 3 gent. 
Ae —yjytn 
1.2 pat TI » ney 
2830. The function f(x) is defined by the series 
f(z) = e-* 4+ 2e-** + ...4- nem * +... 


Show that /(x) is continuous throughout the positive half 
In3 


of the Ox axis. Evaluate | }(x) da. 
In2 


2831. Function f(x) is defined by the series 
f(z) =142.38@74+...+ 372-14... 


Show that f(x) is continuous in the interval ( ~5, 3] ; 


0-125 


Evaluate i) f(x) da. 
0 


2832*. Function f(x) is defined by the series 


1 zi x 1 x 
f(z) = gs tang t+ gtang t+... + gitana,+--- 
Evaluate | f(z) dz, having first established that f(x) is 


oto 


continuous in the interval of integration. 
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2833 *. ai f(x) is defined by the series f(x) = 
=> aries . Show that f(z) is continuous throughout 


the real axis. Evaluate Jie) dx. 


1 


2834. Starting from the relationship Je dz = = i’ 
find the sum of the series: 
(-1)"8 
Qa s 3: -+3,-9 Tt: 
1 (—1)"h 
(2) 1] =< 5 + eee + “4n — 3 
ing fi h lationshi (de find 
2835. Starting from the relationship |= = Fan fin 
2 
th f th Beltre es 79 
e sum 0 e series 7—5 i ae : 


2836. Starting from the relationship 


a (2n—1)(2n—3)...3.1 


2n = 
i eae Sealer, Ean |e eh 


Sarai 


find the sum of the series 


1 1.38 LoS sone) 
Ras SEEM, __)nti 
2 Cee ea ae 1) 2-4, .2n pie 
2837. Show that the series 
sin 2xx | sin 47x sin 2" xx 
5 te tet 


is uniformly convergent throughout the real axis. Prove that 
this series cannot be differentiated term by term in any inter- 
val. 
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2838. Starting from the progression 1+ 2+ a?+4...= 


1 
on eer (|x| <1), sum the series 1+ 2¢+4 327+. 


~t ne"-1 4... and the series 14+ 38a+...4 

] 
-f. a + a 14 ,,. and show that the series 1 + 22 + 
ee : nx"-1 +... is uniformly convergent in the inter- 


val [—o9, e|, where |e| <1. 
2839. Show that the equality 


1 lx Qa—lyee-t—1 1 


ipa ee ee ee 


holds for -l<a2<l. 
2840. Verify that the function y = f(x) defined by the 


series etatp epg 
tionship zy’ = y(x + 1). 


n 
eee +... satisfies the rela- 


3. Power Series 


Expansion of Functions in Power Series 


2841. Expand the function y = Inz in a Taylor series in 
the neighbourhood of the point «= 1 (with 2 = 1) (see 
Course, sec. 130). 


2842. Expand the function y = x in a Taylor series in 
the neighbourhood of the point x = 1. 


2843. Expand the function y = - in a Taylor series in the 


neighbourhood of the point z = 3. 

2844. Expand the function y = sin > in a Taylor series 
in the neighbourhood of the point x = 2. 

Expand the functions of problems 2845-2849 in Taylor 
series in the neighbourhood of the point x = 0 (Maclaurin 
series) : 
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2845. y = a re 2846. y = xex. 
2847. y = cos (x + a). 2848, y = e* sin x. 


2849. y = cos x cosh x. 


Find the first five terms of the Taylor series of the functions 
of problems 2850-2854 in the neighbourhood of the point 
x= 0. 

2850. y = In (1 + e*). 2851. y = eo8*, 

2852. y = cos” x. 2853. y = —In cos x. 

2854. y = (l +2). 

By using the formulae for the Taylor expansions of func- 
tions e*, sin z, cosx, In(1 + a) and (1+ 2)", expand the 
functions of problems 2855-2868 as Taylor series in the 
neighbourhood of the point x = 0: 


2855. y = e%, 2856. y = e-** 


e — 1 


O8b7. r= | po ree 


1 forx=0. 
ex? = e-* 

Sieve) ae 

1 forz = 0. 


2859. y = sin : 2860. y = cos? x. 


sin x 
sy =| ee 
1 forx=0. 


2862. y = (a — tan x) cosx. 2863. y = In (10 + 2). 
2864. y = «In (14 2). 2865. y = V1 + 2%. 


3 


2866. y = /8 — 23. 2867. y = 5 =e 
V1 + 28 
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x2 
an nee 


2869. Expand the function y = 


2868. 


1l+a 
(I—2) 
series in the neighbourhood of the point x = 0. Use this 


in a Taylor 


‘ ; 4 
expansion to find the sum of the series 1 + 3 Se 
n2 


sve tbggar bse 


2870. By using the Taylor expansion of the function, 
find the values of: 


(1) the seventh derivative of the function y = Tae 
at x = 0, 
4 


(2) the fifth derivative of the function y = 22? /1-+ <2 at 
x= 0, 
(3) the tenth derivative of the function y = x*e* at 7 = 0, 
3 
(4) the curvature of the curve y=2[/(1 + x)# — 1]at the 
origin. 


In problems 2871-2877, use the Taylor expansions of the 
functions to evaluate the limits: 


2 
2871. lim EEN! 2) 


x70 
—q _ 
2872, lim (tan & a x) — a 
x>0 
2 _ 2 
9873. iim te +2) + In (1 — 2 + 2%) 
x0 a(ex — 1) 


2874, lim I? — xz? In (: + -I| . 


X00 x 

2875. lim (~. — cot? x) . 9876 lim {cs 2"), 
x0 (a? x0 (2 x 
: 2+ cosz 3 

el rvs - al 
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Interval of Convergence 


Find the intervals of convergence of the power series of 
problems 2878-2889: 


2878. 10x + 10022 -+4+...4 10"? +... 
2 gn 
er ke —Jyrti a 

2879. x gtr HC I) Per a 


on 


2 
2880. at oat... +o 


+. 


2881. lta+...+nla"+... 
2882, 1 + 2a? +... 4 27-192-) 4, ,, 


yen-l 


(2n — 1). (2n — 1)! 
2884. 1+ 38a+4+...+(n—1) 3-77-14... 


3 
2883. @ — +... + (—1)"4 ce 


x Fie 


an 
OO Tet a gt th aay 


2 n 
“) +... {nay +... (In studying the 
convergence at the right-hand end of the interval, use the 
fact that the factorials of large numbers can be approximately 
expressed in accordance with Stirling’s formula: 


2886. 2 + 


2887. 2+ 4a? + ...+ (mx)? t+... 
In 2 In 3 In(n +1), 
2888. Spe rg ee neal: ayn os 


2889. m+ (je) t-.+[( Pal +... 


n 


ihe 3, 


2890. Expand the function y = In (zx + Y1 4+ 2%) in a 
Taylor series in the neighbourhood of the point x = 0, starting 
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from the relationship 
2) 
In (x + V1 + 2?) =\7 mh 


and find the interval of convergence of the series obtained. 


2891. Expand the function y = In Vi me in a Taylor 


series in the neighbourhood of the point « = 0, by starting 
from the relationship 


and find the interval of convergence of the series obtained. 


2892. Expand the function y=In[(1 + 2)4*] + 
+ In[(1 — x)!-*] in a Taylor series in the neighbourhood 
of the point x = 0 and find the interval of convergence of 
the series obtained. 


2893. Expand the function y = (1 + 2) e-* — (1 — 2) & 
in a Taylor series in the neighbourhood of the point « = 0 
and find the interval of convergence of the series obtained. 
Use the expansion to find the sum of the series. 


1 2 
atats-+ ont 


nt 


4. Some Applications of Taylor’s Series 


Finding Approximate Values of Functions 


8 
2894, Find the approximate value of Ye by taking three 
terms of the Taylor expansion of /(x) = e*, and estimate the 
error. 
2895. Find the approximate value of sin 18° by taking 
three terms of the Taylor expansion of /(x) = sin a, and es- 
timate the error. 
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3 

2896. Find the approximate value of 10 by taking four 
terms of the Taylor expansion of the function f(z) = (1 + x)", 
and estimate the error. 


In problems 2897-2904, use the formulae for the Taylor 
expansions of the functions e*, sin x and cos x to find: 


2897. e? to an accuracy of 0°001. 
2898. Ve to an accuracy of 0-001. 


2899. : to an accuracy of 0:0001. 


2900. a to an accuracy of 0°0001. 


Ye 


2901. sin 1° to an accuracy of 0:0001. 
2902. cos 1° to an accuracy of 0-°001. 
2903. sin 10° to an accuracy of 0°00001. 
2904. cos 10° to an accuracy of 0°0001. 


In problems 2905-2911, use the formula for the Taylor 
expansion of the function (1 + x)™ to find to an accuracy of 
0°001: 


3 3 
2905. 730. 2906. 70. 

3 3 
2907. 500. 2908. /1°015. 
5 3 

2909. 250. 2910. 129. 


10 

2911. V1027. 

In problems 2912-2914, use the formula for the Taylor 
(1 +2) 
(I—2) 


2912. In 3 to an accuracy of 0°0001. 


expansion of the function In to find: 


2913. loge = 


1 
inlo to an accuracy of 0°000001. 


2914. log 5 to an accuracy of 0:0001. 
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The Solution of Equations 


2915. Given the equation zy + e* = y, use the method of 
undetermined coefficients to find the expansion of function 
y in a Taylor series in powers of x. Solve the problem by finding 
the coefficients of the Taylor series by successive differenti- 
ation. 

2916. Given the equation y = In (1 + x) — zy, use the 
method of undetermined coefficients to find the expansion 
of function y in a Taylor series in powers of x. Solve the 
problem by finding the coefficients of the Taylor series by 
successive differentiation. 

Solve the equations of problems 2917-2919 with respect 
to y (find an explicit expression for y) with the aid of Taylor 
series by two methods: the method of undetermined coeffi- 
cients and successive differentiation: 

2917. y3 + xy = 1 (find three terms of the expansion). 

2918. 2sina + siny=2z—y (find two terms of the 
expansion). 

2919. ex — eY = ay (find three terms of the expansion). 


Integration of Functions 


Express the integrals of problems 2920-2929 in the form 
of a series by using the expansions of the integrands into 
series; indicate the domains of convergence of the series 
obtained. 


2920. J au? ae. 2921. J eT ae) 
xv zx 
2922, ie de. 2998. J © de. 
x x 
2924. [em de. 2995, J — de. 
0 
0 


x Ax x 
2926. | ——-—... 2927. 1+ 23 da. 
re jive 
0 
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x4 
2929, (a= de. 
x 
0 


Obtain approximate values for the definite integrals of 
problems 2930-2934 by taking the indicated number of 
terms of the expansion of the integrand; indicate the error: 
n 1 
4 4 


2930. [S dz (3terms). 2981. jee da (3 terms). 


n 
6 
: 


2932, jts 
Yi+ 

" 

3 


1 
a terms). 2933. Jee (6 terms). 


2934. Je arctanzdx (2 terms). 


Evaluate the integrals of problems 2935-2938 to an accu- 
racy of 0-001: 


05 
2935. i o~ dx. 2936, J ee ae, 
x x 
01 
038 
de 
2937. i lan de. 2938. J re 


2939. Show that the functions fo dz and arctan x — = 
0 


differ by not more than 0:0000001 in the interval (—0°1, 
0 1). 


2940. By taking into account the identity 


1% 1 1 
a 4 arctan 5 — arc tan 535, ; 


evaluate x correct to 10 figures. 
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2941. Expand in a Taylor series the function y = 


x 


=e fe da by using two methods: direct evaluation of the 
0 


successive derivatives at x = 0 and cross-multiplication of 
the series. 
1 


2942*, Evaluate the integral | dx. 
iy 


5. Numerical Problems 


° 


"5 


2943. Evaluate | ei"* dz to an accuracy of 0°0001. 


a oo 


6 
2944. Evaluate | Veos x dz to an accuracy of 0°001. 
6 


2945. Evaluate the area bounded by the curve y? = 23 + 


+ 1, the axis of ordinates and the straight line =5 to an 


accuracy of 0-001. 
2946*. Evaluate the area of the oval 24+ y4=1 to an 
accuracy of 0:01. 


2947. Evaluate the length of arc of the curve 25y? = 425 
from the cusp to the point of intersection with the parabola 
5y = x? to an accuracy of 0-0001. 


2948. Evaluate the length of one half wave of the sine 
wave y = sin x to an accuracy of 0°001. 


2949. The figure bounded by the curve y = arctan z, 
the axis of abscissae and the straight line 7 = > revolves 


about the axis of abscissae. Find the volume of the solid 
of revolution to an accuracy of 0-001. 


2950. The figure bounded by the curves y? — 23 = I, 
4y + 23 = 0, the straight line y = ; and the axis of ordinates, 
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revolves about the axis of ordinates. Find the volume of the 
solid of revolution to an accuracy of 0-001. 


2951. Find the coordinates of the centre of gravity of the 
arc of the hyperbola y = is bounded by the points with 


; 1 1 
abscissae 2, = 7 and x, = 9° to an accuracy of 0.001. 


2952. Find the coordinates of the centre of gravity of the 
curvilinear trapezium, bounded by the curve y = nae 
the straight lines x = 1-5 and x = 2 and the axis of abscissae, 
to an accuracy of 0-01. 


CHAPTER X 


FUNCTIONS OF SEVERAL 
VARIABLES. 
DIFFERENTIAL CALCULUS 


1. Functions of Several Variables 


2953. Express the volume z of a cone as a function of its 
generator x and height y. 


2954. Express the area S of a triangle as a function of its 
three sides x, y, 2. 


2955. Form a table of the values of function z = 2% — 
— 3y+1 by giving the independent variables integral 
values from 0 to 5. 


2956. Form a table of values of the function 
z= Vat + y, 


by giving the independent variables values spaced 0°1 apart 
from 0 to 1. Calculate the values of the function to an accu- 
racy of 0-01. 


2957. Find the particular value of the function: 
2 
(1) ,— (Seta) a pe al ES 1—y3. 


arc tan (% — y) 


(2) z= esin@ ty) for B=y¥=53 


(3) z= yy? + gt for «= 2, y= 2; t=1, y= 2; 
e=2, y= 1. 
2958. Given the function 


p(x) ply) — p(x) ply) 
Pe) = oley) lary) 


254 


ae 
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1 F 
find F(a, _) . In particular, put y(u) = v3, y(u) = uw? and 
work out Ha 7A : 


2959. Given the function F(z, y) = y* — ; x; if x and y 


have the same rate of change, which function increases the 
more rapidly for x = 3, y = 2: the function obtained from 
F with fixed y (x only varies), or that obtained with fixed 
x (y only varies) ? 
2960. Given the function 
ytz 
p(x, y, 2) = y® — (y Cos z + 2008 y) z+ “I~, 
let variables y and z preserve fixed values y) and 2, where 
Yo = 32%. What is the graph of the function v = g(x, Yo, 2) ? 
Is (xz, y, 2): (1) a rational function of y? of 2? (2) an in- 
tegral function of x? 
2961*. A function z = f(x, y), satisfying identically the 
relationship 


f(mx, my) = m*f(x, y) for any m, 


is called a homogeneous function of the kth degree. Show that 
the homogeneous function of the kth degree z = f(x, y) can 


always be written as 
Z= 7%) : 
x 


2962. The homogeneity of a function of any number of 
independent variables is defined in the same way as for a 
function of two variables: for instance, f(x, y, z) is a homo- 
geneous function of the kth degree if 


f(ma, my, mz) = m*f(x, y, z) for any m. 


The property 
= atRF[Y 2 
f(x y, 2) = 2 rt 


a 


also holds. Prove this. 
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2963. Prove that the function z= F(z, y) = xy satisfies 
the functional equation 


F(ax +- bu, cy + dv) = acF(x, y) + beF(u, y) + 
+ adF (x, v) + bdF(u, v). 


2964, Prove that the function z= F(z,y)=Mmalny 
satisfies the functional equation 


F(xy, uv) = F(x, u) + F(x, v) + Fly, u) + Fly, v) 


(x, y, u, v are positive). 
2965. Find z as an explicit function of x and y from the 


_ we yr 2 : 
equation a + B + rae 1. Is this function single-valued ? 


2966. Given the function of a function z = u’, where 
u=a+ty,v=x— y, find the particular value of the func- 
tion: (1) when x=0, y=1; (2) when x=1, y=1; 
(3) when z = 2, y= 3; (4) when x= 0, y= 0; (5) when 
za=-l,y=-l. 


2967. z = re, u=wt; vewt w=Yet+y; 
t = 2(@ — y). Express z directly as a function of x and y. 


Is z a rational function of wu and v? of wand ¢? of # and y? 

2968. Given the function of a function z= u” 4+ wt, 
where u=2+y,v=2%—y, w= xy, express z directly as 
a function of x and y. 


2969. u = (§ + 7)? — & — 7; po St", = 
= SEO = Inet ty + 2); yg = 2iIn@ + y +2). Ex- 


press wu directly as a function of x, y and z. Is u an integral 
rational function of and 7? ofw and ¢? of a, y, z? 


2970. Write the function of a function 


‘ 


= (Etat 


xy 
oe +2? + y? 


by means of a two-link chain of relationships. 
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2971. Investigate by the method of sections the “graph” of 


the function z = ; (2? — y?). What are the sections by the 


planes « = const? y = const? z= const? 


2972. Investigate by the method of sections the “graph” 
of the function z = zy. What are the sections by the planes 
x = const? y=const? z= const? 


2973. Investigate by the method of sections the “graph” 
of the function z = y? — 2°. 


2974. Investigate by the method of sections the “graph” 
of the function 
z8 = ax’? + by? (a > 0,6 > 0). 


2. Elementary Investigation of a Function 


Domain of Definition 
2975. A domain is bounded by the parallelogram with sides 
y=0,y¥y=2,y =5s, y= sa — 1; the boundary itself is 


excluded. Give this domain by means of inequalities. 

2976. A domain consists of the figure bounded by the 
parabolas y= 2? and x= y* (including the boundary). 
Specify this domain by inequalities. 

2977. Write with the aid of inequalities the open domain 
consisting of the equilateral triangle with a vertex at the 
origin and side a, one of the sides being in the direction of 
positive zx. 


2978. A domain is bounded by an infinite circular cylinder 
of radius R (excluding the boundary) with axis parallel to Oz 
and passing through the point (a, b, c). Specify this domain 
with the aid of inequalities. 

2979. Write with the aid of inequalities the domain bound- 


ed by the sphere of radius R with centre at the point (a, b, c) 
(the boundary included). 
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2980. The vertices of a right-angled triangle lie inside 
a circle of radius R. The area S of the triangle is a function 
of its adjacent sides x and y: S = g(a, y). (a) What is the 
domain of definition of function py? (b) What is the 
domain of definiteness of the corresponding analytic 
expression ? 


2981. A pyramid with a rectangular base, the vertex of 
which projects orthogonally into the point of intersection of 
the base diagonals, is inscribed in a sphere of radius R. The 
volume V of the pyramid is a function of sides x and y of its 
base. Is this function single-valued? Form the analytic 
expression for it. Find the domain of definition of the function 
and the domain of definiteness of the corresponding analytic 
expression. 


2982. A square board consists of four square chequers, two 
black and two white, as shown in Fig. 57; the side of each of 


Fia. 57. 


them is equal to unit length. We take the rectangle whose 
sides 2 and y are parallel to the sides of the board and one of 
the corners of which coincides with a black corner. The area of 
the black part of this rectangle will be a function of ~ and y. 
What is the domain of definition of this function? Express this 
function analytically. 
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Find the domains of definition of the functions of problems 
2983-3002: 


ses 2 = 1-4 —¥. 2984. z = In (y? — 4x + 8). 
rn 
1 


ak ama Pea a 2986. 2=Va+y+YVar—y. 


1 1 
2987. 2 = + — : 
Vety Yae-y 
2988. z = aresin” = : ‘ 2989. z = In ay. 
2990. 2 = Va — Vy. 
oF + y? 
2991. z = arcsin 4 + arc sec (x? + y?). 


__ V4e—-¥ fet pee + YP 

2992. 2= ae ty 8 = a 
2994. 2 = ay + pga me orp aes 7 
; ay? 


2995. z = cot a(x + y). 2996. z = /sin x(a + y?) 
2997. z = Yasin y. 2998. z = Inz — Insiny. 
2999. z = In[a# In(y — =)]. 
3000. 2 = arc sin [2y(1 + x?) — 1). 

1 ] 1 


1 
Yor+ y+ 2-9? 


3002. u = VR? — a? — y2— 2? + (R>r). 


Limits. Continuity of a Function 


Work out the limits of the functions of problems 3003-3008 
on the assumption that the independent variables approach 
their limiting values in an arbitrary manner: 


2 2 
3003. lim ey 


Hee 2 2 Shier 
Soha Ty +1-1 
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2,2 = 8 3 
3004. lim! 74% t+1—!_ — geo5 lim Sy, ani ee): 


x00 ye ep eo 
y>0 0 
1 
1 — cos (x? + y?) e ety 
3006. lim —_——_._,_—- ._ 3007. li 
0 (+ yay? v0 Ey 
y-r0 y- 


1 
3008. lim (1 + 22y2) 34)? . 
x+0 
y70 


3009. Verify that the function v= = can tend to 


any limit as x > 0, y — 0 (depending on how x and y tend 
to zero). Give examples of variations of x and y such that: 
(a) lim w = 1, (b) lim uw = 2. 

3010. Find the point of discontinuity of the function 

2 

BER 
bourhood of the point of discontinuity ? 

3011. Find the point of discontinuity of the function 

1 
™ gin? wa - sin? zy ° 


How does the function behave in the neigh- 


3012. Where is the function z = ars discontinuous ? 


(x — y) 


‘ 2 1 
3013. Where is the function z= -— = 
sinaz sin ny 
tinuous ? 


3014. Where is the function z = ae zu = discontinuous ? 


3015*. Investigate the continuity of the functions at x = 0, 
y = 0: 


(Ql) f(z y) = 


discon- 


Yy? 
= nt 


(2) f(@,y) = x3 f(0, 0) = 0. 


+e 


(3) f(a, y) = ae o Fi H(0, 0) =0. 
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(4) few) = seqaai 0.0) = 0 
(5) f(z y) = a ; (0, 0) =0. 
(6) Ky) =a as 0,0) =0. 


Level Lines and Surfaces 


3016. Given the function z = f(z, y) = con- 


1 

struct a uniform net of curves of it for z = 1, 2, 3, 4. 

3017. The function z = f(z, y) is given as follows: at the 
point P(x, y) its value is equal to the angle subtended at this 
point by a segment AB given in the zOy plane. Find the 
level lines of function f(x, y). 

Trace the level lines of the functions of problems 3018-3021 
by assigning to z values 1 apart from —5 to +5: 

3018. z = xy. 3019. (2762). z= a%y+a. 


3020. z = y(a? + 1). 3021. (2764). 2 = UT =a 


3022. Draw the level lines of the function z = (a? + y?)? — 


— 2(x? — y), by assigning to z values every 5 from —1 to . ; 


3023. Draw the level lines of the function z given implicitly 


by the equation (3) ((z— 5? + y7] = (3) [(z + 5)? + y?], 


by giving z values unity apart from —4 to 4. 

3024. Draw the level lines of the function z given implicitly 
by the equation y? = 2-7(x — z), by giving z values ; apart 
from —3 to 3. 


3025. Find the level lines of the function z given implicitly 
by the equation z+ a2lInz+y=0. 


3026. A point A is given in space. The distance of a vari- 
able point MW from point A is a function of the coordinates 
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of M. Find the level surfaces of this function, correspond- 
ing to distances equal to 1, 2, 3, 4. 

3027. A function wu = f(z, y, z) is specified as follows: its 
value at the point P(z, y, z) is equal to the sum of the distan- 
ces of this point from two given points: A(2,, y,, 2), B(x», yy, 29). 
Find the level surfaces of function /(z, y, 2). 

3028. Find the level surfaces of the function 


path Ieee 
1—jeryte2 
3029. Find the level surfaces of the function 
a ao y? 


z 


3030. Find the level surfaces of the functions: 
(1) w= 5%+3y-2, (2) w = tan (2? + y? — 227), 
3031. Figure 58 illustrates the level lines of a function 
z = f(z, y). Construct the graph of the functions: 
(l)z=f(z,0);  (2)z=f(w, 4); (3) z= f(y); 
(4) z= f(—5,y); (5) z= f(x, 38x); (6) z = f(x, 2”). 


X. FUNCTIONS OF SEVERAL VARIABLES 263 


3. Derivatives and Differentials of Functions of Several Variables 


Partial Derivatives 


3032. The volume » of a gas is a function of its temperature 
and pressure: v = f(p, 7). The mean coefficient of expansion 
of the gas at constant ere sae a temperature variation 


from 7, to T,, is defined as "+ . How should we de- 
mC = Th * 


fine the coefficient of expansion at constant pressure at a 
given temperature 7',? 

3033. The temperature of a given point A of a rod Oz is 
a function of the abscissa x of A and time tf: 6 = f(z, ft). 


What are the physical significances of partial derivatives 


00 30 
a ant 
ot and Ox 


3034. The area S of a rectangle is given in terms of the 


base 6 and height h by the formula S = bh. Find eae 
and explain the geometrical meaning of the results. 


3035. Given the two cop u = Va? — x? (a is constant) 


and z = Vy? — 2, find and 2 — = . Compare the results. 


Find the partial derivatives oak respect to each of the 
independent variables of the functions of problems 3036-3084 
(x, y, 2, u, v, t, p and p are variables): 

3036. z= 2 — y. 3037. 2 = xy — yPx. 

3038. 6 = axe! + bt (a, b constants). 

u,v _ 8+ 

3039, Soe aE ia acer TERY 

3041. z = (5a’y — y3 + 7)8. 3042. 2=2Vyt ae 
Vu 
3043. 2 = In (aw + V2? + y?). 

1 


3044, z = arctan ; ; 3045. 2 = —_—_.. 


arc tan y 
x 
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3046. 2 = 2. 3047. 
eee 
3048, 2 —-Int@ += 3049 
Va? + y? + 2% 
x 
3050. z = In tan y 2 3051. 
3052. z = In (2 + Iny). 3053. 
3054. z = sin ~ cos”. 3055 
y x 
3056. z = (1 + zy)’. 3057. 
3038. 2 = 2”. 3059. 
3060. u=2y-Lyz+ex. 3061. 


3062. 


3063. w= ayz + yzv + zvu + vary. 
3064. wu = exC?ty+z) , 3065. 
3066. u = In (w@ + y 4 2). 3067. 
3068. uw = x”. 
3069. f(x,y) =2+y—Ye+y. 
a ¥ 
3070. z = In (= 4 | . 8071. 
3072. z = (1 + log,x)3. 3073. 
1 FTP 
3074. 22> (x? + y") ra ee) . 
1+ Va+y¥? 
3075. 2 = arc tan V2’. 3076. 
3077. z = In [xy? + yx? ++ Y1 + (xy? 


3078. 


3079. 


u= e+ yz? + 8yx —4 +2. 


z = In (a + y?). 


_ Yat — ¥? 
. 2 = arcsin =. 
Va? + 
ects 
z=e / 
v+tw 


uw = arc tan : 
v—- Ww 


“er 


2 = wyln (a 4+ y). 
u = xyz. 


i=( ey eet 


uw == sin (x? + y? 4+ 2%), 
x 
Ua? , 


z == (2x + y)ty, 


z= ayesin TXY | 


[=e 


ay 


2=|- fey — BY) + aresin 


arctan” —l 
z2= arctan arotan — —~—____—__ — arc tan=-. 
arctan 4 +1 


+ yx?)?]. 


x+y 
xy 
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3080. w= ee . 3081. wu = arctan (x — y)2. 


es 
3082. w= 2x? . 


3083, v= nt tt? 
1+yety+t2 


3084. w = 5 tan? (x?y? + 22y2 — axyzv) + In cos (z?y? + 


+ 2u? — xyvz). 


cos (y — 2y) ‘ ou 
3085. w = ——_— . Find | — 
cos (p + 2y) all 


pon 


——— ou Ou 
= 3 3 1 pees sae = = 
3086. u = Vaz 68. Find a and aE atz=b,t=a. 


_ 2Cosy—YyCose 4. dz oz =F3ok 
3087. z = ange anny Find 5 and aye =y=0. 
3088. w= Y sin? 2 + sin? y + sin? z, Find (Fe hes 
y= 
4 


3089. u=In(l+2+y?+ 23). Find u+uytuy at 
e=y=z= 1. 


of , Of 
3090. f(x, y) = 28 3¢. Find ax by 
a ae aed (a 
Ox Oy a2 
3091. What angle does the tangent to the curve 
_#+y 
Orage 
y=4 


at the point (2, 4, 5) form with the positive direction of the 
axis of abscissae ? 


3092. What angle does the tangent to the curve 


2=\ie ery 


z=] 
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at the point (1, 1, 13) form with the positive direction of the 
axis of ordinates? 

3093. What is the angle of intersection of the plane curves 
obtained as a result of the intersection of the surfaces 


e+ y 


pe ee 
6 3 


with the plane y = 22 


Differentials. Approximations 


Find the partial differentials with respect to each of the 
independent variables of the functions of problems 3094- 
3097: 


3094. 2 = ry? — 3x?y? +4 2y4. 
3095. 2 = a? +4 y?. 
a2 ee a 
3096. z = Pay 
3097. w= In (23 + 2y3 — 23), 
3 

3098. z = Vx + y®. Find dyz for = 2,y = 5, dy = 0°01. 
3099. z = Yin ay. Find d,z forz = 1, y = 1°2, Ax = 0-016. 


3100. w=p— + ¥ptatr. Find d,w for p=1, 


g=3,r=5, Ap=001. 
Find the total differentials of the functions of problems 
3101-3109: 


3101. 2 = x?yt — vy? + aty?, 3102. z= ; In (a? + y?). 


3103. 2 =~ ry ; 3104. z = arcsin”. 
x—y y 
3105. z = sin (xy). 3106. z = arc tan ee 
1—ay- 
e+ y? 
3107. z= oa 3108. z = arctan (xy). 


3109. wu = x. 
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Applications to Computations 


3110. Find the value of the total differential of the function 
zg=a+y—Ve+y forx =3,y=4, 4x = 01, dy = 02. 
3111. Find the value of the total differential of the function 
z=eY forx=1, y=1, der = 015, dy= 01. 
3112, Find the value of the total differential of the function 
tay for «= 2, y=1, Ax = 0°01, Jy = 0°08. 
3113. Work out approximately the variation of the function 
_ “+ d8y 
y — 3x 
from y, = 4 to y, = 3'5. 


when # varies from x, = 2 to 7, = 2°5 and y 


3114. Evaluate approximately 


3 4 
In (V/1-03 + Y0-98 — 1). 

3115. Work out approximately 1:04?, 

3116. Find the length of the segment of the straight line 
x = 2, y = 3 lying between the surface z = 2? + y? and its 
tangent plane at the point (1, 1, 2). 

3117. A body weighs (4:1 + 0°1) g in air and (1°8 + 0:2) g 
in water. Find the specific weight of the body and indicate 
the error in the working. 

3118. The base radius of a cone is equal to 10-2 + 0:1 cm, 
the generator is equal to 44°6 + 0°1 cm. Find the volume of 
the cone and indicate the error in the working. 

3119. The formula 

ge 1 2 sin B sin C 
2° sin(B+C) 


is used for calculating the area S of a triangle with side a 
and angles B, C. Find the relative error 65 in calculating S 
if the relative errors of the given elements are respectively 
5), 62, Oc. 

3120. One side of a triangle has a length of 2.4 m and 
increases at a rate of 10 cm/sec; the second side, of length 
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15 m, diminishes at a rate of 5 cm/sec. The angle included 
between these sides is equal to 60° and increases at a rate of 
2° per sec. How, and at what rate, does the area of the tri- 
angle vary ? 

3121. The frustum of a cone has base radii R = 30 cm, 
r = 20 cm, and height h = 40 cm. How does the volume of 
the frustum vary if & increases by 3 mm, r by 4 mm, h 
by 2 mm? 

3122. Show that, when calculating the period 7' of vibra- 
tion of a pendulum in accordance with the formula 7' = 


= 7 yt (l is the length of the pendulum, g the acceleration 


due to gravity), the relative error is equal to half the sum of 
the relative errors in the determination of J and g (all the 
errors are assumed sufficiently small). 

3123. Express the maximum error when evaluating the 
radius r of arc AB (Fig. 59) of a circle in terms of the errors 
ds and dp in measuring chord 2s and length ». Work out dr 
when 2s = 19°45 cm +0°5 mm, p = 3°62 cm +0°3 mm. 


Fria. 59. 


4. Differentiation of Functions 


Functions of a Functiont 


3124. u = e*-*¥, where x= sint, y= #8; - =? 
: du 
3125. u= e+ y+ yy, z=sing y=els a= t 


tThe numbering of the problems in this edition differs from that 
of the previous editions as from this article to the end of Chap. X. 
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dz 


3126. 2 = arcsin (v — y), « = 3t, y = 48; an 2 
$127. z= 2°y — yx, wherex =u cos v, y= usin v; me =? 
ae 
ov 

ee Sy ey ec 9g ye 
3128. z= 2 Iny,®=7,y = 3u 2v; eS a 
3129. w = In (e* + e); Ct 2% Fing 2% if y= 2. 

: > Ox dx’ 

3130. z= arctan (xy); find Sify =e. 

= ae — Va _ du, 
3131. u are sin, where z= x? +1; an 2 

1 dz 

3132. 2 = tan (3¢ + 2a? — y), a=, y=; an! 

_ e*(y — 2) a, 6 ee = : du, 
3133. aie aan a y=asinz, 2=cosx; 7 = 3 
1h gas UE A oe), OP sy OF 

za+y Ox oy 
= 82 dz 

= (x? 2 * — at? — =? =? 

3135. z= (a +ye Y ; aa By ?dz=? 
oz oz 

— far — 42 oe oma’ Se enuong 

3136. z = f(x? — y?, e*); eo | ogo 


3137. Verify that the function z= arctan 7 where 
e=u+tv, y=u—z, satisfies the relationship 
@ oe _ um» 
du ' dv w+ ue” 
3138. Verify that the function z= g(x? -+ y?), where » 
is a differentiable function, satisfies the relationship 


oz ge au 
4a Oy 


3139. u = sinz + F(sin y — sin x); verify that scone + 


6) 
+ ae cos y = cos cosy, whatever the differentiable function F. 
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= y eee 1) (02 1 (= _& 
3140. 2 = 7545; verify that (| ( =| 4 (5 | = a 
whatever the differentiable function f. 


3141. Show that a homogeneous differentiable function of 
zero degree z= (8) (see problem 2961) satisfies the rela- 


; z oz oz 
tionship [#55] + (¥%] = 0. 


oy 
3142. Show that the homogeneous function of the kth 
degree u = 2 F, =, » where fF is a differentiable function, 


satisfies the relationship 


ou Ou Ou ; 
We + Yay + Ae = ku. 


3143. Verify the proposition of problem 3142 for the 
function 
e+y 


u = x sin 5 
x 


3144. Given the differentiable function f(x, y), prove that, 
if variables x, y are replaced by linear homogeneous functions 
of X, Y, the function F(X, Y) obtained is connected with 
the given function by the relationship 

of f oF oF 


a 
toe Voy Ox © OY 


Functions Given Implicitly and Parametrically 


In problems 3145-3155, find the derivative dy of the 


dx 
functions given implicitly by the equations indicated: 
3145. 22y — y®x = at. 3146. 2?y?— at — yt = a. 


3147. xeY + ye* — ee” = 0. 

3148. (x? + y?)? — a(a? — y?) = 0. 
3149. sin (wy) — eX — xy = 0. 

2 2 2 

3 


3150. «3 + y3 =a 3151. zy —Iny =a. 
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3152. arctan ~ + Y_¥_o, 3153. ya? = ey. 


a 


3154. ye* + eY = 0. 3155. y*¥ = 2. 

3156. F(x, y) = Fly, x). Show that the derivative of y 
with respect to # can be expressed with the aid of a fraction 
whose numerator is obtained from the denominator by inter- 
changing the letters y and 2. 


3157. 2? + y? — 4a — l0y+4=0; find $Y for x = 6, 


y = 2and for x = 6, y = 8. Give a geometrical interpretation 
of the results. 


3158. xty + ay? — ax*y? = a5; find 7 forz=y=a. 


3159. Show that it follows from zy? + 22+ y42—1=0 
that 
Le ek ae 
Vl—a2 y1l—¥f 


3160. Show that it follows from a-+ b(% + y) + cay= 
= m(x — y) that 


0. 


dy 
a+ 2bz + ca? a + Qby + cy?’ 
ey a Oz Oz 
— — —_- => ; —=? —=? 
3161. G+ pat @ 1; On a7 q 
3162, 29 — 2y9 4 29 — de + ez — 8 0; Ma Moe 
>" Ox «Gy 
dz Oz 
3 =a: —_=-2?—_=? 
3163. 23 + 32yz = a; Ox by 2 
oz az 
2 = ~ _—_- 2 _—_— 2 
3164. e? — xyz = 0; ag 


3165. Show that, whatever the differentiable function 9, 
it follows from g(cx — az, cy — bz) = 0 that 
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3166. F(z, y, z) = 0. Prove that 
Oy Oz Ox 


Ox Oy 
dy Ox ” Oz Ou dy 


(see Course, sec. 151). 

3167. Find the total differential of the function z defined by 
the equation cos? x + cos? y + cos*z = 1. 

3168. The function z is given parametrically: x = u-+ v, 


y= uU—v, 2= uv. Express z as an explicit function of z 
and y. 


3169.c¢=u+s y=w+o, z=u+v3, Express z 
as an explicit function of x and y. 


3170. x = ucosv, y= usinv, z= kv. Express z as an 
explicit function of x and y. 


Find on Be and dz for the functions of problems 3171- 
3174: 
a. uz + v2 ue — v2 


3171. c= ge Y =e tO. 


3172. « = Va(sinu + cosv), y =/a(cosu — sin»), 
z=1+ sin (wu — 2). 

3173. cx =u+tvyo=u—v, 2= wer, 

3174. x =e" cosv, y= esinv, z= w. 


3175. The relationships wu = f(x, y), v = F(x, y), where f 
and F are differentiable functions of x and y, define x and y 
as differentiable functions of w and v. Show that 


& ov Ou se] (F oy 0% 4 aly 


ax Oy ay dx du dv dv Ou 


Find the total differentials of the functions of problems 
3176-3177: 
3176. «= ucosv, y= usin», z= wu. 


3177. x = vcosu—ucosu+sinu, y = vsinu — 
— usin u — cos u, z= (u — v)*. 
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3178. wu and v are functions of x, y, 2 satisfying the rela- 
tionships wy = 32 — 2y+2z, v= 2?+ y?+ 22. Show that 


ou ou Ou 
Papel og 8 og 
3179. Let y = f(x, t), F(x, y, t) = 0. Show that 
of oF of oF 


dy _ ax ot at du 
ae Of OF | OF 
at ay | at 
3180. Let f(x, y,z) = 0, F(x, y, z) = 0. Show that 
of OF  aF af 
dy soa 8% Ou Oz 
de of :OF OF Of 
Oy dz Oy Oz 


5. Repeated Differentiation 
3181. 2 = 2° + ay? — bay? + y°. Verify that 


az a 
ax dy Oy da” 
é 072 022 
= 2). a ee : 
3182. z= 2. Verify that aeay ~ dy Ox 
3183. z = e* (cosy + xsiny). Verify that 
az 0% 
azdy ayo” 
08z a8z 


= y i a a et As 
3184. z = are tan . Verify that aykon — Omoye* 


2 2. 2 
Find a ieiy and a for the functions of problems 
3185-3192: 


3185, 2 = 5 Va +o. 3186. z = In(x + Ya* +4’). 
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3187. z = arctan 7 re. 3188. 2 = sin? (ax + by). 
3189. z= er". 3190. z=". 
x+y 
3191. 2 = y*, 3192. 2 = arc sin (xy). 
3193. w = Va? + y? + 2? — 2Qaz; ia ee 2 
: > @ydz 
a8z 
— exy?s  _ 2 
3194. z = e”; SakOy 2 
3195. 2 = In (2? + y%); a See 
° > ex dy2 © 
a8z 
— i .. —-— = 2 
3196. 2 = sin zy; Fer 
aw 
= : —__ = 2? 
3197. w = ex; Sedyoe 
08 
3198. v = 2 myNZP axoysan® 


3199. z = In (e* + e”); verify that me + 5 = I and that 


O22 dz 22 \ 
Oa? ay? a 


3200. wu = e*(x cosy — ysin y). Show that © — at oe 


2, 
3201. ae art show that ° — at aa fle ee 
ury 
1 Ou  O2u , au 
3202. ae (mary re show that aat * Oy? * at 0 


(see Course, sec. 153). 
3208. r = Va? + y? + 2; show that 


o'r ar , Or 2 a%Inr) at o2(In r) ie e%(Inr) 1 


aa?" ay2 * O22 or? Ox? ay? 022 72° 
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3204. For what value of the constant a does the function 
v=2-+ azy* satisfy the equation 
ey Oy 


Se pe ee ee 
ox? © dy? ve 
eae Seer Oe Oe 
3205. z= cae show that at ay? 
ae ae aes CS 
ea y! yen! 2—2’ Brgy eee 
02 02 oy a2 02 ov 
Oa? a ay? as 02? + ee ag dy 0z + aa =u 
3207. z= f(x,y), E=z+y, n= x—y. Verify that 
Oz 022 az 


ax® Oy? EON 
3208. v = In (x + r) — r, where r? = x? + y?, Show that 


ov a 
an2 ° Oy? a tr’ 
3209. Find the expression for the second derivative 


2. 
vy of the function y given implicitly by the equation 
f(z, y) = 0. 
3210. y = y(x — at) + p(x + at). Show that 


ay OY 
ot? Ox? ’ 
whatever the twice differentiable functions g and y». 
8211. u = p(x) + p(y) + (x — y) y'(y). Show that 
(e—y) oe = oe 
W Bedy ~ ay 
(y and »p are twice differentiable functions). 


3212. z = yp(x? — y?). Show that 
1 dz 1 02 Zz 


zoe ty ay — 


(y is a differentiable function). 
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3213. r = ap(x + y) + yy(x + y). Show that 
a'r a'r o'r 


jai — ? Oe dy Beer ete 


(y and yp are twice differentiable functions). 
3214. wu = ; [p(ax + y) + y(ax — y)]. Show that 


ole @ Of ou 
022 y? ay \4 ay} * 


3215. u=x"y (*) + a"—lp (2) Show that 


2 
2 OU 


Ou o2u 
ob Qn BN 8 A. ; 
ve 2 + 2axy da Oy +y aye nin — l)u 


3216. u = xeY + ye*. Show that 
au ou Oe Oe 
aa3 * dys — ” dx dye © 4 aa® dy ° 
3217. wu = e*?. Show that 


cB 2s = erd2(y2y°2? + 82yz + 1). 
Ox Oy Oz 
aw — y? 
3218. u = In . Show that 
xy 
On eu Fu sa Oe 225 1 1 
aa3 | Garay dxdy? dys “Ilys a) 


Find the second-order differentials of the functions of 
problems 3219-3223: 


3219. 2 = ay? — ay. 3220. z = In (x — y). 
1 
— 9 — in2 
3221. 2= Wa? + y * 3222. 2 = x sin? y. 
3223. 2 = e*y. 3224. u = xyz; d’u = 2? 


3225. z = sin (2x + y). Find d°z at the points (0, x); 


(-3.3) 
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3226. u = sin(z +y+2); d’u= ? 
ed y¥ 22 
3228, 22 — 3ayz = a8; d’z = 2 
3229. 322y? + 222xy — Qe~3 + 4zey? —4=0. Find dz at 
the point (2, 1, 2). 


Change of Variables 


3230. Transform the differential expression 
d’y 3 dy 
at dz? + 22 ae +y 
to a new independent variable by putting x = ; : 


3231. Transform the differential expression 
ary" — dey" + y 
to a new independent variable by putting x = e*. 
3232. Transform the differential expression 


by putting x = sint. 
3233. Transform the differential expression 


at 


pate 


by regarding y as the independent variable and x as a function 
of y. 
3234. Transform the expression 
yy” — 3y", 
by taking y as the independent variable. 
3235. Transform the expression 


yy” = Ay? + y’””) 


to a new function v by putting y = : 
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3236. Transform to polar coordinates the equation 


dy «x+y 
dx x—y’ 


3237. Transform the expression 


y” 
= as 
(I+ y")? 
to polar coordinates g, p, bearing in mind that x = ¢ cos 9, 
y = eosin 9. 
3238. The function z depends on 2, y. Carry out a change 
of independent variables in the expression 


with the aid of the formulae x = u cos v, y = usin v. 
3239. Transform Laplace’s operator 
Ox? Oy? 
to polar coordinates. 
3240. Transform the expression 
sa t oa the 


to a new function w on condition that z= w(Va? + y?) or 


z= w(r), where r = Pa? + y’, 
3241. In the expression 


02z O%z 
T Ae 
oxoy oy 


02z 
Ox? a4 


replace the independent variables x and y by variables u 
and v, and the function z by the variable w, taking these 


variables to be connected by the relationships x = oy 
2 2 2 

a ta EO 

y — 2 ? 4 * 


> 


CHAPTER XI 


APPLICATIONS OF THE 
DIFFERENTIAL CALCULUS 
FOR FUNCTIONS OF SEVERAL 
VARIABLES 


1. Taylor’s Formula. Extrema of Funetions of Several 
Variables 


Taylor's Formula 


3242. f(x, y) = 23 + 2y3 — xy; expand the function f(x + 
+h, y + k) in powers of h and k. 

3243. f(x, y) = 28 + y? — bry — 39x + 18y + 4; find the 
increment received by the function when the independent 
variables change from the values 2 = 5, y = 6 to the values 

ay? ay? 

3244. f(x, y) = aoe yes + ae 2x + 3y — 4; find the 
increment taken by the function when the independent 
variables pass from the values x = 1, y = 2 to the values 
e=1+h, y=2+k. Evaluate f(10°2, 2°03), taking into 
account terms up to and including the second order. 


3245. f(x, y, z) = Az? + By? + C22 + Day + Hyz + Fea; 
expand f(7-+h, y+k, z+ 1) in powers of h, k and 1. 


3246. Expand z= sinzsiny in powers of ( — Z| and 


(v — i} Find the terms of the first and second order and 
R, (the second-order remainder term). 


3247. Expand the function z= 2x» in powers of (% — 1) 
and (y — 1), finding the terms up to and including the third 
order. Use the result to evaluate (without tables!) 1:1'°. 
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3248. f(z, y) = e* sin y; expand f(x + h, y + k) in powers 
of h and k, taking terms up to and including the third order 
in f and k. Use the result to evaluate e®! sin 0°49z. 


3249. Find the first few terms of the expansion of the 
function e* sin y in a Taylor series in the neighbourhood of 
of the point (0, 0). 

3250. Find the first few terms of the expansion of the 
function e* In(1 + y) in a Taylor series in the neighbourhood 
of the point (0, 0). 

Expand the functions of problems 3251-3256 in Taylor 
series for x) = 0, Yo = 0: 


I u—y 
4 a * ss . 
3251. z = f=9ea: 3252*. z = arc tan pene 


3253. z = In (1 — x) In(1 — y). 
$254. Z=> In l-a—yr ey e 
l—a~—y 

3255. 2 = sin (a + y?). 

3256. z = e* cos y. 

3257. Find the first few terms of the expansion on powers of 
x — 1, y — 1 of the function z, given implicitly by the equa- 
tion 

3+ yz — ay? — 2 = 0 

and equal to unity forz=1,y= 1. 

3258. Obtain the approximation 


cos @ 1 
xs1l— xe y¥ 
cos ¥ 3 y’) 


for sufficiently small values of |z|, |y|. 


Extremals 


Find the stationary points of the functions of problems 
3259-3267 : 


3259, 2 = 2a3 + ay? + 5a? 4+ y*. 
3260. z= e*(~4 + y2 + 2y), 3261. z= zy(a — x — y). 
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3262. z == (2ax — x) (2by — y?). 
3263. z = sina + siny + cos (x + y) (ses. 0= 


ga64, 2 Soe ty re ey: 
3265.2 =yVl+at+tayVl+y. 

3266. u = 222 4 y? + 22 — xy — az. 

3267. u = 3Inz + 2Iny + 5Inz + In (22 — x — y — 2). 


3268. Figure 60 illustrates the level lines of the function 
z= f(x,y). What special features has the function at the 
points A, B, C, D and on the curve HF? 


3269. A function z is given implicitly: 
2x? + 2Qy2? + 22+ 84z —2+8=0. 
Find its stationary points. 


Fia. 60. 


3270. A function z is given implicitly: 
5x? + 5y? + 522 — 2aey — 2az — 2yz — 72 = 0. 
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Find its stationary points. 
3271*. Find the extremal points of the function 


z= 2ey ~ 3x? — Qy? + 10. 
3272, Find the extremal points of the function 
z2=4(x—y)—v?—y’*. 
3273. Find the extremal points of the function 
z= ePtaytyY+te-—ytil. 
3274. Show that the function z = 2? + ay + y? + = + “ 


has a minimum at the point x = y = — : 


¥3 
3275. Show that the function z = a4 + y4 — 2a? — day — 
— 2y? has a minimum for 2 = 2, y = Y2 and forz = — Y2, 
y= —Y2. 
3276. Show that the function z = 2° + y? — 6ry — 39x + 
+ 18y + 20 has a minimum for x = 5, y = 6. 
3277. Find the stationary points of the function 
z= xy?(12 — x — y), 
satisfying the condition x >0, y >0, and examine their 
nature. 
3278. Find the stationary points of the function 
z= + y3 — 3ry 


and examine their nature. 


Greatest and Least Values 

3279. Find the greatest and least values of the function 
z= 2? — y’ in the circular domain 2? + y? = 4. 

3280. Find the greatest and least values of the function 
2= 2? + Ixy — 4x + 8y in the rectangle bounded by the 


straight lines 
t=0,¥y=0,%=1, y= 2. 


3281. Find the greatest value of the function 
z= 2'y(4 — 2 —y) 
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in the triangle bounded by the straight lines x = 0, y = 0, 
aty= 6. 
3282. Find the greatest and least values of the function 


z= ev —y? (222 + 8y?) 
in the circle 2274+ y? = 4. 


3283. Find the greatest and least values of the function 
z=sinzx-+siny-+ sin («+ y) 
in the rectangle O=rst; 0=ys-. 


3284. Write the positive number a as the sum of three 
positive terms such that their product is a maximum. 

3285. Express the positive number a as the product of 
four positive factors such that their sum is a minimum. 

3286. Find the point of the xOy plane such that the sum 
of the squares of its distances from the straight lines x = 0, 
y = 0, «+ 2y — 16 = 0 is a minimum. 

3287. Draw the plane through the point (a, 6, c) such that 
the volume of the tetrahedron, cut out by it from the co- 
ordinate trihedral, is a minimum. 

3288. Given the n points A,(x,, y,, 2%), ~.. +; An(®p» Yn» 2p) 
find the point of the zOy plane such that the sum of the 
squares of its distances from all the given points is a minimum. 

3289. Given the three points A(0, 0, 12), B(0, 0,4) and 
C(8, 0, 8), find the point D on the zOy plane such that the 
sphere passing through A, B, C, and D has minimum radius. 

3290. Inscribe the rectangular parallelepiped of maximum 
volume in a given sphere of diameter 22K. 


Conditional Extrema 


Investigate the extrema of the functions of problems 3291- 
3296: 


3291. 2 = a™ + y™(m > 1) forz+y = (2 2Z0,y & 0). 
$292. 2 = ay for 2? + y? = 2a’. 
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1 ] 


1 ] 1 
3293. Bi gg Olga aga — Ga 


3294. z = acos?x + bcos? y for yaa. 


1 1 I 
3295. u=x+ty+z aa 


(l)ze+y+2z=6, 
(2) zy + zz + yz = 8. 
3297*. Establish the relationship 


fiat tag (abat bal 


3296. u = xyz for 


n n 


3298. f(x, y) = uw? — 3xy? + 18y, where 3a°y — ¥® — 64 = 
= 0. Prove that f(x, y) has extrema at the points = y = 
=+Y73. 

3299. Find the minimum of the function az? + by? + cz?, 
where a, b, c are positive constants, and x, y, z are connected 
by the relationship 


aty+z=1. 
3300. Find the extrema of the function 
u = y? + 422 — 4yz — 2xz — 2ay 
on condition that 
2u* + 3y? + 622 = 1. 


3301. Find the point on the plane 3x — 2z = 0 such that 
the sum of the squares of its distances from the points 
A(1, 1,1) and B(2, 3, 4) is a minimum. 

3302. Find the point on the plane x + y — 22 = 0 such 
that the sum of the squares of its distances from the planes 
z+ 3z= 6 and y + 3z = 2 is a minimum. 

3303. Given the points A(4, 0,4), B(4, 4,4), C(4, 4, 0), 
find the point S on the surface of the sphere a? + y? + 2? = 4 
such that the volume of pyramid SABC is (a) a maximum, 
(b) a minimum. Check the answer by elementary geometry. 
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3304. Find the rectangular parallelepiped of given volume 
V having the least surface area. ; 

3305. Find the rectangular parallelepiped of given surface 
area S having the maximum volume. 

3306. Find the volume of the greatest rectangular paral- 
lelepiped that can be inscribed in an ellipsoid with semi-axes 
a, b and c. 

3307. A marquee is in the form of a cylinder with a conical 
top over it. What are the relationships between the linear 
dimensions of the marquee for the manufacture of it to require 
the least amount of material for a given volume? 

3308. The section of a channel is an isosceles trapezoid 
of given area. How must its dimensions be chosen for the 
wetted area of the channel to be a minimum (Fig. 61)? 


b 
Fie. 61. 


3309. Of all the rectangular parallelepipeds having a 
given diagonal, find the one whose volume is a maximum. 

3310. Find the external dimensions of an open box (without 
a lid) in the form of a rectangular parallelepiped with given 
wall-thickness « and volume JV, such that the least amount of 
material goes into it. 

3311. Find the maximum volume of a parallelepiped, given 
that the sum of all its ribs is equal to 12a. 

3312. Circumscribe about a given ellipse the triangle with 
base parallel to the major axis of the ellipse, such that the 
area of the triangle is a minimum. 


2 2 
3313. Find the points on the ellipse <- + . = I nearest 


to and furthest away from the straight line 
3a —y—9= 0. 
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3314. Find the point on the parabola x? + 22y + y? + 
+ 4y=0 closest to the straight line 3x — 6y+4=0. 
3315. Find the point on the parabola 22? — 4ay + 2y? — 
—x— y= 0 closest to the straight line 9x — Ty + 16 = 0. 
3316. Find the greatest distance of points of the surface 
ax? + by? + cz? + 2fyz + 2gxz + 2hay = 1 
from the plane z = 0. 

3317. Find the sides of the right-angled triangle having the 
least perimeter for a given area S. 

3318. A prism with a rectangular base is inscribed in a 
right elliptic cone of height H cm, the semi-axes of the base 
of which are a and b cm; the prism is such that the sides of 
its base are parallel to the axes, whilst the intersection of 
the base diagonals lies at the centre of the ellipse. What must 
be the sides of the base and the height of the prism for its 
volume to be a maximum? What is this maximum volume? 

3319. Find the equilateral triangular pyramid of given 
volume such that the sum of its ribs is a minimum. 

3320. Given two points on an ellipse, find the third point 
on the ellipse such that the triangle, the vertices of which 
are at the given points, has the maximum area. 

3321. Draw the normal to the ellipse z+% = 1 which 
is furthest from the origin. 


2 
3322. Find the points on the ellipsoid of revolution a + 


+ y? + 2 = 1 closest to and furthest away from the plane 
3a + 4y + 12z = 288. 

3323. Given the plane curves f(z, y) = 0 and 9(z, y) = 0, 
show that the distance between points («, 8) and (&, 7), lying 
on the respective curves, has an extremum when the follow- 
ing condition is fulfilled: 

of Op 
a—E (in) Ge 


"Gales Cee 


XI. APPLICATIONS OF THE DIFFERENTIAL CALCULUS 287 


Use this to find the shortest distance between the ellipse 
x? + 2ay + 5y? — 16y=0 and the straight line «+ y — 
—8=0. 


2. Plane Curves 


Tangents and Normals 
Write down the equations of the tangent and normal at 
the point indicated to the curves of problems 3324-3327: 
3324. ay + yx = 3 — ay? at the point (I, 1). 
3325. a?(a* + y*) — 2®y3 = 9a® at the point (a, 2a). 
3326. cos xy = x + 2y at the point (1, 0). 
3327, 203 — ay + 322 + dry — 5a — 8y + 6=0 at its 
point of intersection with the Oy axis. 


Singular Points 


Find the singular points of the curves of problems 3328- 
3340: 


3328. y? = 27(a — 1). 3329. a?x? = (2? + y?)y?. 
3330. y? = ax? + ba5, 3331. y? = a(x — a)’. 
2 2 2 


3332. 23 +y3 =a3. 

3333. at + y4 — 827 — 10y? + 16 = 0. 

3334. zt + 1223 — 6y8 + 362? + 27y? — 81 = 0. 

3335. 23 + y8 + 3axcy=0. 3336. 2? + y? = at 4+ y'4. 


3337. y = «Ing. 3338. y? = sin? x. 
3339. y? = (2 — a). 3340. 25 = (y — x?)?, 
Envelopes 


3341. Find the equation of the envelope of the family of 
straight lines y = ax + f(a). In particular, put /(a@) = cosa. 

3342. Find the envelope of the family of straight lines 
y = 2mx + m'4. 
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3343. A pencil of straight lines is drawn through the point 
A(a, 0). Find the envelope of the family of normals to the 
lines of the pencil, drawn at the points of intersection of the 
lines with Oy (see Course, sec. 45). 

3344. Find the envelope of the family of parabolas y? = 
= a(x — a). 

3345. Find the envelope of the family of parabolas 

ax? + ay = 1. 
3346. Find the envelope of the family of parabolas 
y = a (x — a)’. 
3347. Find the envelope of the family of semicubical para- 


bolas 
(y — a)? = (x — a). 
3348. Find the envelope of the family of curves 
x? + ay? = a, 
3349. Find the envelope of the family of ellipses 
ry 
ato 
a? 
with the condition that the sum of the semi-axes of each 
ellipse is equal to d. 

3350. The radii of a circle are projected on to two mutually 
perpendicular diameters of the circle, and ellipses are con- 
structed with the projections as semi-axes. Find the envelope 
of this family of ellipses. 

3351. Find the envelope of the family of circles having 
their centres on the parabola y = bz? and passing through 
its vertex. 

3352. A straight line moves so that the sum of the lengths 
of the segments that it cuts out on the coordinate axes 
remains constant and equal to a. Find the envelope of the 
family of straight lines thus obtained. 

3353. Find the envelope of the diameters of a circle rolling 
without slip on a given straight line (radius of circle = R). 
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3354. Circles are drawn by taking as diameters the chords 
of a circle (of radius R) parallel to a given direction. Find the 
envelope of this family of circles. 


3355. A straight line moves so that the product of the 
segments that it cuts off on the coordinate axes is equal to 
a constant a. Find the envelope of these straight lines. 


3356. Show that every curve is the envelope of its tangents. 


3357. Show that the evolute of a curve is the envelope of 
the family of its normals. Find the evolute of the parabola 
y? = 2pax as the locus of the centres of curvature and as the 
envelope of the family of normals. Compare the results. 


3358. Prove the theorem: if curve (A) is the envelope of 
the family of straight lines x cost + ysint — f(t) = 0, the 
evolute of curve (A) is the envelope of the family of straight 
lines —a sint + y cost — f(t) = 0. 

3359. The radius vector OM of an arbitrary point M 
of the rectangular hyperbola xy = 1 is projected on to the 
asymptotes of the hyperbola. Find the envelope of the family 
of ellipses constructed by taking the projections of OM as 
semi-axes. 


3. Vector Functions of a Scalar Argument. Curves in Space. 
Surfaces 
Vector Functions of a Scalar Argument 


3360. Prove the differentiation formulae 


d du d dw , du 
S (ur) =u +0 a’ ay Uxe) = Xa ta * 


Here, u and v are vector functions of the scalar argument ¢. 


3361. Given r = r(t), find the derivatives: 


d d/(d d d d 
(2) 0 Oae(ar}s (-ae(" ar} @ ae("ae ar] 
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3362. Given that vectors r(f) and or are collinear for 


all values of ¢, prove that vectors an ssh Beet a are also 
collinear with r(é). 

3363. Show that, if the modulus |r| of function r(t) remains 
constant for all values of ¢, than = Lr. (What is the 
geometrical meaning of this fact?) Does the converse theorem 


hold ? 


3364. Given: r = acoswt + bDsinwt, where w, a, b are 
constants, prove that 


dr d’r 
(1) * xX GF = wax bd and (2) gz + wr = 0. 


3365. Prove that, if eis the unit vector in the direction of 


vector E, then e x de = = ; 
3366. Prove that, if r = ae* + be, where a and b 
2 
are constant vectors, then 3 —w’r = 0. 


3367. u = a(x, y, 2, t)it+ Bay, ztyj + yixyz, tk, 
where x, y, z are functions of t. Prove that 


du ou oide ow dy ou dz 
dt ot ' da dt ' dy dt ' dz dt” 
3368. Given: r = r(u), wu = y(x). Express the derivatives 
a oe ori terms for la en 
dx’ dx?’ dz’ OT du’? dud’ dui’ 
3369. Show that, if the relationship or = ar, where 


« = const, holds for the vector function r = r(é), the hodo- 
graph of the function r(u) is a straight line through the pole. 


3370. Let the function r(t) be defined, continuous and 
differentiable in the interval (¢,, t,), whilst r(é,) = r(é,). Apply 


XI. APPLICATIONS OF THE DIFFERENTIAL CALCULUS 291 


Rolle’s theorem to the function a - r, where @ is an arbitrary 
constant vector. Explain the result geometrically. 

3371. Given the radius vector r{a sin t, —a cost, bé?} (¢ is 
time, a and } are constants) of a particle moving in space, 
find the hodographs of the velocity and acceleration. 

3372. Find the trajectory of the motion for which the 
radius vector of a moving point satisfies the condition 


OF ay 
dt > 


where a is a constant vector. 


3373. A material particle moves in accordance with the 
law 


1 
r = Ut + 5g? 


(ris the radius vector of the particle at the instant ¢, v) and 
g are given vectors). Show that (1) the momentum of the 
particle is a quadratic function of time; (2) vp is the initial 
velocity (i.e. the value of the velocity vector at the instant 
t= 0); (3) the motion proceeds with constant acceleration, 
equal to the vector g; (4) the motion proceeds along a para- 
bola (provided that vectors v, and g are not collinear), the 
axis of which is parallel to vector g. 


3374. The law of motion of a material particle is given by 
r=acosi+ bsini+e, 


where vectors a and bare perpendicular to each other. Find 
the trajectory of the motion. At what instants is the velocity 
extremal? At what instants is the acceleration extremal? 


3375. The formulae for transforming from Cartesian to 
spherical coordinates are x = g sin @cosy, y = gsin @sin 9g, 
z= ecos 0, where g is the distance of the given point from 
the pole, 9 is its latitude, and its azimuth or longitude (see 
Course, sec. 152). Find the components of the velocity of a 
moving particle in the directions of the orthogonal unit vec- 
tors €,, @, e,. 
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Curves in Space 


Form the equations of the tangent line and normal plane 
to the curves of problems 3376-3383 at the points indi- 
cated: 


3 72 
3876, r([ e 2) i.e. n=, y= 2= at an 


3° 2 
arbitrary point. 
3377. x =acosy, y=asing, z= fo, at the point 
(° 2 ay2 k 
2 


at , ‘} Prove that the tangent at every point of 


the curve forms the same angle with Oz (see Course, sec. 
164). 


1 
3378. «=at, y= 3 ae, z= att at the point (6a, 18a, 
72a). 


t 


3 at the point 


3379. « =t — sint,y = 1 — cost,z = 4sin 
Mi A — 
(z - 1, 1,273). 

3380. y? + 22 = 25, a2 + y2=10 at the point (1, 3, 4). 


3381. 2x? + 3y2 + 22 = 47, 22+ 24y2=2z at the point 
(—2, 1, 6). 


3382. 2? + y? = 22, a = y at the point (Xp, Yq, 2). 
3383, 224 2=— a3, y+ 22= 63 at an arbitrary point. 
3384. Find the point of the curve r {cos?, sin é,e'} at 
which the tangent is parallel to the plane 
y3e+y—4=0. 


Form the equations of the osculating plane, the principal 
normal and the binormal to the curves of problems 3385- 
3387 at the points indicated: 


3385. y? = 2, 2? = z at the point (1,1, 1). 
3386. x? = 2az, y? = 2bz at an arbitrary point. 
3387. r Jef, e-', ¢ V2! at the point (e, e1, V2). 
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3388. Prove that the tangents, principal normals and 
binormals of the curve r{e! cos #, e! sin t, e'} form constant 
angles with Oz. 


Form the equations of the tangent line, normal plane, 
binormal, osculating plane, principal normal and rectifying 
plane to the curves of problems 3389-3392 at the points 
indicated: 

3389. 2 =, y= 1—t, 2=8# at the point (1, 0, 1). 

3390. a? + 4? + 2 = 3, 22+ y? = 2 at the point (1, 1, 1). 
yo v2 7 
2° 2’ ° 

3392. r{t? —  — 5, 3 4-1, 243 — 16} at the point corre- 
sponding to the value of the parameter ¢ = 2. 

3393. Prove that the curve 


vr {2t + 3, 3 — 1, 2} 


3391. r{sin ¢, cos é, tan t} at the point 


has the same osculating plane at every point. Interpret this 
fact geometrically. 


3394. Prove that the curve 
r{at? + dt + ¢,, at? + bt + ¢,, ast? + bgt + c5} 


is plane, and form the equation of the plane in which it is 
situated. 

3395. Find the radius of torsion of the curve r{cos #, sin t, 
cosh ¢}. 

3396. Find the radius of curvature of the curve r{In cost, 
In sin ¢, /2 t}. Prove that the torsion at any point of it is 
equal to the curvature at that point. 

3397. Prove that the ratio of curvature to torsion remains 
constant at every point of the curve r{e!cosé, e! sin ¢, e'} 
(see problem 3388). 

3398. How can we express the curvature of a spatial curve 
given by the equations y = (x), 2 = p(x)? 

3399. Express the vectors 1,, 7,, 8, in terms of the deriv- 
atives of the radius vector of a point on the curve r = r(t). 


294 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


3400. Express each of the vectors v,, »,, 8, in terms of the 
other two. 

3401. Find the vector w/(s) (Darboux vector) satisfying the 
conditions 


dy. dg. 
Gp = OXt3 a OX; a wx By. 


Length of Arc of a Spatial Curve 
Find the length of arc of the curves of problems 3402-3409: 
3402. r{2¢, In ¢, #}, from t= 1 to t= 10. 
3403. r{a cost, asint,aIn cost} from the point (a, 0, 0) 


to the point (ve ay? oy 5 In 2| 


2 
3404. r{e! cost, ef sin ¢, e'} from the point (1,0, 1) to the 
point corresponding to the parameter ¢. 


3405. x? = 3y, 2xy = 92 from the point (0,0, 0) to the 
point (3, 3, 2). 


3406. z* = 2azx, 9y? = 16xz from the point (0, 0, 0) to the 
point [22 a 22] : 

3407. 4ax = (y + 2), 4x? + 3y? = 32? from the origin to 
the point (z, y, 2). 


3408. y = )2az — 2*, z=aln 


to the point (a, y, z). 


2 vr 
ma < from the origin 


3409. y = a arc sin “, 2= ia In® zs = from the origin 


art 
to the point (5. eB” ging). 


Surfaces 
Find the equations of the tangent planes and normals to 
the surfaces of problems 3410-3419 at the points indicated: 
3410. z = 22? — 4y? at the point (2, I, 4). 
3411. z = xy at the point (1, 1, 1). 
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3 
3412. 2 — a 


3413. z = Va? + y® — ay at the point (3,4, —7). 


at the point (a, a, —a). 


3414. z = arctan 4 at the point ( Lz] : 


2 2 2 
3415. 3+ 5+ = 1 at the point ge os eV). 


eae 
3416, 23 + ¥3 + 23 + xyz — 6 = 0 at the point (1, 2, —1). 
3417. 304 — 4yz + 4z2xy — 4232 + 1=0 at the point 
(1, 1, 2). 


3418. (22 — x?) xyz — y® = 5 at the point (1, 1, 2). 
3419, 44. Va? + y? + 22? = a2+y-+2z at the point (2, 3, 6). 
3420. Prove that the equation of the tangent plane at 
‘ PRE at fee 
any point M(x, Yo, Zo) of the ellipsoid Z + fi + a 1 has 
the form 


ee 


3421. Draw the tangent plane to the ellipsoid x? + 2y? + 
-+ 22 = 1 parallel to the plane 


x«—y+2z2=0. 
ae Deer the tangent plane to the ellipsoid = ~~ ae 
ae © s+ = 1 such that it cuts off equal segments on the 


seve: coordinate semi-axes. 


3423. Prove that the surfaces x + 2y —Inz+4=0 and 
x? — ry — 8% +2-+5=0 touch each other (i.e. have a 
common tangent plane) at the point (2, —3, 1). 

3424. Prove that all the planes tangential to the surface 


z= “i(%) intersect in a single point. 
3425. Write the equations of the tangent plane and nor- 


mal to the sphere r}ucosv, wsinv, Va? — u?{ at the point 
Yo{Zo Yor Zo}- 
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3426. Write the equations of the tangent plane and nor- 
mal to the hyperbolic paraboloid r{a(u + v), b(u — v), uv} 
at the arbitrary point rp{%po, Yo, %}- 

3427. Prove that the surfaces 2? + y2+ 2? =: ax and 
x? + y? + 22 = by are orthogonal to each other. 


3428. Prove that the tangent plane to the surface xyz = a 
at any point of it forms a tetrahedron of constant volume 
with the coordinate planes. Find this volume. 

3429. Prove that the tangent planes to the surface Jz + 
+ Vy +Vz=VJa cut off segments on the coordinate axes 
such that the sum of the segments is equal to a. 


3430. Write the equation of the tangent plane to the sur- 
face z = xy which is perpendicular to the straight line 


e+2 y+2 2-1 
a nen es 


3431. Prove that, for the surface x? + y? +22 =y, the 
length of the segment of normal between the surface and the 
xOy plane is equal to the distance from the origin to the trace 
of the normal on this plane. 


3432. Prove that the normal to the surface of the ellipsoid 
of revolution 
a a 
9 to5~? 


at any point of it P(x, y, z) forms equal angles with the straight 
lines OA and OB, if A(0, —4, 0) and B(0, 4, 0). 
3433. Prove that all the normals to the surface of revo- 


lution 
2 = (VPP) 


cut the axis of revolution. 


3434. Draw the tangent plane to the surface 2? — y? — 
— 3z = 0 that passes through the point A(0, 0, —1) and is 


parallel to the straight lines =l=s. 
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3435. Find the points on the surface a? + y? + 2? — 6y + 
-+ 4z = 12 at which the tangent planes are parallel to the 
coordinate planes. 


3436. Find the tangent plane to the surface 
e=utvyy=vViv2z=v+ v3 


at an arbitrary point: 

(a) by taking the equation of the surface in the parametric 
form; 

(b) by writing the equation of the surface in the form 
z= f(x, y). 

3437. Find the locus of the feet of the perpendiculars drop- 
ped from the origin on to the tangent planes to the para- 
boloid of revolution 2pz = a2? + y?. 

3438. Find the locus of the feet of the perpendiculars 
dropped from the origin on to the tangent planes to the 
surface xyz = a’. 


4. Sealar Field. Gradient. Directional Derivative 


Gradient 


3439. (1) p(x, y) = a? — 2xy + 3y — 1. Find the compo- 
nents of the gradient at the point (1, 2). 

(2) w = 5a®’y — 32y3 + y*. Find the components of the 
gradient at an arbitrary point. 

3440. (1) z= 22+ yy. Find gradz at the point (3, 2). 

(2)z2z=V4+a%+y%. Find gradz at the point (2, 1). 


(3) 2 = are tan 2 Find grad z at the point (2, yo). 


3441. (1) Find the maximum steepness of ascent of the 
surface z = In (2? + 4y?) at the point (6, 4, In 100). 

(2) Find the maximum steepness of ascent of the surface 
z= x» at the point (2, 2, 4). 

3442. What is the direction of maximum variation of the 
function (zx, y, 2) = x sinz — y cos z at the origin? 
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3443. (1) z = arcsin 


x 
. Find the angle between the 

ety ae 

gradients of this function at the points (1, 1) and (3, 4). 

(2) Given the functions z = a? + y? and z = # — 3y + 
+ 3ay, find the angle between the gradients of these func- 
tions at the point (3, 4). 

3444. (1) Find the point at which the gradient of the 


function z= In [= + | is equal to i — os : 


(2) Find the points at which the modulus of the gradient 
3 


of the function z = (x? + y?)? is equal to 2. 


3445. Prove the following relationships (y and y are 
differentiable functions, c is a constant): 


grad (p + p) = gradp + grad y; grad (c + ¢) = grad 9; 


grad (cy) = ¢ grad 9; grad (py) = p grad p + 
+ yp grad 9; 
grad (¢") = np"! grad 9; grad [y(y)]=9¢'(y) grady 


3446. z= (u,v), w= y(z,y), v=C)(x,y). Prove that 
eso oy 
gradz = Bu grad u + ai grad v. 
3447. (1) u(x, y, z) = xy?z. Find the components of grad u 


at the point (Xp, Yo, 2p). 


(2) u(x, y, 2) = Vx? + y*? + 2%. Find grad wu. 
3448. Show that the function u = In (x? + y? + 2°) satis- 
fies the relationship u = 2 In 2 — In (grad u)?. 


3449. Prove that, if x, y,z are functions of ¢, then 
d dr 
Gilley) = grad pS 


where 
r=2i+ yj + zk. 
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3450. Use the relationship proved in the previous problem 
for finding the gradient of the function: 


(1) f= 9°; (2) f= |r|; (3) f= P(r’); (4) f = (ar) (br); 
(5) f = (abr); 


where a and b are constant vectors. 


Directional Derivatives 


3451. (1) Find the derivative of the function z = 2? — 
— 3x?y + 3ay? + 1 at the point 1/(3, 1) in the direction from 
this point to the point (6, 5). 

(2) Find the derivative of the function z = arctan xy 
at the point (1, 1) with respect to the direction of the bisector 
of the first quadrant. 

(3) Find the derivative of the function z = x*y? — xy® — 
— 3y — 1 at the point (2, 1) in the direction from this point 
to the origin. 

(4) Find the derivative of the function z = In (e* + e¥) at 
the origin in the direction «. 


3452. Find the derivative of the function z = In (x + y) 
at the point (1, 2) of the parabola y? = 4x with respect to 
the direction of this parabola. 

y 


3453. Find the derivative of z = arc tan = at the point 
(j 8) of the circle 2? + y? — 2x = 0 with respect to the 
D) > > 


direction of this circle. 


2 
3454. Show that the derivative of z = - at any point 


of the ellipse 227 + y? = 1 with respect’ to the normal to 
the ellipse is zero. 

3455. (1) Find the derivative of u = xy? + 22 — ayz at 
the point M(1, 1, 2) in the direction forming angles of 60°, 45°, 
60° respectively with the coordinate axes. 

(2) Find the derivative of w = xyz at the point A(5, 1, 2) 
in the direction from this point to the point B(9, 4, 14). 
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3456. Find the derivative of u = xy?z2 at the point 
A(1, —1, 3) in the direction from this point to the point 
B(0, 1, 1). 


sone ey a 
3457. Show that the derivative of u = 2 + Bp + oe at 
any point U(x, y, z) in the direction from this point to the 
origin is equal to where r = Vo? + y? +2. 
3458. Prove that the derivative of u = f(x, y,z) in the 


direction of its gradient is equal to the modulus of the gradient 
(see Course, sec. 161). 


3459. Find the derivative of the function 
uae, where r? = a? + y? + 22, 


in the direction of its gradient. 


CHAPTER XII 


MULTIPLE INTEGRALS AND 
ITERATED INTEGRATION 


1. Double and Triple Integrals 


3460. A thin lamina (its thickness is neglected) lies in 
the xOy plane, occupying a domain D. The density of the 
lamina is a function of a point: y = y(P) = y(z, y). Find the 
mass of the lamina. 

3461. An electric charge with a surface density of o = 
= o(P) = o(x, y) is distributed over the lamina of problem 
360. Form the expression for the total charge on the lamina. 

3462. The lamina of problem 3460 revolves about the Ox 
axis with angular velocity w. Form the expression for the 
kinetic energy of the lamina. 

3463. The specific heat of the lamina of problem 3460 
varies according to the law c = c(P) = c(x, y). Find the amount 
of heat absorbed by the lamina when it is heated from a 
temperature ¢, to a temperature ¢,. 

3464. A body occupies a spatial domain 2; its density is 
a function of a point: y = y(P) = y(z, y, 2). Find the mass 
of the body. 

3465. Electric charge is distributed non-uniformly in the 
body of problem 3464; the charge density is a function of a 
point: 6 = d(x, y, z). Find the total charge of the body. 

Estimate the integrals of problems 3466-3476: 


3466. le + y-+ 10) do, where D is the circular domain 
D 
w+ ys 4, 
3467. jj (a? + 4y? + 9)do, where D is the circular do- 
D 
main 2? + y? = 4, 
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3468. {| (xc -+y-+1)do, where D is the rectangle 0 = 
<2<1,0Sy=2. 
3469. ff (x + zy — x® — y’) do, where D is the rectangle 
(Seer 0sy52. 


3470. (| xzy(x + y) do, where D is the square 0 =a2 = 2, 


D 
0OSy 52. 
3471. ff (x + 1)¥do, where D is the square 0 S27 = 2, 
0OSys 2. 
3472. | | (a? + y? — 2/a® + y* + 2) do, where D is the 
square 0= x2, 0OSyS2. 


3473. ff (22 + y® — 4x4 — 4y + 10) do, where D is the 
D 


domain bounded by the ellipse 2x? + 4y? — 2% — l6y + 
+ 13 = 0 (including the boundary). 


3474. ttf (x? + y? + 27) dv, where 2 is the sphere 2? + 
+ y? + i R?. 
3475. fhe +y-+2)dv, where 2 is the cube x = 1, 
y= 1, 2=1,eS3,y 3,283. 
3476. {ty (c-+y—2z-+10)dv, where 2 is the sphere 
2 
ety? + 2 = 3. 


2. Iterated Integration 


The Double Integral. Rectangular Domain 


Evaluate the double integrals of problems 3477-3484, over 
the rectangular domains specified by the inequalities in 
brackets: 


3477. || aydedy (0 S251, 05y = 2); 
D 
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3478. [[ertydedy (0S¢ <1, 0SyS)). 
D 


3479. hes aun (0 S251, 0<y)). 
D 


da dy 
3480. 0OX=27=1, 083751). 
Jaret | ae i 


3481. ewer: see — ; (0=2=1, 0=y=)). 
Lat ye 


3482. [J esin (@ + y) dx dy (sean 0 sys 5). 
D 


3483. ial eye’ dady (0S2e=1,05y 382). 
D 


The Double Integral. Arbitrary Domain 
Find the limits of the iterated integral If te y) da dy 
D 
for the given (finite) domains of integration D. 
3485. The parallelogram with sides 
x= 3,4 = 5, 34 — 24y1+4=0, 3x —-2y+1=0. 
3486. The triangle with sides x= 0, y=0, e+ y= 2. 
3487. P+ yS1, 27Z=0, y=. 


3488. et+yS=1l«—ysl1,rzZo. 
3489. y =a, yS 4 — 2. 


3490. ~ 4-4 =1. 3491. (w —2)2+ (y—3)2S4. 
3492. D is bounded by the parabolas y = x? and y = Ya. 
3493. The triangle with sides 

y=u, y= 2u anda+y=6. 
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3494. The parallelogram with sides 
y=uy=uxt+3,ys—24+ ly = —24+ 5. 

3495. y — 22 = 0, 2y— 2 2B, zy = 2. 

3496. 4? = 8a, y SS 2m, y + 4a — 24 = 0. 

3497. D is bounded by the hyperbola y? — 22 = 1 and 
the circle x2 + y? = 9 (the domain we have in mind contains 
the origin). 

Change the order of integration in the integrals of problems 
8498-3503: 


1 Ww 1 View 
3498. | dy | f(x, y) de. 3499. [dx | f(x, y) dy. 
6 y -i (} 
1 vir 
; Vie 2 woe 
3500. [de | fl y)dy. 3501. [dx f f(x,y) dy. 
0 x 2 a 
“y2 V4—x 
2 2x 2 6x 
3502. | de | f(x, y) dy. 3503. | de | f(x, y) dy. 
1 x 0 2x 


3504. By changing the order of integration, write each 
expression as one iterated integral: 
2—x 


1 x 2 
(1) f de | fee, 9) dy + fae | Hx, y) dy; 
0 1 


0 
lig 
x? 3 2° * 


1 * . 
(2) J de | fey) dy + | ax J f(x, y) dy; 


2 
1 xt 2 1—Y4x—x?—3 


(3) de | fi, y)dytfax | fey) ay. 
6. 6 1 iy 
3505. Write the double integral a f(x, y) dz dy, where D 
D 


is the domain indicated in Fig. 62, 63, 64 and 65, as a sum of 
iterated integrals (with the least number of terms). The 
shapes shown in Fig. 64 and 65 are composed of straight 
lines and arcs of circles. 
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9 B(5,4) 


(2,3) (3,3) 


Fia. 64. Fic. 65. 


Evaluate the Git ig of ree 3506-3512: 


3506. (1) fofon (2) joe (3) Ju fora 


3507. ee 2 en where D is the circle 2? + i, =S PR. 


3508. fy (x? + y)dxdy, D is the domain bounded by 
D 
the parabolas y = 2? and y? = zx. 
2 
3509. iE dz dy, D is the domain bounded by the straight 
y 
D 
lines « = 2, y = x and the hyperbola zy = 1. 
3510. ty cos (x + y) dz dy, D is the domain bounded by 
DB 
the straight lines x = 0, y= a andy =z. 
3511. {\vi —2—ydxdy, D is the portion of the 
Dd 


circle 2? + y? = 1 lying in the first quadrant. 
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3512. J Jou V1 — x — 7° dx dy, D is the domain bound- 


ed by the curve 2° +- y3 = 1 and the coordinate axes. 

3513. Find the mean value of the function z = 12 — 2x — 
— 3y in the domain bounded by the straight lines 12 — 2x — 
— 3y=0,727=0,y=0. 

3514. Find the mean value of the function z = 24 + y 
in the triangle bounded by the axes and the straight line 
a+ty=3. 

3515. Find the mean value of the function z = x + 6y in 
the triangle bounded by the straight lines y=w2z, y = 5x 
and z= 1. 

3516. Find the mean value of the function 


a V. Re 2 ¥? 
in the circular domain x? + y? = R?. 


Triple Integrals 


Evaluate the thrice iterated integrals of problems 3517- 
3524: 


1 2 3 a 6 ¢ 
3517. | dx i dy | dz. 3518. | da | dy | (x-+y+2)d2 
6 60 6 6 
a x y a x x 
3519. {dx | dy | ayz dz. 3520. | de | aye dz. 
0 6 66 i) 0 
e—I e—x—l  x+y+e 1 ( ) 
3521. | dx | d cL cea oat LENE Py 
‘| J vf @—e)(@ Fy —6) 
3522. d) J ( e oe oe pi’ @ is the domain bounded 


Behe pinneure ny 250. o hte 1. 
3523. || fy ae dy dz, 2 is the domain bounded by the 
Q 


hyperbolic paraboloid z = xy and the planes x + y = 1 and 
z2=0 (<= 0). 
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3524, | I] y cos (z + x) dx dy dz, 2 is the domain bounded 
Q 


by the cylinder y = Vx and the planes y = 0, z = 0 and 
nt 


eS 5s 


3. Integrals in Polar, Cylindrical and Spherical Coordinates 


Double Integrals 
In problems 3525-3531, transform the double integral 


ial f(z, y) dz dy to polar coordinates 9 and (x = ¢ cosq, 
DB 
y = osin 9), and fix the limits of integration. 


3525. D is a circular domain: (1) 2? + y? = R; (2) a+ 
+y Sax; (3) 2+ ¥ S by. 

3526. D is the domain bounded by the circles x? + y? = 
= 4x, x? + y? = 84 and the straight lines y = x and y = 2z. 

3527. D is the domain consisting of the common part of 
the two circular regions x* + y? = aa and 2? + y*? S by. 

3528. D is the domain bounded by the straight lines 


y=2,y=O0anda= 1. 


3529. D is the segment cut from the circle x? + y? = 4 by 
the straight line x + y = 2. 

3530. D is the interior of the right-hand loop of the Ber- 
noulli lemniscate (a? + y?)? = a? (a — y?). 

3531. D is the domain given by the inequalities x = 0, 
y = 0, (x? + y*)3 = 4a*x*y?. 

Transform the double integrals of problems 3532-3535 to 
polar coordinates: 


R VRo« 2R  -Y2Ry—yA 

3532. | de | f(x, y) dy. 3533. i) dy | f(x,y) de. 
0 0 Ri2 0 
R {Rime 


3534. [de | f(a? + y2) dy. 
0 19) 
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ye Rx R YR 
3535. J sof fs)eet | a J f(z) a 
Tae 


Evaluate the double integrals of problems 3536-3540 by 
transforming to polar coordinates: 


R VRx 
3536. | ax | In (1 -+ 2? + y2) dy 


3537. \) = on dz dy, where the domain D is 


given by the inequalities 2? + y2 = 1,720, y 20. 

3538. { (h — 2a — 3y)dxdy, where D is the circular 
domain ie + y? SR’. 

3539. || VR? — 2? — y® dx dy, where D is the circular 
domain 2 + y S Rx. 


3540. {fer tan & de dy, where D is part of an annular 


region given by 
’+yY2ei1, P24+ys9, ae y S V3e. 


3541. By starting from geometrical considerations, show 
that, if Cartesian coordinates are transformed in accordance 
with the formulae x =agcosy, y= boesing (a and 6 are 
constants), the elementary area becomes 


do = abo de dg. 


By using the result of this last problem and choosing a 
and b in the best way, transform the double integrals of 
problems 3542-3544: 
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3542. {J f(x, y) dz dy, where domain D is bounded by the 
D 
; a oy? 
ellipse T + ries l. 
3543. ff f(x, y) dx dy, where domain D is bounded by the 
D 


y? 2 
curve (= ++ 5] = wy. 


2 2 
3544, ff i } 4— on — ’) dz dy, where domain D is part 
D 


2 2 
of the elliptic ring bounded by the ellipses - + is =I, 
x y? eed 
hi + rn 1 and lying in the first quadrant. 


3545. Evaluate [fay dzdy, where D is the domain 
D 


2 48 
bounded by the ellipse _ + - = 1 and lying in the first 
quadrant. 


3546. Evaluate | Vay de dy, where D is the domain 
DB 


we yt ary : ; 
bounded by the curve (5 + 5] = V6 and lying in the 
first quadrant. 


Triple Integrals 


In problems 3547-3551, pass to cylindrical coordinates 
0, 9, 2(« = ecosg, y = osingy, 2 =z) or spherical coordi- 
nates 0, 9,0 (x = e cos psin 0, y = eosin psin 0, z = e cos 6) 
in the triple integral | | { j(x,y, 2) dx dy dz, and fix the limits 

2 

of integration. 

3547, Q is the domain lying in the first octant and bounded 
by the cylinder x? + y? = R? and the planes z= 0, z = 1, 


y=xand y=xJV3. 
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3548. 2 is the domain bounded by the cylinder x? + y? = 
= 2x, the plane z = 0 and the paraboloid z = 2? +- y?. 


3549. 2 is the part of the sphere xz? + y? + 2? = R? lying 
in the first octant. 


3550. Q is the part of the sphere x? + y? + z? = R? lying 
inside the cylinder (x? + y?)? = R?(a? — y?) (w = 0). 


3551. 2 is the common part of the two spheres 
VP+yt+esR and 2+ y+ (2 — Rk)? S PR. 
Evaluate the integrals of problems 3552-3556 by passing 
to cylindrical or spherical coordinates: 


1 jie a 
3552. {de | dy | dz. 
0 


—Vi-x o 


2 Vax—xt a 
3553. | da | dy | zVar + y? dz. 
0 


0 


+R Roe [Roy 
a554. fde | dy f[ (a? + y%)dz. 
—R —/R—x 0 


1 Jick View 


a55B. [dx | dy | Va®+y? +e ae, 
it) i) 0 


3556. || | (2? + y*) de dy dz, where the domain Q is 
fd 


given by the inequalities z=0, PSeP+y+2SR. 


dx dy dz ; : 

3557. {fj Pretend where the domain 2 is the 
Q 

sphere 2? 4+ y2+ 21. 


dx dy dz : : 
3558. IE: Fy + @— DP where the domain 2 is 
Q 


the cylinder 77+ y 31, -132351. 
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4. Applications of Double and Triple Integrals 


The Volume of a Solid. I 


In problems 3559-3596, find by double integration the 
volumes of the solids bounded by the surfaces indicated (the 
parameters that appear in the conditions of the problems are 
assumed positive): 


3559. By the coordinate planes, the planes x = 4 and 
y = 4 and the paraboloid of revolution z = 22 + y? + 1. 
3560. By the coordinate planes, the planes x = a, y = b 
xs j x? y? 
and the elliptic paraboloid z = Bp + oa 


3561. By the plane T4e+ : = 1, and the coordinate 
planes (pyramid). 

3562. By the planes y = 0, z = 0, 3u + y = 6, 34 + 2y = 
=12and¢a+y+z2=6. 


3563. By the paraboloid of revolution z= 2? + y?, the 
coordinate planes and the plane z + y = l. 


3564. By the paraboloid of revolution z= 2? + y? and 
the planes z = 0, y= 1, y = 2% and y = 6 — x. 


3565. By the cylinder y = Vz, y = 2Vx and the planes 
z=0andx+2z= 6. 


3566. By the coordinate planes, the plane 2” + 3y — 
— 12 = 0 and the cylinder z = sv. 

3567. By the cylinder z = 9 — y”, the coordinate planes 
and the plane 3% + 4y = 12 (y = 0). 

3568. By the cylinder z = 4 — 2”, the coordinate planes 
and the plane 2a + y = 4 (x & 0). 

3569. By the cylinder 2y? = x, the planes + 4 + = 


and z= 0. 
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3570. By the circular cylinder of radius r whose axis is 
the axis of ordinates, the coordinate planes and the plane 


x y =. 
r + a — 1 . 
2 
3571. By the elliptic cylinder = + y? = 1, the planes 


2= 12 — 3x — 4y andz=1. 
3572. By the cylinders 2? + y? = R? and 2? + 22 = RF. 


3573. By the cylinders z= 4—y?, y= . and the plane 
z= 0. 

3574. By the cylinders 2? + y? = R%, z == and the 
plane z= 0(% = 0). 

3575. By the hyperbolic paraboloid z = 2? — y? and the 
planes z = 0, x = 3. 

3576. By the hyperbolic paraboloid z = zy, the cylinder 
y = Ya and the planes x + y= 2, y=0 and z= 0. 

3577. By the paraboloid z = x? 4+ y?, the cylinder y = x? 
and the planes y = 1 and z = 0. 


2. 2 
3578. By the elliptic cylinder - + - = 1 and the planes 


y=, y =O and z= 0(¢ = 0). 


a? — a? — 4y? 
a 


3579. By the paraboloid z = and the 


plane z = 0. 
3580. By the cylinders y = e*, y = e-*, z = e? — y? and 
the plane z = 0. 
3581. By the cylinders y = Inz and y = In’ and the 
planes z= Oandy+z=1. 
3582*. By the cylinders z= Ina and z=Iny and the 
planes z = 0 and x + y = 2e (x & 1). 
3583. By the cylinders y = x + sina, y = x — sin x and 
_ @&+y?P 


. 4 


(the parabolic cylinder whose generators are 
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parallel to the straight line x — y = 0, z = 0) and the plane 
2=0(0S¢Sa, y= 0). 

3584. By the conical surface z? = xy (Fig. 66), the cylinder 
Vx + Vy = 1 and the plane z = 0. 


(> 
a 


Fie. 66. 


3585. By the conical surface 4y? = x(2 — z) (the para- 
bolic cone, Fig. 67) and the planes z= 0 and x +2 = 2. 


Fia. 67. 


3586. By the surface z = cos 2 cos y and the planes z = 0, 


y=0, 2<=0 and aty=c. 
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3587. By the cylinder 2? + y? = 4, the planes z = 0 and 
z=ae+y-+ 10. 

3588. By the cylinder x? + y? = 22, the planes 22 — z = 0 
and 4a —z= 0. 

3589. By the cylinder 2?-+ y2= R?, the paraboloid 
Rz = 2R2 + x? + y*? and the plane z = 0. 

3590. By the cylinder x? + y? = 2ax, the paraboloid 

e+ y 
a 

3591. By the sphere x? + y? + z? = a? and the cylinder 

xz? + y? = ax. (Viviani’s problem. See Course, sec. 174). 


t= 


and the plane z = 0. 


3592. By the hyperbolic paraboloid z = oe , the cylinder 
a? + y? = ax and the plane z = 0 (4 = 0, y = 0). 


3593. By the cylinders 2? + y? = x and 2? + y? = 2z, the 
paraboloid z = x? + y? and the planes x + y = 0,2 —y =0 
and z = 0. 


3594. By the cylinders 2? + y? = 2u, 4+ y? = 2y and 
the planes z = x + 2y andz= 0. 


3595. By the conical surface 2? = xy and the cylinder 
(a? + y?)? = Qay («= 0, y 20,2 BO). 


3596. By the helicoid z= harc tan Z, the cylinder 
xz? + y? = R* and the planes eg = Oandz = 0(«@ 20,y 2 0). 


Area of a Plane Figure 


Find by double integration the areas of problems 3597- 
3608: 


3597. The domain bounded by the straight lines 
z=0, y=0, e+ y=1. 
3598. The domain bounded by the straight lines y = a, 
y= 54,x=—1. 
. : x yf? 
3599. The domain bounded by the ellipse a + po 1 
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2 
3600. The domain lying between the parabola y? = = x 
and the straight line y = Pe 


3601. The domain bounded by the parabolas y = Yz, 
y = 2Va and the straight line x = 4. 

3602*. The domain bounded by the curve (a? + y?)? = 
= 2ax. 

3603. The domain bounded by the curve (z? 4+ y?)} = 
= at + y', 

3604. The domain bounded by the curve (xz? + y?)? = 
= 2a?(x2 — y?) (Bernoulli’s lemniscate). 

3605. The domain bounded by the curve z? + y° = 2zy, 
lying in the first quadrant (loop). 

3606. The domain bounded by the curve (x + y)3 = ay, 
lying in the first quadrant (loop). 

3607. The domain bounded by the curve (# + y)5 = 2y?, 
lying in the first quadrant (loop). 


3608*. The domain bounded by the curve: 


2 2\2 2 2 a? + y2 


Volume of a Solid. II 


Evaluate by triple integration the volumes of the solids 
bounded by the surfaces given in problems 3509-3625 (the 
parameters appearing in the conditions of the problems are 
assumed positive): 

3609. By the cylinders z= 4—y? and z= y?+ 2 and 
the planes = —1 and x = 2. 

3610. By the paraboloid z = 2? + y? and z = 2? + 2y* and 
the planes y = 2, y = 2x anda = 1. 

3611. By the paraboloids z = 2? + y? and z = 2x7 + 2y?, 
the cylinder y = 2? and the plane y = z. 

3612. By the cylinders z = In (x + 2) and z = In (6 — 2) 
and the planes z= 0,%4-+y=2andx—y=2. | 
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3613*. By the paraboloid (2 —- 1)? + y? = z and the plane 
2a +2= 2. 

3614*. By the paraboloid z=2?+ y? and the plane 
2=a+y. 

3615*. By the sphere x? +- y? + 2? = 4 and the paraboloid 
vt y? = 32. 

3616. By the sphere x? + y? + 2? = R? and the para- 
boloid 2? + y? = R(R — 2z) (z = 0). 

3617. By the paraboloid z = 2? + y? and the cone z? = ay. 

3618. By the sphere 2? + y? + 22 = 4Rz — 3R? and the 
cone 2? = 4(x? + y?) (we have in mind the part of the sphere 
lying inside the cone). 

3619*. (22 + y? + 2?)? = aba. 

3620. (a? + y? + 27)? = axyz. 

3621. (a? + y? + 27)8 = aret. 

3623. (a? + y? + 27)8 = aP(a? + y?*)?. 

3624. (2? + y?)? + 24 = avez. 

3626. 2 + y+ 2=1, 2+ y+ 22 = 16, 2% = 22+ y?, 
e<=0,¥y=0,2=0(@ 20, ¥y20, 220). 


3622. (2? + y? + 27/8 = 


Surface Areas 


3626. Find the area of the part of the plane 6x” ++ 3y + 
+ 2z = 12 lying in the first octant. 

3627. Find the area of the part of the surface 2? = 2zy, 
which is situated above the rectangle lying in the plane 
z = 0 and bounded by the straight lines x = 0, y = 0, x = 3, 
y = 6. 

3628. Find the area of the part of the cone 2? = x? + y?, 
lying above the xOy plane and cut out by the plane z = 


=13(5+ 1}. 
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Find the areas of the indicated parts of the surfaces of 
problems 3629-3639. 


3629, 22 = a + y*, cut out by the cylinder z? = 2py. 

3630*, y? + 2? = x, lying inside the cylinder 2? + y? = 
a a 

3631. y? + 22 = 2, cut out by the cylinder 2? — y? = a? 
and the planes y = b and y = —b. 


3632. 2? = 4x, cut out by the cylinder y? = 4% and the 
plane x = 1. 

3633. 2 = zy, cut out by the cylinder 2? + y? = R?. 

3634. 22 = 2? + y?, cut out by the cylinder 2? + y? = 1. 

3635. a? + y? + 2? = a?, cut out by the cylinder x? + 
+y= PR (Ra). 

3636. 2? + y? + 22 = R?, cut out by the cylinder x2? + 
+ y= Re. 


3637. 22+ y+ 22= R?, cut out by the surface 
(a? + oy?) = Rea? — y?). 
Se ETE ery ee 
3638. z = cae cut out by the surfaces 2? -+ y? = l, 
x? -+ y? = 4 and lying in the first octant. 


3639. (x cos « + ysin «)? +2? =a’, lying in the first 
octant (« < | . 


3640*. Find the area of the part of the earth’s surface 
(assuming it to be spherical, with a radius R =~ 6400 km), 
lying between the meridians g = 30°, y = 60° and the paral- 
lels 6 = 45° and @ = 60°. 


3641. Find the total surface area of the body bounded by 
the sphere x? + y? + z? = 3a? and the paraboloid 2? + y? = 
= 2az (z = 0). 

3642. The axes of two equal cylinders of radius F# intersect 
at right angles. Find the area of the part of the surface of 
one of the cylinders, lying in the other. 
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Moments and Centres of Gravity 


Find by double integration the statical moments of the 
homogeneous plane figures (density y= 1) of problems 
3643-3646: 

3643. The rectangle with sides a and b with respect to 
side a. 

3644. A semi-circle with respect to its diameter. 

3645. A circle with respect to a tangent. 

3646. A regular hexagon with respect to one side. 

3647. Prove that the statical moment of a triangle with 
base a with respect to this base depends only on the height 
of the triangle. 

Find by double integration the centres of gravity of the 
homogeneous plane figures of problems 3648-3652: 

3648. The figure bounded by the upper half of an ellipse, 
based on the major axis. 

3649. The figure bounded by the sine wave y = sin x, the 


axis and the straight line x =F ; 

3650. The circular sector corresponding to an angle « at 
the centre (radius of circle R). 

3651. The circular segment corresponding to angle « at 
the centre (radius of circle R). 

3652. The figure bounded by the closed curve y? = x? — 
— a4 (x = 0). 

Find the moments of inertia of the homogeneous plane 
figures (density y = 1) of problems 3653-3659. 

3653. The circle of radius R with respect to a tangent. 

3654. The square with side a with respect to one corner. 

3655. The ellipse with respect to its centre. 


3656. The rectangle of sides a and 6 with respect to the 
point of intersection of the diagonals. 


3657. The isosceles triangle with base a and height h 
with respect to the vertex. 
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3658. The circle of radius R with respect to a point lying 
on the circumference. 


3659. The segment of the parabola bounded by a chord 
perpendicular to the axis, with respect to the vertex of the 
parabola (length of chord = a, “height” = h). 


3660. Prove that the moment of inertia of a circular annulus 
with respect to the centre is twice the moment of inertia 
with respect to any axis passing through the centre (lying in 
the plane of the annulus). 


3661. Prove that the sum of the moments of inertia of a 
plane figure F with respect to any pair of mutually perpendi- 
cular axes, lying in the plane of the figure and passing through 
a fixed point O, is a constant. 


3662*. Prove that the moment of inertia of a plane figure 
with respect to any axis is equal to Md? + J,, where M is 
the mass distributed over the figure, d is the distance from 
the axis to the centre of gravity of the figure, and J, is the 
moment of inertia with respect to an axis parallel to the 
given axis and passing through the centre of gravity (Steiner’s 
theorem). 

Find the statical moments of the homogeneous bodies of 
problems 3663-3665 (density y = 1): 


3663. The rectangular parallelepiped with ribs a, 6 and c 
with respect to its faces. 


3664. The right circular cone (base radius R, height H) 
with respect to a plane through the vertex parallel to the 
base. 


2 2 
ag The body bounded by the ellipsoid = + at 
+ - = 1 and the xOy plane with respect to this plane. 


Find the centres of gravity of the homogeneous bodies 
bounded by the surfaces indicated in problems 3666-3672: 

3666. By the planes «= 0, y= 0, 2=0, = 2, y= 4 
and « + y + z = 8 (truncated parallelepiped). 
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Te 

3667. By the ellipsoid oa + B + — 1 and the coor- 
dinate planes (we have in mind the body located in the first 
octant). 

3668. By the cylinder z = us and the planes x = 0, y = 0, 
z= 0 and 2x — 3y —12 = 0. 

3669. By the cylinders y = Vx, y = 2x and the planes 
z=Oandea+z2=—6. 

3670. By the paraboloid z = 
+ y? + 27 = 3a? (2 = 0). 

3671. By the sphere x? + y? + 22 = R? and the cone 
ztan « = V2? + y? (spherical sector). 

3672. (a? + y? + 27)? = adz, 

Find the centres of gravity of the homogeneous surfaces of 
problems 3673-3674: 

3673. The part of the sphere lying in the first octant. 

3674. The part of the paraboloid 2? + y? = 2z, cut off 
by the plane z = 1. 

In problems 3675-3680, find the moments of inertia of the 
homogeneous bodies with mass equal to M. 

3675. The rectangular parallelepiped with ribs a, 6 and c 
with respect to each of the ribs and with respect to the centre 
of gravity. 

3676. A sphere with respect to a tangent line. 

3677. The ellipsoid a + v + a = 1 with respect to each 


a + ¥? 
2a 


and the sphere a? + 


of its three axes. 
3678, The right circular cylinder (base radius R, height 


H) with respect to a base diameter and with respect to a 
diameter of its central section. 

3679. The hollow sphere of external radius #, internal 
radius r, with respect to a diameter. 

3680. The paraboloid of revolution (base radius R, height 
H) with respect to the axis through its centre of gravity and 
perpendicular to the axis of revolution (equatorial moment). 
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Find the moments of inertia of the parts indicated of the 
homogeneous surfaces of problems 3681-3683 (the mass of 
each part = I): 

3681. The lateral surface of a cylinder (base radius R, 
height H) with respect to the axis through its centre of gravity 
and perpendicular to the cylinder axis. 


3682. The part of the paraboloid 2? + y? = 2cxz, cut off 
by the plane z = c, with respect to the Oz axis. 


3683. The lateral surface of the frustrum of a cone (base 
radii R and r, height H) with respect to its axis. 


Miscellaneous Problems 


3684. Find the mass of a square lamina of side 2a, if the 
density of the material of the lamina is proportional to the 
square of the distance from the point of intersection of the 
diagonals and is equal to unity at the corners. 


3685. A plane annular ring is bounded by two concentric 
circles of radii R and r (R >7r). Find the mass of the ring, 
given that the density is inversely proportional to the distance 
from its centre. The density on the inner circumference is 
equal to unity. 

3686. Mass is distributed over the area bounded by an 
ellipse with semi-axes a and 6b in such a way that its density 
is proportional to the distance from the major axis, the density 
at unit distance from this axis being y. Find the total mass. 

3687. A body is bounded by two concentric spherical 
surfaces, the radii of which are r and R(R >1r). Knowing 
that the density of the material is inversely proportional to 
the distance from the centre of the sphere and is equal to y 
at unit distance, find the total mass of the body. 

3688. Find the mass of the body bounded by a right cir- 
cular cylinder of radius R and height H, if the density at 
any point is numerically equal to the square of the distance of 
the point from the centre of the cylinder base. 

3689*. Find the mass of a body bounded by a circular 
cone, the height of which is equal to h, and the angle between 
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the axis and generator of which is equal to «; the density is 
proportional to the nth power of the distance from the plane 
through the vertex of the cone parallel to the base, the den- 
sity at unit distance being y(n > 0). 


3690. Find the mass of a sphere of radius R, if the density 
is proportional to the cube of the distance from the centre 
and is equal to y at unit distance. 


3691. Find the mass of a body bounded by the paraboloid 
x? + y? = 2az and the sphere xz? + y? + 2? = 3a? (z > 0), 
if the density at any given point is equal to the square of 
the sum of the coordinates of the point. 


3692*. The density at any point of the sphere x? + y? + 
+ 2 == 2Rz is numerically equal to the square of the distance 
of the point from the origin. Find the coordinates of the 
centre of gravity of the sphere. 


3693*. Find the statical moment of the common part of 
the spheres 22 + y? + 22S FR? and 224+ y2 4+ 2? S 2Rz with 
respect to the zOy plane. The density at any point of the body 
is numerically equal to the distance of the point from the 
xOy plane. 


3694*. Prove that the moment of inertia of a body with 
respect to any axis is equal to Md? + I,, where M is the mass 
of the body, d is the distance from the axis to the centre of 
gravity of the body, and J, is the moment of inertia with res- 
pect to the axis parallel to the given axis and passing through 
the centre of gravity (Steiner’s theorem; cf. problem 3662). 

Solve problems 3695-3698 on the basis of Newton’s law 
of universal gravitation (see the remark on problem 2670): 


3695. Given a homogeneous sphere of radius Fk and density 
y, find the force with which it attracts a material particle of 
mass m at a distance a from its centre (a > 2). Show that the 
force of interaction is the same as when the total mass of 
the sphere is concentrated at its centre. 

3696*. Prove that the Newton force of interaction between 
two homogeneous spheres is the same as when the masses of 
the spheres are concentrated at their centres. 
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3697. Given the non-homogeneous continuous sphere 
vty? + 2? = R? with density varying in accordance with 
the law y = dz’, find the force with which it attracts a 
material particle of mass m, located on the z axis at a distance 
2R from the centre of the sphere. 

3698. Given a homogeneous body bounded by two con- 
centric spheres (spherical layer), prove that the force of attrac- 
tion by the layer on a point situated in the interior cavity is 
equal to zero. 

The centre of pressure is defined as the point of application 
of the resultant of all the pressures on the given plane figure 
(all the pressure forces are perpendicular to the plane of 
the figure). When determining the coordinates of the centre 
of pressure, we start from the fact that the statical moment 
of the resultant (ie. the pressure on the entire area) with 
respect to any axis is equal to the sum of the statical moments 
of the separate forces with respect to the same axis. On the 
basis of this, solve problems 3699-3701. 

3699. Find the centre of pressure of a rectangle with sides 
a and b(a > b), a greater side of which is located along the 
free surface of the fluid, whilst the plane of the rectangle is 
perpendicular to this surface. 

Show that the position of the centre of pressure does not 
vary if the plane of the rectangle is inclined at an angle 
a(« + 0) to the surface of the fluid. How are the above results 
affected if the greater side a is at a depth h (remaining paral- 
lel to the surface) instead of lying on the surface? 

3700. A triangle of height /% is in a plane inclined at an 
angle « to the free surface of a fluid. What is the depth of 
the centre of pressure of the triangle, if: 

(a) its base lies on the fluid surface ? 

(b) its vertex lies on the surface, whilst its base is parallel 
to the surface? 

3701. Find the centre of pressure of the figure bounded 
by an ellipse with semi-axes a and b (a > 6), given that the 
major axis is perpendicular to the fluid surface and the upper 
end of this axis lies at a distance h from the surface. 
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3702*, Prove that the fluid pressure on a plane area, arbi- 
trarily submerged in fluid, is equal to the weight of a cylindri- 


cal column of the fluid, situated above the area, when the 


area lies horizontally at the depth of its centre of pressure. 


5. Improper Integrals. Integrals Depending on a Parameter 


Improper Double and Triple Integrals 


Evaluate or establish the divergence of the improper in- 
tegrals of ee 3703-3711: 


jay e-¥—* der dy. 


3703. es 3704. a 2 
laity = 
—— crotee (1+ a + y?)? 
__ dudy _ Dyess 

3705. C= PE ap 3706. She IzI-lyl dae dy. 
0 0 

3707. J “(@ + y) e-G+) de dy. 
0 


8711*. fo je * 


Discover which of the improper integrals of problems 
3712-3715 over the circular domain of radius & with centre 


at the origin is convergent: 


3712. J Jin jx? +y?dxdy (see Course, sec. 179). 
D 
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3713. ( (° ax ay. s714, ( (SEL) ay 
J ery as reear® 


cos (x* + y*) 
3715. \JPaae ae ae dy. 


3716. Can a number m be chosen such that the improper 
integral if oe taken over the whole of the plane, 
Vert vr 
is convergent ? 
Evaluate the improper integrals of problems 3717-3719: 


aziz. { | { de dydz 
aoe VQ+a+y+2) 


©0 CO oO 


xy dx dy dz 
at Jloreresa 


©0 080 09 


a7ig*. | | { eo" de dy de. 


—0oo— 00-00 


Examine the convergence of the improper integrals of 
problems 3720-3722, taken over the sphere 2 of radius R 
with centre at the origin: 


3720. J) eer 


V@?+y? + 2 n Vz +yt+ a 


In V2? + y? + 2? ee ae dan Ae: 
3721. i) Btypre Y 


“s 
3722. i i eee, aoe ee. 


3723. LEvaluate an) In (2? + y? + 2?) da dydz, where the 
2 


domain Q is the sphere of radius R with centre at the origin. 


3724*, Find the volume of the body bounded by the sur- 
face z = (a? + y?) e-@"+)) and the plane z = 0. 
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3725. Evaluate the volume of the body bounded by the 
surface z = xy?e-@"+y) and the plane z = 0. 


3726. Find the volume of the body bounded by the plane 
z = 0 and the part of the surface z = ze—*+) lying above 
this plane. 


3727. Given a homogeneous body bounded by the right 
circular cylinder of base radius R (height H, density +), find 
the force acting on a particle of mass m situated at the centre 
of the base. 


3728. Given a homogeneous body bounded by the right 
circular cone of base radius R and height H (density +), 
find the force with which the body attracts a particle of 
mass m located at the vertex of the cone. 


3729. Given a non-homogeneous continuous sphere of 
radius R, the density y of which is connected with the distance 
from the centre r by the relationship y = a — Or (a > 0, 
b > 0): 

(a) find the constants a and 8, if it is known that the density 
at the centre of the sphere is equal to y,, whilst the density 
on the surface of the sphere is equal to yo. 

(b) Find the force of attraction by the sphere on a particle 
of mass m, located on the surface of the sphere. 


Integrals Depending on a Parameter, Leibniz’s Rule 


3730. Find the domain of definition of the function 
1 
dz 
}(x) = le Py 
V2? + 2? 
0 
2x 


3731. Find the curvature of the curve y = ie waa 


a 


da at 


the point with abscissa x = 1. 
6 


3732. Using the equation { 


0 


1 


ae a In (1 + ab), obtain 
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by differentiation with respect to the parameter the formula: 


b 
x dx I b 
ie me a ee ~~ a(1 + ab) * 

0 


0° 


; : dx 1 b 
3733. Starting from the equation | 3 = 7 are tan a 


0 


b 
aluate pias cee 
evi ike + as 

0 


oo 


3734. Starting from the equation { , evaluate 


co ie) 


Seta aa 


0 


dz == 
ata 2a 
(n is a positive integer). 

3735. Evaluate the integral fener dx (n is a positive 

0 
integer) with a > 0, by finding as a preliminary | e—% da. 
i 
3736*, By starting from the equation (see problem 2318): 


z 
1% 
a? cos? x - Bsintx 2 jab| ’ 


find 


dx 
(a? cos? x + 6? sin? x)? ° 


oa ela 


Evaluate the integrals of problems 3737-3749 with the 
aid of differentiation with respect to a parameter: 


(es ene 
3737. ae (a > —1). 
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3738. ea AP la My: 


3739. ee tan On 
xy 1— ae 


3740. ee = oO ae (a? <1). 
x 


are tan an 
3741. [intres cay 


— 2 
3742, poe Oy ae gk ay 


1 — 22 


ss, nh +4 0082) ay (a? <1). 


3744. ate EMS, Gah, 


asinx} sin 


3745. j jae dx (a >0) knowing that 


oo 


Jo dz =5 \z (a > 0) (see problem 2439). 
0 


re ~axt __ @— bx? 
a746e. [oS ae (a >0, b> 0). 
0 


747%, foe SOO RO dx (a> 0). 


0 
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3748. J en — dx (a > 0). 


2 
374g, [ In (a? cos? x + 5? sin? x) da. 


arctan (atan 2) 


3750. Having evaluated 
tan 2 


emer) 


2 
de. find | oe ay: 
tan x 
0 


1 


3751*. By using the equation fe dz = : 


n+l 


, evaluate 


0 

* ap 
— x 
nz (a > —l, B > —1). 


0 


3752. By using the equation 2a | e-'dx = Vx, (see 
0 


co 
a bt 


problem 2439), evaluate Sle He = dx. 
0 


3753. By starting from the relationship ) e-?* dz = Le 


r) 


(Poisson’s integral), deduce the equation = 7a J e-?** dz 
x 7 


(x > 0), and use this to evaluate the integrals (Fresnel 
or diffraction integrals): 


0 fae (b) fae 
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Miscellaneous Problems 
3754, Let f(x) be continuous for «= 0 and tend to a 


finite limit f(co) as x + oo. Further, let | {'(ax) dx be uni- 


0 
formly convergent for 0<a=«a=b. Prove that, with 
these conditions, 


‘cae NOt) a, Arye) = F019 Ing. 


Evaluate the integrals of problems 3755-3756 by using the 
results of problem 3754: 


87bh. f arc tan ax = ate tan ba as 


0 


e- axn 
3756. leer Sein = 0): 


3757*, Let f(x) be continuous for z = 0 and let {i a) da 
be convergent for any A > 0. 


Prove that, with these conditions, if a > 0 and 4 > 0, we 
have [tog dx = }(0) me (cf. problem 3754). 


Evaluate the integrals of problems 3758-3762 by using 
the result of problem 3757 (a > 0, b > 0): 


—_ wae e a, 
3758. oe rae. 3759. J 208 oF — 008 de 


3760. ~_— az 3761. fesinae—asint a 


co 


ing 
3762*, J = © ae 


2 
0 
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3763*. The Laplace function ®(zx) is defined thus: (zx) = 
x 


2 

= Va J e-" dé (this function plays a large part in the 
4 

theory of probability). Prove the relationships: 


1) J @(az) dz = — + «P(azx); 


(2) for eens 


3764*. Functions si(x) and ci(z) are usually defined thus: 


si(x) = — I om dé (‘integral sine’) and ci(z y= fia 
x 


(‘integral cosine’’). Prove that 


i) c) 


J sinzsice) de = J cos cia) de = -= : 


0 


3765*. The function J,(x), defined as 


bi 


2 


J o(x) = = i cos (x sin 6) dé, 


0 


is termed the Bessel function of zero order. Prove that: 


°° 


(1) J ere Jala) de = : 


yl+a@ 


M4 
~~ ifa=1: 
3°} a=; 


(2) J “= J,(x) dw = éarcsin a, if |a| = 1; 


(a > 0); 


ae eee | 
gr ifas : 
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3766. Prove that the function 


e7xz 
r figee 


satisfies the differential equation 
” _ 1 
se ease 


3767*. Prove that the function 
-1 


y = f (2? — 1)"-1 ex? dz 
=1 


satisfies the differential equation 
xy” + 2ny’ — xy = 0. 
3768*. Prove that the function 


e7x2 
y= | pape & 


0 
satisfies the differential equation 
xy” — 2ny' + ay = 1. 
3769*. Prove that the zero order Bessel function J)(x) = 


m 
2 


= | cos (x sin 6) d@ satisfies the differential equation 


0 


“ole) 


Ty(z) + 4 I(x) = 0. 


CHAPTER XIII 


LINE AND SURFACE 
INTEGRALS 


1. Line Integrals 


Evaluation of Integrals 
Evaluate the line integrals of problems 3770-3775: 


3770. fx where L is the segment of the straight 
L 


line y = ; x — 2 lying between the points A(0, —2) and 
B(4, 0). 

3771. fey ds, where ZL is the rectangular contour with 
corners “"A(0, 0), B(4, 0), C(4, 2) and D(O, 2). 

3772. fy ds, where L is the are of the parabola y? = 2px 
cut off Be the parabola 2? = 2py. 

373. | (x? + y*)" ds, where ZL is the circle x = acost, 
y=a “it t 


2 
3774. J xy ds, where Lis the quarter of the ellipse - + 
L 


2 
a a = 1 lying in the first quadrant. 


3775. | ¥2y ds, where L is the first arc of the cycloid 
L 


x=a(t—sint), y= a(1— cos2). 


3776. Obtain a formula for evaluating | F(z, y) ds, if 
L 


333 
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curve LZ is given by the equation @ = o(y) (9, =9 =) 
in polar coordinates. 


3777*, Evaluate | (x — y) ds, where L is the circle 
E 


z+ y? = ax. 
3778. Evaluate fe Vx? — y?ds, where L is the curve 
L 
given by the equation (x? + y?)? = a?(x? — y?) (720) (half a 
lemniscate). 


3779. Evaluate [arotan’ ds, where L is the part of the 


L 
spiral of Archimedes 9 = 29 lying inside the circle of radius 
R with centre at the jo (pole). 


3780. Evaluate leer 


Ty , taken along the first turn of the 


helix = acost, y=asint, z = at. 
3781. Evaluate | aye ds, where L is the quadrant of the 
L 
2 
circle a? + y+ 2= FR, P+ yo = lying in the first 


octant. 
3782. Evaluate J (22 — Va + y?) ds, where L is the first 
L 


turn of the conical helix 
z«=tecost, y=tsint, z=. 
3783. Evaluate J@ + y)ds, where L is the quadrant of 
L 


the circle x? + y? + 2? = R*, y =z, lying in the first octant. 


Applications of Integrals 


3784. Find the mass of the portion of the curve y = Inz 
between the points with abscissae x, and 2,, if the density at 
any point of the curve is equal to the square of the abscissa 
of that point. 
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3785. Find the mass of the portion of the catenary 


af -= 
yosfelce} 


between the points with abscissae z, = 0, 2, = a, if the den- 
sity at any point of the curve is inversely proportional to the 
ordinate of the point, the density at the point (0, a) being 
equal to 6. 


3786. Find the mass of the quarter of the ellipse x = 
=acost, y = bsin#, situated in the first quadrant, if the 
density at any point is equal to the ordinate of the point. 


3787. Find the mass of the first turn of the helix 7 = 
=acost, y=asint, z= bt, the density at any point of 
which is equal to the square of the radius vector of the 
point. 

3788. Find the mass of the arc of the curve x = e! cosf#, 
y =e'sint, z =e! from the point corresponding to ¢ = 0 to 
an arbitrary point, if the density at any point of the arc is 
inversely proportional to the square of the radius vector of 
the point and is equal to unity at the point (1, 0, 1). 


3789. Find the coordinates of the centre of gravity of the 
first half-turn of the helix x=acost, y=asint, z = bt, 
the density being assumed constant. 

3790. Find the statical moment of the first turn of the 
conical helix «= tcost, y=tsint, z=¢ with respect to 
the zOy plane, the density being assumed proportional to 
the square of the distance from this plane: @ = kz*. 


3791. Find the moment of inertia with respect to the 
coordinate axes of the first turn of the helix x = acosi, 


: h 
y=asint, t= 50 t 
Find the areas of the parts of the cylindrical surfaces 


of problems 3792-3797 lying between the xOy plane and the 
surfaces indicated: 
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id 
3792. 2? +4? = R, t=kt+p : 
3793. y? = 2px, z = V 2px — 42°. 


3794, y2 = 4 (e@— 1), z= 2 — Yaz. 


9 
3796. x? + y? = R?, 2Rz = xy. 

2 2 
3796. a - =1, z= ke and z= 0 (z= 0) (“cylindri- 


cal horse-shoe’’). 
3797. y=) 2px, z=y and x= = p. 


3798. Find the area of the surface, which is cut out from 
a circular cylinder of radius R by an equal cylinder, when 
their axes intersect at right angles (cf. the solution of pro- 
blem 3642). 


3799. Find the area of the part of the surface of the cylinder 
x? + y? = Rex lying inside the sphere z? + y? + 2? = R?. 


According to the Biot-Savart law, the force acting on a 
magnetic dipole of pole-strength m due to a current flowing 
mI sin « ds 


in a wire is equal in magnitude to 72 , where J is 


the current, ds an element of length of the wire, r the 
distance from the element to the magnetic dipole, « the angle 
between the straight line joining the magnetic dipole and the 
element and the direction of the element. This force is directed 
along the normal to the plane containing the element and 
the point at which the magnetic dipole is located; the direc- 
tion of the force is established by the “screw” rule. On the 
basis of this law, solve problems 3800-3805. 


3800. Find the force with which a current J in an infinite 
straight wire acts on a magnetic dipole m, situated at a 
distance a from the wire. 

3801. A current J flows along a circuit in the form of a 
square of side «. What is the force exerted by the current on 
a magnetic dipole m at the centre of the square? 
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3802. Prove that the current J flowing along the are of a 
curve whose equation is given in polar coordinates by 


Ps 
e = o(¢), exerts a force f = mI {2 on a magnetic dipole 


Fr 


situated at the pole. 


3803. What is the force exerted by a current J flowing in 
a closed elliptic circuit on a magnetic dipole m situated at a 
focus of the ellipse ? 


3804. What is the force exerted by the current J flowing 
in an infinite parabolic circuit on a magnetic dipole m 
located at the focus of the parabola? The distance from the 


vertex to the focus is equal to f ‘ 


3805. What is the force exerted by a current I flowing in 
a circular circuit of radius R on a magnetic dipole m 
located at a point P, lying on the perpendicular to the plane 
of the circle through its centre and distant h from the centre ? 


Given a fixed h, for what value of R is this force a 
maximum ? 


2. Coordinate Line Integrals 


Evaluation of Integrals 
Evaluate the line integrals of problems 3806-3821: 
3806. fe dy, where L is the triangle formed by the co- 
L 


ordinate axes and the straight line s+ g = 1, taken in 
a positive direction (i.e. anticlockwise). 


3807. Je dy, where L is the segment of the straight line 
L 


+ ; =1 from its point of intersection with the axis 


of abscissae to its point of intersection with the axis of 
ordinates. 
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3808. | (x2 — y*?) dz, where L is the are of the parabola 
L 


y = x? from the point (0, 0) to the point (2, 4). 
3809. fw + y*) dy, where L is the rectangle with corners 
L 


(given in order of the circuit round them) at A(0, 0), B(2, 0), 
C(4, 4) and D(0, 4). 
(x, 2n) 
3810. | —x cos y dx + ysin x dy along the segment join- 
(0/0) 
ing the points (0, 0) and (z, 27). 
(1) 
3811. | ay dz + (y — x) dy along the curves (1) y = 2, 
0, 
(2 nges, (3) Y =a, (4) y= 2. 
(1.1) 


(2) y = 2, (3) y = a, (4) =a. 
3813. | y de +ady, where LZ is the quadrant of the 
L 


circle x = Roost, y= Rsint, from t,=0 to tj == 


3814. ly dx —ady, where L is the ellipse x = acost, 


L 
y = bsin t, taken in the positive direction. 


aye 
3815. J y Came ae a, where ZL is the semi-circle x = a 


cos ft, ja wat Ronth 040 i, = a. 


3816. i (2a — y) dw — (a — y) dy, where JL is the first 
L 


(from the origin) arc of the cycloid «=a (t—sin?#), y = 
= a(1 — cos 2). 
sai, (EE, where ZL is the quadrant of the 
as + 8 
astroid x = Rcos*t, y= Rsin®t, from the point (R, 0) to 
the point (0, A). 
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3818. | xdx + ydy +(e-+y—1)dz, where L is the 


i 
segment of a straight line from the point (1, 1,1) to the 
point (2, 3, 4). 


3819, | yzdx + 2VR?— yP dy + ay dz, where L is the 
L 


arc of the helix «= Rceost, y=Rsint, z= oo from the 


point of intersection of the curve with the plane z = 0 to 
its point of intersection with the plane z = a. 
(4,4,4) 


3820 f xdx+ydy+zdz 
VeP+yt2—xe4—y+ 2% 


d,1,1) 


3821. fy dz + 22dy + 2? dz, where ZL is the curve of 
L 


along a straight line. 


intersection of the sphere 2? + y? + 2? = R? and the cylinder 
ety= Rx(R>0, 220), the integration circuit being 
anticlockwise as seen from the origin. 


Green’s Formula 


In problems 3822-3823, transform the line integrals over a 
closed contour LZ, taken in the positive direction, to double 
integrals over the domain bounded by the contour: 


3822. Ja — «“*)y dx + x(1 + y?) dy. 
L 

3823. Je + 2x cos y) dx + (e*” — 2 sin y) dy. 
L 


3824, If the contour of integration L is the circle x? + y? = 
= R?, evaluate the integral of problem 3822 by the following 
two methods: 

(1) directly, 

(2) by using Green’s formula. 


3825. Evaluate Jey +a+y)dx-+ (xy +x— y)dy, where 
L 


2 2 
L is: (1) the ellipse ai + i = 1; (2) the circle x? + y? =az. 
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The integration is carried out in a positive direction. (Carry 
out the evaluation by two methods: (1) directly, (2) with 
the aid of Green’s formula). 


3826. Prove that the integral 


J (ya + e”) dx + (xy® + rer — 2y) dy 
L 


is equal to zero, if LZ is a closed curve, symmetrical with 
respect to the origin or to both coordinate axes. 


3827. Evaluate with the aid of Green’s formula the diffe- 
rence between the integrals 


q, =| (@ + y)* dx — (x — y)? dy 
AmB 
and 


I, = | (+ y)* de — (w — y)* dy, 
AnB 


where AmB is the straight segment joining points A(0, 0) and 
B(1, 1), whilst AnB is the arc of the parabola y = 2?. 


3828. Prove that the integral 


Je cos (N, x) + y sin (N, x)} dS, 


where (N,) is the angle between the outward normal to 
the curve and the positive direction of the axis of abscissae, 
taken over the closed contour Z in the positive direction, is 
equal to twice the area of the figure bounded by contour JL. 


3829. Prove that the value of | (2ey — y) dx + 2? dy, 
L 


where ZL is a closed contour, expresses the area of the domain 
bounded by the contour. 


3830. Show that | ow) dx + [xq’(y) + 23] dy is equal to 
L 


three times the moment of inertia of the homogeneous plane 
figure bounded by contour L, with respect to the axis of 
ordinates. 
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Independence of the Integral on the Contour of Integration. 
Determination of the Primitive 


In problems 3831-3835, show that the integrals, taken 
over a closed contour, vanish independently of the form of 
the functions appearing in the integrand: 


3831. J oa) dz + ply) dy. 3832. | flay) (y de + x dy). 
‘iE 


3833. J (2). 


3834. fee +y) +He—y)]de + [fe + y) — fle — y)] dy. 
3835. | fla? + y? + 22) (w dx + y dy +z dz). 


3836*. Prove that (Ee. taken in the positive 
“+ y 
L 
direction round any closed contour, which contains the 
origin, is equal to 27 (see Course, sec. 186). 
xdy — ydzx : ‘ geass 
3837. Evaluate J 7 ay round the circle 22+ y?= 1 
L 
in the positive direction. 
In problems 3838-3844, evaluate the line integrals of 
total differentials: 
2, 3) (2, 1) 
3838. | y dx + 2 dy. 3839. | 2ny de + 2? dy. 


(-1, 2) (0, 0) 
(5, 12) 


3840. (eee (the origin does not lie on the 


on concentric circles with centres at the origin and radii R, 
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and R, respectively (the origin does not lie on the contour 
of integration). 
(2,1, 3) 
3842. | x da — y* dy + 2 dz. 
(1, “1, 2) 
(3,2, 1) 


3843. | yz dx + 2a dy + xy dz. 


(1, 3, 3) 
OF am d d d 

3844. coin at 7] wee (the contour of integra- 
(7,2, 3) 


tion does not cut the surface z = | ; 


Find the functions having total differentials as given in 
problems 3845-3852: 


3845. du = a? dx + y? dy. 
3846. du + 4(a2 — y?) (x da — y dy). 
9847. dy = @ 1 2y) det y dy — 


(z + y)? 
2 2 2 
3848, du = ——"___ de — =e te) d 
y Var + y? yVety 
_{@- 2y y 
3849. du = li =a + | dx + Fee. ms | dy. 
3850. du = (2% cosy — y? sin) dx + (2y cosx — x* sin y) dy. 


_ 2x(1 — e¥) 


(x + y)* 
3853. Chose a number m such that the expression 
(~ — y) da + (a + y) dy 
@ryy 


corresponding function. 


is a total differential; find the 
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3854. Select constants a and 6 such that the expression 
(y? + 2xy +- ax?) dx — (x? + 2xy + by?) dy 
@ +) 

ential; find the corresponding function. 
In problems 3855-3860, find the function, given its total 
differential : 


is a total differ- 


dz + dy + dz 
3855. dw = ——__+—___.. 
" x+y+z 
8856. dy — 7o% ty dy + 2 de 
ye+yte 
ye da + «2 dy + wy dz 
3857. du = 1 aye 
3858. du — 2 (ea dy + xy dz — ya dx 
; (a — yz)? 
rn = 3 
3859. du = ea ey ae de. 


3860. du = arg (* 20 ery +20") ay + 


(4 e FEN yong ot) 


Applications of Integrals 


Find with the aid of the line integral the areas of the figures 
bounded by the closed curves of problems 3861-3868: 

3861. The ellipse x = a cost, y = bsint. 

3862. The astroid x = a cos*t, y = asin3 t. 

3863. The cardioid « = 2a cost — a cos 2t, y = 2asint — 
— asin 2¢. 

3864*. The loop of the folium of Descartes 2° + 43 — 
— saxy = 0. 

3865. The loop of the curve (x + y)? = ay. 

3866. The loop of the curve (x + y)* = xy. 
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3867*. The lemniscate of Bernoulli (a? + y?)? = 2a?(a? — y?). 
3868*. The loop of the curve (Vx + Vy) = ay. 


Work 


3869. A force acts at every point of a plane, having a 
constant magnitude F and in the direction of the positive 
axis of abscissae. Find the work done by the force when a 
particle of mass m moves along the arc of the circle 2? + 
+ y? = R? lying in the first quadrant. 


3870. A force F, the projections of which on the axes are 
X=z2zy, Y=2x-+y, acts at every point of the plane. Find 
the work done by the force F when a particle of mass m moves 
from the origin to the point (1, 1): 


(1) along the straight line y = 2; (2) along the parabola 
y = x"; (3) along the two-link step line, the sides of which 
are parallel to the axes (two cases). 


3871. A force F acts at every point M of the ellipse 7 = 
=acost, y= bsint, equal in magnitude to the distance of 
M from the centre of the ellipse and directed towards the 
centre. (a) Find the work done by force F when a material 
particle P of mass m is displaced along the arc of the ellipse 
lying in the first quadrant; (b) find the work done, if the 
point P circuits the entire ellipse. 


3872. The projections of a force on the coordinate axes are 
given by X = 2zy and Y = x*. Show that the work done by 
the force when a particle of mass m is displaced depends only 
on its initial and final positions, and not on the form of the 
path. Calculate the work done when the particle moves from 
the point (1, 0) to the point (0, 3). 


3873. A force has a magnitude inversely proportional to 
the distance of its point of application from the xOy plane, 
whilst it is directed towards the origin. Find the work done 
when a particle of mass m moves under the action of the force 
along the straight line « = at, y = bt, z = ct from the point 
M(a, b, c) to the point N(2a, 20, 2c). 
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3874. A force has a magnitude inversely proportional to 
the perpendicular distance of its point of application from 
Oz, whilst it is directed perpendicularly towards this axis. 
Find the work done by the force when a particle of mass m 
is displaced along the circle x=cost, y=1, z=sint 
from the point M(1, 1, 0) to the point N(0, 1, 1). 


3875. Prove that the work done by the force of attraction 
between two particles when one of them moves is independent 
of the form of the path. The magnitude of the force of at- 
kmm, 


as where r 


traction F’ is given by Newton’s law F = 


is the distance between the particles of masses m, and mz, 
and k is the gravitational constant. 


3. Surface Integrals 


Integrals over a Surface Area 


Evaluate the integrals of problems 3876-3884: 


3876. if (- + 2a + . | dg, where S is the part of the 
s 


plane 5 + A + ; = 1 lying in the first octant. 
3877. ff aye dg, where S is the part of the plane x + y + 
+z=1 ving in the first octant. 
3878. JJe dg, where S is the part of the sphere x? + 
+y+ a = R? lying in the first octant. 
3879. fhy dg, where Sis the hemisphere z = /R? — 2? — y?. 
s 


3880. [ye — a? — y?dq, where S is the hemisphere 
*s 


z= /R? — 2 — y?. 
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3881. fj xz’y?dq, where S is the hemisphere z= 
_|Boaay. 
3882. es where S is the cylinder x? + y? = R? bounded 
Ss 


by the planes z = 0 and z = H, whilst r is the distance of 
a point of the surface from the origin. 


ae 


3883. ff dg where S is the sphere 2? + y? + 2? = R?, 
Ss 


and r is the distance of a point of the sphere from the fixed 
point P(0, 0, c) (c > R). 


3884. j i a where S is the part of the surface of the 
s 


hyperbolic paraboloid z = ay cut off by the cylinder 2? + 
+ y? = R*, and r is the distance of a point of the surface 
from Oz. 


3885*. Find the mass of a sphere, if the surface density 
at any given point is equal to the distance of the point from 
some fixed diameter of the sphere. 


3886. Find the mass of a sphere, if the surface density at 
any given point is equal to the square of the distance of the 
point from some fixed diameter of the sphere. 


Coordinate Surface Integrals 
Evaluate the surface integrals of problems 3887-3893: 
3887. [| xdyde+ydede+2dedy, where S is the 
$ 


positive side of the cube made up of the planes x = 0, y = 0, 
z2=0,%¢=l1ly=1,z=1. 


3888. {J x’y’z dx dy, where S is the positive side of the 
$ 
lower half of the sphere 2? + y? + 2? = R?. 
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3889. ffe dz dy, where S is the outside of the ellipsoid 
Ss 


ae yt gt 
Ge OR ge 


3890. {fe dx dy, where S is the outside of the ellipsoid 
$ 


=1, 


x2 2 «28 
= a =~=1. 
a*’ ob c 


3891. {J xz da dy + xy dy dz + yzdxdz, where S is the 
$s 


outside of the pyramid composed of the planes x = 0, y = 0, 
z=0ande+y+z=1. 


3892. || yz dx dy + az dy dz + ey de dz, where S is the 
“$ 
outside of the surface lying in the first octant and consisting 
of the cylinder 2? + y? = R* and the planes x = 0, y= 0, 
z2=0 and z=dH. 


3893. If yz da dy + xz dy dz + 2?y dx dz, where S is the 
s§ 
outside of the surface lying in the first octant and consisting 


of the paraboloid of revolution z = xz? + y*, the cylinder 
x? + y* = 1 and the coordinate planes (Fig. 68). 


Fig. 68. 


Stokes’s Formula 
3894. Transform Cp + 22) da + (a? + 22)dy + (x? + y?)dz, 
L 


taken over a closed contour, to an integral over the sur- 
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face “‘stretched”’ over this contour with the aid of Stokes’ 
formula. 


3895. Evaluate | ay dx + dy + zdz, where the contour 


L 

Lis the circle 2? + y? = R?, z= 0: (a) directly, and (b) by 
using Stokes’ formula, taking as the surface the hemisphere 
z= + JR? — x? — y*. The integration is ina positive direc- 
tion round the circle in the zOy plane. 


Ostrogradski’s Formula 


3896. With the aid of Ostrogradskii’s formula, transform 
the following surface integral over a closed surface to a triple 
integral over the volume of the body bounded by the sur- 


face: | | x dydz+ y?dxdz+22dxrdy. The integration is 
Ss 


carried out over the outside of surface S. 


3897. With the aid of Ostrogradskii’s formula, transform 
the following surface integral over a closed surface to a triple 
integral over the volume of the body bounded by this surface: 


J) Vx? + y? + 2 {cos (N, x) + cos (N, y) + cos (N, z)} do, 


where N is the outward normal to surface S. 
3898. Evaluate the integral of problem 3897, if S is the 
sphere of radius & with centre at the origin. 
3899. Evaluate the integral 
J ft cos (NV, x) + y° cos (N, y) + 2 cos (WN, z)] do, 


Ss 
where S is the sphere of radius R with centre at the origin, 
and N is the outward normal. 


3900. Evaluate the integrals of problems 3891-3893 by 
using Ostrogradskii’s formula. 


CHAPTER XIV 


DIFFERENTIAL EQUATIONS 


1. Equations of the First Order 


Equations with Separable Variables 


Find the general solutions of the differential equations 
of problems 3901-3910: 


3901. (xy? + x) dx + (y — ay) dy = 0. 


3902. xyy’ = 1 — 2. 3903. yy’ = fae . 

3904. y’ tana —y =a. 3905. xy’ + y = y*. 
, C= y? <2 

3906. y’ + IE a 0. 

3907. V1 — y2 dx + yV1 — a? dy = 0. 

3908. (1 + a] =1. 3909. y/ = 10%», 

3910. y’ + sin ~ 1Y = sin = : 


3911. The relationship between the velocity v and the 
path traversed / in the bore of the gun is given in ballistics 


Been City eee _ dl 
by the following: °=taF’ where v= Gandn< 1 


Find the relationship between the time ¢ of motion of the 
projectile and the distance / travelled along the bore. 


3912. If x is the amount of hydriodic acid HI, decomposed 
at the instant ¢, the speed of the decomposition (zr) is 


ae 2 2 
given by the differential equation se =k, (° ; | — k, 6 
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where k,, k, and v are constants. Integrate this equation. 

In problems 3913-3916, find the particular solutions of 
the differential equations satisfying the given initial condi- 
tions: 


3913. y’ sinz=ylny; y | =e. 


na 


1 2 
3914. y' = 43 y |xn0 = 1. 


3915. sin y cos x dy = cosy sinady; y|x-0 = of ‘ 
3916. y — zy’ = 0(1 + xy’); year = 1. 


3917. Find the curve passing through the point (2, 3) 
and having the property that the segment of any tangent 
to it, lying between the coordinate axes, is bisected by the 
point of contact. 


3918. Find the curve passing through the point (2, 0) and 
having the property that the segment of any tangent, between 
the point of contact and the axis of ordinates, has a constant 
length equal to 2. 


3919. Find all the curves such that the segment of any 
tangent, lying between the point of contact and the axis of 
abscissae, is bisected at its point of intersection with the axis 
of ordinates. 


3920. Find all the curves, for which the subtangent is 
proportional to the abscissa of the point of contact (the coeffi- 
cient of proportionality is equal to k). 


3921. Find the curve passing through the point (a, 1) 
and having constant subtangent (= a). 


3922. Find the curve for which the length of the normal 
(measured from the point on the curve to its intersection 
with the axis of abscissae) is a constant a. 


3923. Find the curve, for which the sum of the lengths of 
the tangent and subtangent at any point is proportional to 
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the product of the coordinates of the point of contact (co- 
efficient of proportionality k). 

3924. Find the curve y = f(x) (f(x) = 0, {(0) = 0), bound- 
ing the curvilinear trapezium with base [0,2], the area of 
which is proportional to the (n + 1)th power of f(z). We 
are given that /(1) = 1. 

3925. A material particle weighing 1 g moves along a 
straight line, under the action of a force which is directly 
proportional to time, measured from the instant ¢ = 0, and 
inversely proportional to the velocity of the particle. The 
velocity is 50 cm/sec at ¢ = 10sec., whilst the force is 4 dynes. 
What is the velocity a minute after the start of the motion? 


3926. A material particle moves along a straight line, its 
kinetic energy at an instant ¢ being directly proportional to 
its average speed in the interval of time from zero to t. Given 
that the path s = 0 at t = 0, prove that the motion is uni- 
form. 


3927. A motor-boat moves in quiet water at a speed v = 10 
km/hr. Its motor is switched off at full speed, and its speed 
reduces to v,=6 km/hr after time ¢= 20 sec. Assuming 
that the resistance of the water to the boat is proportional to 
its speed, find the speed 2 min after stopping the motor; 
find also the distance travelled by the boat during 1 min 
after stopping the motor. 


3928. The bottom of a cylindrical vessel with a cross- 
section S cm? and a vertical axis contains a small circular 
hole of area g cm®, which can be closed by a diaphragm (as in 
a camera lens). Fluid is poured into the vessel to a height A. 
The diaphragm starts to open at time ¢ = 0, the area of the 
opening being proportional to time and the aperture being 
completely open after 7’ sec. What is the height H of the 
fluid in the vessel 7 sec after the start of the experiment? 
(See problems 2701-2706; also Course, sec. 116). 

3929. The rate of cooling of a body is proportional to the 
difference in temperature between the body and the environ- 
ment. We assumed that the coefficient of proportionality is 
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constant in problems 2710-2711. It is assumed in certain 
calculations to be linearly dependent on time: & = (1 + af). 
On this assumption, find the relationship between the body 
temperature 6 and time ¢, putting 6= 6, at t= 0, the 
temperature of the environment being 6,. 


3930*. The rate of growth of the area of a young leaf of 
Queen Victoria, which is well-known to have a circular shape, 
is proportional to the circumference of the leaf and the amount 
of sunlight incident on it. The latter is in turn proportional 
to the area of the leaf and the cosine of the angle between the 
incident ray and the vertical. Find the relationship between 
the area S of the leaf and time #, if we know that the area is 
1600 cm? at 6 a.m. and is 2500 cm? at 6 p.m. on the same day. 
(Assume that the observation is carried out at the equator 
on the day of the equinox, when the angle between the inci- 
dent sunlight and the vertical can be taken as 90° at 6 a.m. 
and at 6 p.m. and 0° at noon.) 

By substituting for the required function, reduce the 
equations of problems 3931-3933 to equations with separable 
variables, and solve them: 


3931. y' = cos (x — y) (putu=a2—y). 
3932. y' = 3a — 2y+4 5. 
3933. y Vltatya=aty—lL. 


Homogeneous Equations 


Find the general solutions of the equations of problems 
3934-3944: 


Po y? = ,__ & +y 
3934, y = 2. 3935. y’ = aa 
' ary 
3936. «dy — y dx = y dy. ial = ary 
3938. y’ =5 + ‘ 3939. xy’ —y = Va? + y?. 
x 
3940. y? + xy’ = ayy’. 3941. y’= e* + o ; 


3942. zy’ = y InZ : 
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3943. (3y? 4+ 3ay + x?) dx = (2? + 2ay) dy. 


3944, y' = =24 


In problems 3945-3948, find the particular solutions of 
the differential equations, satisfying the given initial condi- 
tions: 


3945. (xy’ — y) are tan 4 — 2; ¥\xn1 = 0. 


3946. (y? — 327) dy + 2xydx=0; y|xo= 1. 


pat y? — xy — 2x 
3947, y’ = oe ro eae Decy 2! 


3948, (z V+ 20 oe Sy 20) Wa SVE. 


y|x=1 =-—l. 


3949. Reduce the equation y’ = uy of }toa quadrature 
What must be the function o(5) for the general solution 


2 
h i =——— ? 
of the equation to be y in|Oz| 
3950. Find the curve, such that the square of the length of 
the segment, cut off by any tangent from the axis of ordinates, 
is equal to the product of the coordinates of the point of 
contact. 


3951. Find the curve, such that the initial ordinate of any 
tangent is equal to the corresponding subnormal. 


3952. Find the curve for which the length of the radius 
vector of any point M is equal to the distance between the 
origin and the point of intersection of the tangent at M with 
Oy. 

3953*. What surface of revolution is represented by the 
mirror of a projector, if light rays starting from a point source 
are directed in a parallel pencil after reflexion ? 
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Linear Equations 


Find the general solutions of the equations of problems 
3954-3964: 


3954. y' + 2y = 4a. 3955. y' + 2ay = xe-*’. 
,, L— 2 
3956. y’ + ra ae 1. 
3957. (1 + 27) y’ — 2ay = (1 + ax?) 
3958. y’ + y = cosa. 3959. y’ + ay = e™, 
3960. 2y dx + (y? — 6x) dy = 0. 
#224 a y 
aa a ae om my aa 


3963. x(y’ — y) = (1 + a?) ex. 

3964. y’ + yD'(x) — D(x) D(x) = 0, where D(x) is a given 
function. 

In problems 3965-3968, find the particular solutions of 
the equations satisfying the indicated initial conditions: 


3965. y’ — ytanxz =secx; y|x-0 = 0. 
3966. zy’ + y—eX=0; ylxig =). 


3967. xy’ — Se) Una 0, 


aul 2 
x«+tl1 

3968. ¢(1 + ¢) dx = (a + af? — #) dt; ahi = —F E 

3969. Let y, and y, be two distinct solutions of the equa- 
tion 

y' + P(x) y = Qe). 

(a) Prove that y = y, + C(y, — y,) is the general solution 
of the equation (C is a constant). 

(b) For what ratio of constants « and £ is the linear 
combination «y, + By, a solution of the equation ? 

(c) Prove that, if y, is a third particular solution, different 


from y, and y,, the ratio “2 —% ig constant. 
¥3— "1 


x 


3970. Prove the identity (see problem 2345): Jes dz = 


0 
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x 
x 2 
= Aa e ‘dz, by composing a differential equation for the 
0 
x 


function I(x”) = [ex dz and solving it. 
0 


3971. Find the curve for which the initial ordinate of any 
tangent is less than the abscissa of the point of contact by 
two units of scale. 


3972*, Find the curve for which the area of the rectangle, 
constructed on the abscissa of any point and the initial 
ordinate of the tangent at this point, is constant (= a’). 


3973*. Find the curve for which the area of the triangle, 
formed by the axis of abscissae, the tangent and the radius 
vector of the point of contact, is constant (= a’). 


3974. A particle of mass m moves along a straight line; a 
force acts on it, proportional to time (coefficient of propor- 
tionality k,) measured from the instant when the velocity is 
zero. In addition, the particle is subject to the resistance of 
the medium, proportional to the velocity (coefficient of pro- 
portionality ). Find the relationship between velocity and 
time. 


3975. A particle of mass m moves along a straight line; 
a force acts on it, proportional to the cube of time, measured 
from the instant when the velocity is v, (coefficient of pro- 
portionality &). In addition, the particle is subject to the 
resistance of the medium, proportional to the product 
of velocity and time (coefficient of proportionality k,). Find 
the relationship between velocity and time. 


3976. The initial temperature 6° C of a body is equal to the 
temperature of the environment. The body receives heat 
from a heating device (the rate of heat supply is a given 
function of time: cg(t), where c is the constant specific heat 
of the body). In addition, the body loses heat to the environ- 
ment (the rate of cooling is proportional to the temperature 
difference between the body and the surrounding medium). 
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Find the relationship between the temperature of the body and 
time, measured from the start of the experiment. 

Solve problems 3977-3978, by assuming that, if a variable 
electric current J = I(t) flows along a conductor with self- 
inductance L and resistance R, the voltage drop along the 


conductor is equal to ZL ot RI (see Course, sec. 194). 


3977. The potential difference across the terminals of a 
coil falls uniformly from Hy) = 2V to #, = 1V in the course 
of 10 sec. What is the current at the end of the tenth second, 
if it is 163 amp at the start of the experiment? The coil re- 
sistance is 0°12 ohm, its inductance 0:1 Henry. 


3978. Find the current in a coil at the instant #, if its 
resistance is R, inductance JL, initial current J, = 0, and the 
electromotive force varies in accordance with the law H = 
= EF, sin at. 


Miscellaneous Problems (Equations with Separable Variables, 
Homogeneous and Linear Equations) 


Find the general solutions of the equations of problems 
3979-3997; 


,_ @+ayty 
3979. Y= eee ci . 
3980. a dy + (3 — 2xy) dx = 0. 
3981. a(22? + ly’ + y = al + w?)?. 


3982, y/ = Zt 


v 


,_ l+¥ 
3983. y ~ ay (1 + «?) . 


3984. (8y + 10x) dx + (5y + 7x) dy = 0. 
3985. xy’ = y(y? + 2x?). 
3986. “2 —4 — tan” . 

x x 
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y y = 
3987. |x — y cos © dx + & C08 = dy = 0. 


3988. y’ = e?* — ery. 
dz dy 
a—ay ty 2y*— ay” 
dy _ 1 
dz xcosy-+sin 2y ~ 
3991. (2 — 2ay — y*) dy + y? dx = 0. 
3992. y’ + y cos % = sin x cos x. 
3993. (w@ + 1) y' — ny = e*X(x + 1)"*1, 
3994. y dz = (y® — 2) dy. 


3989. 


3990. 


dy)? dy = 

3995. (3) —(x+y) dz + ay = 0. 

3996*. yy’ sin x = cos 2(sin x — y?). 

3997. y’ = (x + y)*. 

3998. Show that the integral curves of the equation 
(1 — a) y’ + ay =ax are ellipses and hyperbolas with 
centres at the point (0, a) and axes parallel to the coordinate 
axes, each curve having one constant axis equal to the 
number 2. 

In problems 3999-4002, find the particular solutions of 
the equations satisfying the given initial conditions: 


y — xy’ 
3999, YOY _ gs yl, =]. 
@ + yy y|xos 


4000. y’ — 


ne eae y|x=0 = 1. 


4001. (1 + e*) yy’ =e%; ylx-0 = 0. 

4002. y’ = 3a2y 4+ a + 275 ylxao = 1. 

4003. Show that the following property is possessed only 
by the straight lines y = kx and the hyperbolas zy = m: 


the length of the radius vector of any point of the curve is 
equal to the length of the tangent drawn at that point. 
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4004. Find the curve for which the length of the normal is 
proportional to the square of the ordinate. The coefficient 
of proportionality is equal to &. 

4005. Find the curve, for which any tangent cuts the axis 
of ordinates at a point equidistant from the origin and the 
point of contact. 

4006. Find the equation of the curve cutting the axis of 
abscissae at the point x = 1 and having this property: the 
length of the subnormal at any point of the curve is equal to 
the arithmetic mean of the coordinates of the point. 

4007. Find the curve for which the area of the trapezium, 
formed by the coordinate axes, the ordinate of any given 
point of the curve and the tangent at this point, is equal to 
half the square of the abscissa. 

4008. Find the curve, for which the area, included be- 
tween the axis of abscissae, the curve and two ordinates, one 
of which is constant whilst the other is variable, is equal to 
the ratio of the cube of the variable ordinate to the variable 
abscissa. 

4009. Find the curve for which the area of the figure, 
bounded by the axis of abscissae, two ordinates and the arc 
MM’ of the curve, is proportional to are MM’ for any choice 
of points M, M’. 

4010. Find the curve for which the abscissa of the centre 
of gravity of the curvilinear trapezium, formed by the co- 
ordinate axes, the straight line « = a and the curve, is equal 


to 38 for any a. 
4011*. Find the curve, all the tangents to which pass 
through a given point (2p, Yo). 


4012. Find the curve through the origin, all the normals 
to which pass through a given point (Xp, Yo). 


4013. What curve has the following property: the angle 
formed by the tangent at any point with Oz is twice the angle 
which the radius vector of the point of contact forms with Oz? 


XIV. DIFFERENTIAL EQUATIONS 359 


4014. A force acts on a body, proportional to time. More- 
over, the body is subject to the resistance of the medium, 
proportional to its velocity. Find the law of motion of the 
body (the path as a function of time). 


4015. A particle falls in a medium, of which the resistance 
is proportional to the square of the particle velocity. Show that 
the equation of motion is = g — kv?, where & is a con- 
stant, g is the acceleration due to gravity. Integrate this 


equation and show that v tends to Vg as t + oo, 


4016. The braking action due to friction on a disc rotating 
in a fluid is proportional to the angular velocity: 

(1) The disc starts to rotate with an angular velocity of 3 
revolutions per sec, its angular velocity after 1 min being 
2 revolutions per sec. What is its angular velocity 3 min after 
the start of the rotation ? 

(2) The disc starts to revolve with an angular velocity of 5 
revolutions per sec, its angular velocity after 2 min being 
3 revolutions per sec. At what instant, measured from the 
start of the rotation, will its angular velocity be 1 revolution 
per sec? 


4017. A bullet enters a board of thickness h = 10 cm with 
a speed v, = 200 m/sec, and leaves after penetrating the 
board with a speed v, = 80 m/sec. If the resistance of the 
board to the motion of the bullet is proportional to the square 
of the latter’s velocity, find how long it takes the bullet to 
pass through the board. 


4018*. A drop of water, of initial mass M, g and 
evaporating uniformly at a rate of m g/sec, moves under the 
action of inertia with an initial velocity vy cm/sec. The re- 
sistance of the medium is proportional to the velocity of 
the drop and to its radius. The initial resistance (at ¢ = 0) is 
{fo dynes. Find the velocity of the drop as a function of time. 


4019*. A drop of water, with an initial mass M,g and 
evaporating uniformly at a rate of m g/sec, falls freely in air. 
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The air resistance is proportional to the speed of the drop 
(coefficient of proportionality k). 

Find the speed of the drop as a function of time, as measu- 
red from the initial instant, at which the speed of the drop is 
given as zero. Assume that k + 2m. 


4020*. Solve the previous problem for a drop of spherical 
shape, assuming that the air resistance is proportional to 
the product of the speed and surface area of the drop. The 
density of the fluid is y. (Reduce to quadratures.) 


4021. The natural growth in the population of a large town 
is proportional to the present number of inhabitants and the 
interval of time. Furthermore, the town population increases 
due to immigration: the rate of growth of the population by 
this means is proportional to time, measured from the instant 
when the population was equal to Ay. Find the number of 
inhabitants as a function of time (assuming that the process is 
continuous). 


4022. A pickle, containing 10 kg of dissolved salt, is placed 
in a reservoir whose volume is 100 1. Water flows into the 
reservoir at a rate of 3 1./min, whilst the mixture is pumped 
at the same rate into a second reservoir whose capacity is 
also 100 1.; the second reservoir is originally filled with pure 
water, and the excess fluid pours out. How much salt will 
the second reservoir contain after an hour? What is the 
maximum amount of salt in the second reservoir? When is 
the maximum amount reached? (The salt concentration in 
each of the reservoirs is kept uniform by mixing.) (See Course, 
sec. 192). 


4023. The voltage and resistance in a circuit vary uniformly 
during 1 min, from zero to 120 V, and from zero to 120 ohms, 
respectively (see problems 3977-3978). The inductance is 
constant (1 Henry). The initial current is 7). Find the current 
as a function of time during the first minute. 

4024*, Gas is contained in a narrow horizontal cylindrical 
tube AB, which is hermetically sealed. The tube revolves 
uniformly about a vertical axis OO, (Fig. 69), passing through 
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one end, with an angular velocity w. The length of the tube is 
1 em, its cross-sectional area S cm?, the mass of the enclosed 
gas Mg, the pressure p, when the tube is at rest (constant 
throughout the tube). Find the pressure distribution along the 
tube, ie. p as a function of x, when the tube is revolving. 


Fia. 69. 


Further Examples of First-Order Equations 


Use substitution of the variables to reduce the equations of 
problems 4025-4037 to linear or homogeneous equations: 


,_ 24y—-—a2—5 , 2% —yt+1 
4027. (27 + y+ 1) dw = (2x + 2y — 1) dy. 
,_ y+ 2)? (2 I 
3 
4080. y’ = -———?!—— 4031. (1 + y®) dx = a dy. 


y= 2(xy? — x?) ° 
4032. (22y? — 1) y’ + 2ry? = 0. 


2 x 
4035. (a? + y? + 1) dy + ay dx = 0. 
4036. 2 dx + ydy + x (x4 dy — ydz) = 0. 
4037. (22+ y2 + y) dx = a dy. 
Solve the Bernoulli equations of problems 4038-4047: 


2 2\2 
4033. yy’ +2 = A" +y 4034. ay’ +1 =e. 
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4038. y’ + 2ay = 2a5y3. 4039. y’ + —— eae : +y=0. 
4040. y"“"(ay' + y)=2. 4041. ede = (= af r) dy. 
y 
4042. ay’ + y = ying. 
4043. y’ — ytanx+ y? cosa = 0. 
i AS a ' 2 ies 
ay? b dz 
4046. y dy ay =p at = = x « 


r — 42 
4047. y’ ie AL Rot , where g(x) is a given function. 
4048. Find the curve, such that the segment cut off the 
axis of ordinates (or of abscissae) by the tangent at any point 
is: 
(1) proportional to the square of the ordinate (or abscissa) 
of the point of contact; 
(2) proportional to the cube of the ordinate (or abscissa) 
of the point of contact. 


4049. Find the curves, specified by equations of the form 
oe = f(y), for which the area of the sector, bounded by the 
curve and the radius vectors of a fixed point (09, y)) and of 
a variable point (e, y), is proportional to the product of the 
polar coordinates ¢ and » of the variable point. The coefficient 
of proportionality is k. 


Exact Differential Equations 


Find the general solutions of the equations of problems 
4050-4057 : 


4050. (203 — wy?) dx + (2y3 — ay) dy = 0. 


«dy y 
1051. 2% =(z 4.- 7 de. 


4052. eY dx + (xeY — 2y) dy = 0. 
4053. yx¥-1 dx + a¥ Ina dy = 0. 
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4054. ada+ydy _ y dx — x dy 


yet y? oe 
y + sin x cos? (xy) x ; = 
4055. ost (ay) + et ay) dy + sin y dy=0. 


4056. (1 + 2 Vx? + y®) de + (—1 + Va? + y*) y dy = 0. 
4057. (; sin — § cos A + 7 dx +- 


a2 
x 


Integrating Factors 


Find the integrating factor and general solution of the 
equations of problems 4058-4062: 


4058. (a? + y) dw — x dy = 0. 
4059*, y(1 -+ xy) dx — x dy = 0. 
4060. (a? + y? + 2x) dx + 2y dy = 0. 
4061.2 de + (y8 — Ina) dy = 0. 
4062. (a cos y — ysin y) dy + (asin y + y cos y) dx = 0. 
4063. Show that aye is the integrating factor of the 
linear equation w + P(x)jy = Q(2). 
4064. Find the integrating factor of Bernoulli’s equation 
y' + Piz) y = yQ(2). 
4065. Find the conditions for which the equation 
X(a, y) dx + Y(a, y) dy = 0 
admits of an integrating factor of the form M = F(x + y). 
4066. Find the conditions for which the equation 
X(x, y) dx + Y(a,y) dy = 0 


admits of an integrating factor of the form M = F (xy). 
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Various Problems 


Find the general solutions of the equations of problems 
4067-4088: 


4067. y’ =ax+by+e. 4068. ay’ + by + cy™ = 0. 


Ltrs , tar —2 
4069. yf = Le eae aaa 
a2 
4071. y' = 4072. y' (yY2— ax) =y. 
Y -Gryy yy? — x)= y 
2adz . y®*— 3a 
4073 4 dy = 
y* a, . 


4074, (2y + axy3) dx + (a + xy’) dy = 0. 
4075. (22 + xy + 5) da + (x? + y?) dy = 0. 


,»_ (i+y?P 
4076. y ~siy+1)—x# . 
4077. a dy + ydx + y(x dy — ydz) = 0. 
1 y x? i 
4078. |- — ———, | dx ——,, — -| dy = 0. 
EF (x — ml 2 E —y)? ; : 
4079. y’ =x Vy+ at 4080. ysinz + y' cosx=1. 


4081. y —y+y*% cosx = 0. 
__ coszsin y + tan? x 
= sin x cos ¥ 


4082. y' 


‘ cos J = Y 
4083. xy’ cos Oe 


4084. (2 00s 5 + ysin ly de + 
hy aie 2 
+ (008 $ y sin 2) dy = 0. 
4085. y’ =—— — tan 
7 y cosy y 
4086. y — y’ cosa = y? cos x (1 — sin 2). 


xy? g® 1 x2 
4087. 2yy’ =e * +t — 2x. 
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fal & x 

4088. (1 + 07 aw + ey ( — 4 dy = 0. 

4089. Find the curve, such that the ratio of the subnormal 
at any point to the sum of the abscissa and ordinate of the 
point is equal to the ratio of the ordinate to the abscissa of 
the point. 

4090. Find the curve with the property, that the segment 
of the tangent at any point, contained between Ox and the 
straight line y = ax + b, is bisected by the point contact. 

4091. Find the curve for which the ratio between the 
distance from the normal at any point to the origin, and the 
distance from the same normal to the point (a, b), is equal 
to a constant k. 

4092. Find the curve for which the distance from the origin 
to the tangent at any point is equal to the distance from the 
origin to the normal at that point. 

4093*. Find the curve with the following property: the 
ordinate of any point of it is the mean proportional between 
the abscissa and the sum of abscissa and subnormal drawn to 
the curve at that point. 

4094. A voltage is introduced uniformly (from zero to 
120 V) during the course of two minutes into an electrical 


circuit with a resistance R = ohms. In addition, induct- 


ance is automatically introduced, so that the number of 
Henries in the circuit is equal to the current expressed in 
Amperes. Find the current as a function of time during the 
first two minutes of the experiment. 


2. Equations of the First Order (Continued) 


Tangent Field. Isoclines 


4095. Given the differential equation y’ = — ; (a) draw 


the tangent field determined by the equation, (b) examine the 
disposition of a field vector with respect to the radius vector 
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of any given point of the field, (c) examine on the basis of 
the tangent field the form of the integral curves of the equa- 
tion, (d) find the integral curves by solving the equation 
by the usual method (separation of the variables), (e) obtain 
the family of isoclines of the equation (see Course, sec. 196). 

4096. Write down the differential equations whose isoclines 
are: 

(1) rectangular hyperbolas xy = a; 

(2) parabolas y? = 2px; 

(3) circles 22 + y? = R?, 

4097. Find the isoclines of the differential equation of the 
family of parabolas y = ax?. Draw a figure. Interpret the 
result geometrically. 

4098. Show that the isoclines of a homogeneous equation 
(and only of a homogeneous equation) are straight lines 
through the origin. 

4099. Indicate the linear equations whose isoclines are 
straight lines. 

4100. Let y,, ¥2, y, be the ordinates of any three isoclines 
of a linear equation, corresponding to the same abscissa. 


Show that the ratio : — 1 retains the same value, whatever 
3 1 


this abscissa. 


The Approximate Integration of Differential Equations 


: s ; x? + ¥? ' 
4101. Given the equation y’ = aor draw approxi- 
mately the integral curve through the point Jf(1, 1) correspon- 


ding to the interval 1 Sa =5. 


4102. Given the equation y’ = draw approxi- 


1 
(x? + y?) 
mately the integral curve through the point (0°5, 0°5) corre- 
sponding to the interval 0°5 S x = 3:5. 

4103. Given the equation y' = zy®+ 2%, use Euler’s 
method to evaluate y for x = 1, if y is the particular solution 
satisfying the initial condition y|,-9 = 0. Evaluate y to two 
decimal places. 
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4104. Given the equation y’ = Vay?+ 1, use Euler’s 
method to evaluate y for x = 2, if y is the particular solution 
satisfying the initial condition y|,-o = 0. Evaluate y to two 
decimal places. 


4105. Given the equation 


and the initial condition y|,-0 = 1, solve the equation exactly, 
and find the value of y for x = 0:9. Furthermore, find the 
value with the aid of an approximate method, by dividing 
the interval [0, 0:9] into 9 parts. Indicate the relative error 
in the latter result. 


4106. Given the equation 


—_ 3x? 
YBHy+l 
and the initial condition y|,-1 = 0, solve the equation exactly, 


and, by using any of the approximate methods of integration 
of equations, find the value of x for y = 1 (compare with the 
value of « obtained from the strict solution). 

4107. y’ = y? + ay + 2. Find by the method of successive 
approximations the second approximation for the solution, 
satisfying the initial condition y|,-9 = 1. 

4108. y’ = zy® — 1. Find the value at x = 1 of the solution 
of the equation that satisfies the initial condition y|,-0 = 0. 
Go as far as the third approximation in the method of suc- 
cessive approximations. 

Work to two decimal places. 


Find the first few terms of the expansions in power series of 
the solutions of the equations of problems 4109-4116, with 
the indicated initial conditions: 

4109. y’ = yY — 2; y|x-0 = 1. 

4110. y’ = xy? — 1; ylxoo = 1. 

4111. y = 2 — ys ylxog = 0. 


— 72 
4112, y’ =! = Ae Tis ag eee Te 
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7m ey ‘ = 
4113. y’ = Tee y|x-0 = 0. 
4114, y’ =e¥ + xy; y|x=0 = 0. 
4115. y’ =siny —sinz; y|x0 = 0. 


4116. y = 1+ a+2?— 2; ylror=1. 
Singular Solutions. Clairaut’s Equation and Lagrange’s 
Equation 


Find the general and singular solutions of the Clairaut and 
Lagrange equations of problems 4117-4130: 


4117, y= ay’ + y”. 4118. y = xy’ — 3y’. 
4119. y = ay’ + 7 ; 4120. y= ay’ + V1 + y% 
4121. y= ay’ + siny’. 4122. y = 2ay’ + yy’. 
4123. y = y%(x + 1). 4124. 2yy’ = a(y’? + 4). 
4125. y = yy? + 2zy’. 4126. y=ax(lt+y’)+y”. 
4127. y =y' +9 , 4128, y = y'(e + 1) + y”. 


3 
4129. y = px + a1 — 7, where p = SE. 


4130. x = v[-—5): where p = at 


Find the singular solutions of the equations of problems 
4131-4133, by employing the same method as is used in the 
case of Lagrange and Clairaut equations (see Course, sec. 
197): 

4131. y’2 — yy’ +e =0. 

4132. ay’? — ay — 2)-—y +y=0. 

4133. y'(y’ — 2x) = 2(y — x?). 

4134. Prove the theorem: if a linear differential equation 


is of Clairaut’s type, the family of its integral curves consists 
of a pencil of straight lines. 
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4135. The area of a triangle formed by the tangent to a 
curve and the coordinate axes is constant. Find the curve. 

4136. Find the curve, the tangents to which cut out seg- 
ments onthe coordinate axes such that the sum of the seg- 
ments is 2a. 

4137. Find the curve, such that the product of the dis- 
tances of any tangent from two given points is constant. 

4138. Find the curve, for which the area of the rectangle, 
whose sides are the tangent and normal at any given point, 
is equal to the area of the rectangle, whose sides are equal in 
length to the abscissa and ordinate of the point. 

4139. Find the curve, for which the sum of the normal 
and subnormal is proportional to the abscissa. 


4140*. Find the curve, for which the segment of the nor- 
mal lying between the coordinate axes is of constant length a. 


4141. The velocity of a material particle at any instant 
differs from the average velocity (from the initial to the 
present instant) by an amount, proportional to the kinetic 
energy of the particle, and inversely proportional to the 
time, measured from the initial instant. Find the path as a 
function of time. 


Orthogonal and Isogonal Trajectories; Involutes 


Find the trajectories orthogonal to those given in problems 
4142-4147: 


4142. The ellipses with a common major axis equal 
to 2a. 


4143. The parabolas y? = 4(% — a). 
4144, The circles x? + y? = 2az. 
4145. The cissoids (2a — x) y? = 23. 


4146. The equal parabolas touching a given straight line, 
the point of contact of each parabola being its vertex. 


4147. The circles of equal radius whose centres lie on a 
given straight line. 
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4148. Find the family of trajectories intersecting at an 
angle « = 60° the curves 2? = 2a(y — x3) (a is a para- 
meter). 


4149. Find the isogonal trajectories of the family of para- 
bolas y? = 4ax, the angle of intersection being « = 45°. 


4150*. Find the plane sound distribution curves from a 
fixed acoustic source in the plane, if a wind blows with constant 
velocity a in a direction parallel to a given straight line pass- 
ing through the source. 

Find the involutes of the curves of problems 4151-4154 
(see Course, sec. 82): 


4151. The circle 2? + y? = R?. 
4152. The catenary y = a cosh = j 
4153. The involute of the circle 
x = a(cost + tsin#), y = a(siné — ¢ cos tf). 


4154, The semicubical parabola y = 3f, 2 = —2¢, 


3. Equations of the Second and Higher Orders 


Particular Cases of Second-Order Equations 


Find the general solutions of the equations of problems 
4155-4182: 


4155. y” =a +4 sing. 4156. y’’ = arc tan a. 
4157. y” = Ing. 4158. xy” = y’. 
4159. y” = y' + 2. 4160. y” = z +a. 


4161. (1+ 2%) y” + (y’2 +1=0. 
4162. xy” = y’ n= 4168. (y”’)? = y’. 


4164. 2zy’'y” = (y’)? + 1. 4165.4” — 2cota y' =sin®z. 
4166, 1 + (y’)? = 2yy”. 4167. (y’)? + 2yy” = 0. 
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1 
4168. ay” — y = 0. 4169. y” =—... 
4Vy 

4170. y+ mS (y= 0. AIL. yy” + (y'? = 1. 
4172. yy” = (y')?. 4173. 2yy'’— 3(y')? = 4y?. 
4174. yl —Iny)y” + (1 + Iny) (y')? = 0. 
4175. y" = yy’. 

d?y dy\? dy 
4176. cos y- ie Ya sin y (2) = =e 
4177. yy” — (y'P = yy’. 4178. yy” — yy’ ny = (y')?. 


anya a] 4) 


4180. (@ + a)y"+2(y'P=y’. 

4181*. em (y’? + (y"). 

4182. xy" — ; y')—y' = 0. 

Solve the equations of problems 4183-4188 with the aid 


of the appropriate substitution: yy’ = p, (y')? = p, xy’ = p, 
y' 


a = p, etc. 
4183. xyy" + a(y’)? = 3yy’. 4184. ay” = ae 1). 
4185. yy” + (y')? = x. 4186. y” ++ =y— = = 0. 
d?y dy 
2. =—_ =— 
4187. ee me (=a : 


4188. yy” = y'(2 Vyy' — y’). 
Find the particular solutions of the equations of problems 
4189-4199 with the stated initial conditions: 


4189. y(a? +1) = 2ey’; lero = 1, y'|rno = 3. 
4190. xy" + ay’)? —y’ = 0; ylxa2= 2, y'|xng = 1. 


a ; x , 
A191. y Sy ylx2= 0, [xan = 4. 
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4192, 2y’"’ = 3y?; Uf peng 1,9 leauge], 
4193. yy” =(y')PP — (y's feat = "|x = 1. 
4194, yy" = —1; Yjxar= 1, oy’ |xn1 = 0. 
at , 2 
4195. 4 — yy” = 1; y|x=0 = 72, y oe. 
4196. y” = e”; y|x-0 = 0, y' leno = 1. 
4197. Ay)?=y"y—1); yfer= 2% yer = 1. 
4198*, arty” = (y — xy’); y|xar= 1, oy’ [xa = 1. 


4199. y” =ay’ +y+4+1; Pies 1. .y leno 0: 

4200*. What curve has the property that the radius of 
curvature at any point is proportional to the length of the 
normal? Take as the coefficient of proportionality k = ~1, 
+1, —2, +2. 

4201. Find the curve, for which the projection of the 
radius of curvature on Oy is constant, equal to a. 

4202. Find the curve through the origin such that the 
area of the triangle M7P (Fig. 70), formed by the tangent at 
any given point M of the curve, the ordinate MP of M and 
the axis of abscissae, is proportional to the area OMP of 
the curvilinear triangle. 


Fic. 70. 


4203. Find the curve, the length of arc of which, measured 
from a given point, is proportional to the slope of the tangent 
at the final point of the arc. 

4204. A particle of mass m is thrown vertically upwards 
with initial velocity v,). The air resistance is equal to kv’. 
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Thus, if we take the vertical as Oy, we have for the move- 
ment upwards: 


™ ap = mg — kv?, 
and during the fall: 
d2y ‘ 
m a= —mg + kv, 
where v = Find the velocity of the particle at the 


instant when it reaches the ground. 


4205. A thin, flexible, inextensible cord is suspended from 
both ends. What is the equilibrium shape of the cord under 
the action of a load, uniformly distributed along the projection 
of the cord on the horizontal plane? (The weight of the cord 
is neglected.) (See Course, sec. 200). 


4206. Find the law of rectilinear motion if it is known 
that the work done by the force is proportional to the time 
measured from the initial instant of the motion. 

4207*. A light ray from air (refractive index mj) is inci- 
dent at an angle «, from the vertical on a liquid with variable 
refractive index. The latter depends linearly on the depth 
and is constant in a plane parallel to the horizontal; it is 
equal to m, on the surface of the liquid, and equal to m, 
at a depth h. Find the shape of the light ray in the liquid. 
(The refractive index of a medium is inversely proportional 
to the velocity of propagation of the light.) (See Course, 
sec. 70.) 


Particular Cases of Higher Order Equations 


Find the general solutions of the equations of problems 
4208-4217: 


4208. y'" =~. 4209. y'” = cos 2m. 
4210. yf = ex, 4211. x2y'” = (y’”’)?. 
4212. ay) = yt), 4213, y'" = (y’’)3. 


4214, yy" = 3(y”’)?. 4216. yy” = y'y" =0. 
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4216. y'"[1 + (y')?] = 3y'(y". 


1\Q 
4217. (y")? — y'y’" = (7) 


Approximate Solutions 


4218. A differential equation of the form y” = },(x)' + 
+ f(y) +f(y2) is encountered when investigating the vibra- 
tions of a material system with one degree of freedom. 

Solve this equation graphically, if: 


(1) #2) = 0, fly) = — Vy, fly’) = O-5y! and 
Y |xx0 =y lxeo = 0; 


(2) f(z) = —2, f(y) = 0, f(y’) = —Oly’ — Oly? and 
Y|x=0 = y' le=o =1, 


4219, y"” = yy’ — 2; y|re0 = 1,-y'|zn0 = 1. 
(1) Solve the given equation graphically. 


(2) Find the first few terms of the expansion of the solution 
in a power series. 


4220. Find the first six terms of the expansion in a series 


of the solution of'the differential equation y’’ = 7 — - 


satisfying the initial conditions y|,=; = 1, y’|za1 = 0. 


4221. Obtain in the form of a power series the particular 
solution of the equation y” = zsin y’; satisfying the initial 
conditions y|x-1 = 0, y’|x=1 =F . (Take the first six terms.) 

4222. Find in the form of a power series the particular 
solution y = f(z) of the equation y’! = ayy’, satisfying the 
initial conditions {(0) = 1, f’(0) = 1. If we confine ourselves 
to the first five terms, will this be sufficient to evaluate 
/(—0°5) to an accuracy of 0-001? 


4223. Find the first seven terms of the series expansion of 
the solution of the differential equation yy” + y’ + y = 0, 
satisfying the initial conditions y|,20 = 1, y'|x-0 = 0. Of 
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what order of smallness is the difference y — (2 — x — e*) 
as 7 > 0? 


4224, Find the first 12 terms of the series expansion of the 
solution of the differential equation y’’ -++ yy’ —2=0, 
satisfying the initial conditions y|,-0 = 0, y’|x-0 = 0. Evalu- 

! 


ate fy ae to an accuracy of 0-001. Evaluate y’|zx-o.5 to an 
6 


accuracy of 0:00001. 


4225*, An electrical circuit is made up of an inductance 
L = 0:4 Henry in series with an electrolytic bath. The bath 
contains a litre of water, acidified with a small quantity of 
sulphuric acid. The water is decomposed by a current, with 
the result that the concentration, and hence the resistance of 
the solution in the bath is variable. The voltage is held 
constant (20 V) at the terminals. The amount of substance 
decomposed by electrolysis is proportional to the current, 
the time and the electrochemical equivalent of the substance 
(Faraday’s law). The electrochemical equivalent of water is 
equal to 0:000187 g/coulomb. The resistance of the solution 
at the start of the experiment is Ry = 2 ohm, and the initial 
current is 10 amp. Find the volume of water in the vessel as 
a function of time (in the form of a power series). 


4226*, An electrical circuit is made up of an inductance 
L = 0°4 Henry in series with an electrolytic bath, the initial 
resistance of which is 2 ohm. The bath contains a litre of 
water in which 10 g of hydrogen chloride are dissolved. The 
acid is decomposed by a current, with the result that the 
concentration of the solution varies (cf. the previous problem, 
where the amount of dissolved substance does not vary, but 
the volume of the solution varies). The voltage at the termi- 
nals of the circuit is 20 V, the electrochemical equivalent & 
of hydrogen chloride is equal to 0:000381 g/coulomb, the 
initial current is 10 amp. Find the amount of hydrochloric 
acid in the solution as a function of time (in the form of a 
power series). 


376 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


4. Linear Equations 


4227. The functions 23 and 24 satisfy a certain homogeneous 
linear differential equation of the second order. Show that 
they form a fundamental system, and form the equation. 

4228, The same for the functions e* and z’e*. 


4229. The functions 2, 2°, ex form a fundamental system 
of solutions of a third order linear homogeneous equation. 
Form this equation. 

4230. The functions xz? and x? form a fundamental system 
of solutions of a second order linear homogeneous equation. 
Find the solution of this equation satisfying the initial condi- 
tions y|x-1 = 1, y’|xa1 = 0. 

4231. The functions cos? 2 and sin? satisfy a certain 
linear homogeneous equation of the second order: 

(a) prove that they form a fundamental system of solutions ; 

(b) form the equation; 

(c) show that the functions 1 and cos 2a form another 
fundamental system for this equation. 


4232*, If y, is a particular solution of the equation 


y” + y'P(x) + yQ(x) = 0, 
then 


— \ P(x)4 
Yo = oy,{e se 2 (C is a constant) 
1 


is also a solution. Prove this by three methods: 
(1) by direct verification, (2) by substituting y = y,z, 
(3) by using Ostrogradskii’s formula (see Course, sec. 202). 
4233. By using the formula of problem 4232, find the 
general solution of the equation (1 — 2x?) y’’ — 2xy’ + 2y = 0, 
knowing its particular solution y, = z. 


4234. Solve the equation y’’ ++ - y' +y=0, knowing its 
sin x 

x 

4235. The equation (2% — 2?) y” + (x? — 2) y' + 
+ 2(1 —x)y = 0 has a solution y = e*. Find the solution 
satisfying the initial conditions y|x-1 = 0, y’|x-1 = 1. 


particular solution y, = 
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4236*. Find the necessary and sufficient condition for the 
equation y’’ + y’P(x) — yQ(x) = 0 to have two linearly 
independent solutions y, and y,, satisfying the condition 
YWY2 = 1. 

4237*. Find the general solution of the equation 


(1 — 2?) y”” — ay’ + 9y = 0, 


if its particular solution is a third-degree polynomial. 

It is easy to pick out a particular solution of the equations 
of problems 4238-4240 (excluding the trivial solution y = 0). 
Find the general solutions of these equations: 


4238. y'’ — (tan 2) y’ + 2y = 0. 
4239, y!” — y’ + i = 0. 


” 2x , 2y —— 
4241. Find the general solution of the equation 
xsy’”’ =e 3a7y"" -- Gay’ ms by = 0, 


knowing the particular solutions y, = x and y, = x. 

Find the general solutions of the non-homogeneous equa- 
tions of problems 4242-4244: 

4242, 2?y"’ — ay’ + y = 423. 

z& , 
xa—1 a x 

4244, (382 + 2x7) y” — 6(1 + 2) y’ + by = 6. 

4245. The equation (1 + 2?) y” + 2uy’ — 2y = 4a? + 2 
has the particular solution y = x”. Find the solution satisfy- 
ing the conditions y|,-_; = 0, y’|x--1 = 0. 

4246, Find the first six terms of the expansion in a power 
series of the solution of the differential equation y’’ — 
— (1+ 2”) y = 0, satisfying the initial conditions y|,-9 =—2, 
y'|x-0 = 2. 

4247, Find the first nine terms of the expansion in a power 
series of the solution of the differential equation y’’ = a?y — 
— y', satisfying the initial conditions y|x-o = 1, y’|x=0 = 0. 


4243, y” — 


+i yan-. 
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4248, Write as a power series the particular solution of the 
equation y” — zy’ +y—1=0; y|x-0 = 0, y’|x20 = 0. 

4249, Write as a power series the general solution of the 
equation y”” = ye*. (Take the first six terms.) 


4250. Write as a power series the general solution of the 
equation y” + xy’ — xy = 0. (Take the first six terms.) 


Equations with Constant Coefficients 
Find the general solutions of the equations of problems 
4251-4261: _~ 
4251. y’" + y' — 2¥y¥=0. 4252. y’”’ — 9y = 0. 
4253. y'’ — 4y' = 0. 4254, y” — 2y’ —y = 0. 
4255. 8y'" — 2y’— 8y = 0. 4256. y’+y=0. 
4257, y"’ + 6y’ + 138y=0. 4258. 4y’’ — 8y’ + 5y = 0. 
4259. y” — 2y’+y=0. . 


dx 

4260. 4 we 
4261. 2y’’ + y' + 2 sin? 15° cos? 15°y = 0. 

Find the solutions of the equations of problems 4262-4264 

satisfying the stated initial conditions: . 


da 
— 20-5 + 25x = 0. 


4262. y" - 4y’ + 3y => 0; y|x=0 | 6, y’|x=0 = 10. 
4263. y” + 4y’ + 29y = 0; Y|x-0 = 0, y'|x-o0 = 15. 
4264. 4y"" a. 4y’ + Y= 0; y|x=0 = 2, y'|\x=0 = 0. 


4265. Given that y,=e™ is a particular solution of a 
certain linear homogeneous equation of the second order 
with constant coefficients, and that the discriminant of the 
corresponding characteristic equation vanishes, find the 
particular solution of the equation which, together with its 
derivative, becomes unity for x = 0. 

4266. Find the integral curve of the equation y”’ + 9y = 0, 
passing through the point M(x, —1) and touching the straight 
line y + 1 = x — x at this point. 

4267. Find the integral curve of the equation y’’ + ky = 0, 
passing through the point M(x», y)) and touching the straight 
line y — Yy = a(x — Xp) at this point. 
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Form the general solutions of the non-homogeneous equa- 
tions of problems 4268-4282, by finding their particular 
solutions either by inspection (see Course, sec. 205), or by 
the method of variation of the arbitrary constants (see 
Course, sec. 203), or by using the general formula (see Course, 
sec. 206): 

4268, 2y" + y' —y=2e%. 4269. y” + a’y = e*. 

4270. y"’ — Ty’ + 6y = sin x. 


4271. y" 4+ 2y' + by = — “cos Qu. 


4272. y” — by’ + 9y = 22? — 2x +4 3. 

4273. y"’ — 2y' + 2y = 2a. 4274. y' + 4y’ — By = 1. 
4275. y'’ — 3y’ + 2y = f(x), if f(x) is equal to: 

(1) 10e-*; (2) 3e*; (3) 2sin a; (4) 223 — 30; (5) 2e C08 
(6) —e-2* +1; (7) ex (3 — 4x); (8) 32 + 5sin 22; 

(9) 2e* — e~2*; (10) sina sin 22; (11) sinhz. 

4276. 2y’’ + 5y’ = f(a), if f(x) is equal to: 

(1) 5a2 — 2n — 1; (2) e*; (3) 29cosx; (4) cos? 2; 

(5) 0-le-?'5* — 25 sin 2°5a; (6) 29x sin x; 


(7) 100ze-* cos x; (8) 3 cosh 2 x. 


4277, y" — 4y’ + 4y = f(a), if f(x) equal to: 

(1) 1; (2) e~*; (3) 3e%; (4) 2(sin 2a + x); 

(5) sinxz cos 2x; (6) sina; (7) 8 (x? + e* + sin 22); 

(8) sinh 2%; (9) sinh x + sin x; (10) e* — sinh (x — 1). 
4278. y" + y = j(a), if f(x) is equal to: 

(1) 223 —x2-+ 2; (2) —8cos 3x; (3) cosa; 

(4) sin x — 2e-*; (5) cos 2 cos 2x; (6) 24 sin*z; (7) cosh x. 
4279. 5y” — 6y'’ + by = f(x), if f(x) equal to: 


3 
(1) 5e"; (2) sin 5 (3) e* + 223 — x + 2; 


380 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


3 3 
(4) e® cosz; (5) e® sin Sa (6) 13e* cosh x. 


4280. y" +y4-+ cot? x=0. 
a ? — ex 

4281." — 2y ee eee oO | T° 

4282*, y” — y’ = fia), if f(x) is equal to: 
ex 

(1) ive’ (2) e 71 — e?*%; (3) e* cos e*. 


Find the particular solutions of the equations of problems 
4283-4287, satisfying the stated initial conditions: 


3 
4283, 4y” + 16y’ + 15y = 4e 2"; y|xoo = 3, 


y' |x=0 = —55. 
4284, y” — 2y' + 10y = 102? 4+ 18% + 6; y|x<0 = 1, 
y' |x=0 = 32. 


4285. y"” —y' = A1—2); ylno=1, y|eno= 1. 
4286. y" — 2y’ = ex(a? + %— 3); ylxn0 = 2 Y' [xo = 2. 
4287, y" + y+ sin227=0; y)xon = Y'|xon = 1. 

4288*, Show that the particular solution y of the second- 


order equation with constant coefficients and right-hand side 
Ae’* (p and A are real or complex numbers) has the form 


= A ie i ae ; 
y = —— e?*, if pis not a root of the characteristic equation 


v(P) , 
Or) =ar?-+arta=0; y= aa) e* if p is a simple 


root of the characteristic equation; ¥ = e* if pis a 


x 
''(P) 
double root of the characteristic equation. 

Find the general solution of the Euler equations of prob- 
lems 4289-4292 (see Course, sec. 208): 

4289. x?y'’ — Say’ + 2ly = 0. 4290. a°y" + ay’ +y=2 

n yy _ 2 
4291. y aaa aa 
4292, a2y’’ — 2ay’ + 2y+a4— 23 = 0. 


XIV. DIFFERENTIAL EQUATIONS 381 


4293. If the axis of a turbine shaft is arranged horizontally, 
and if the centre of gravity of a disc fastened to the shaft 
does not lie on the axis, the bending y (Fig. 71) of the shaft 
axis satisfies on rotation the equation 


2y 
se + (ra 0) ¥ = genset + 0% 


a 
Centre of gravity of the eleaain | 


Fie. 71. 


where m is the mass of the disc, « is constant number, depend- 
ing on the type of clamping of the ends A and B, w is the 
angular velocity of rotation, and e is the eccentricity of the 
centre of gravity of the disc. Find the general integral of 
this equation. 


4294. A material particle of mass 1 g is repelled along 
a straight line from a certain centre with a force, proportional 
to its distance from this centre (coefficient of proportionality 
4). The resistance of the medium is proportional to the velo- 
city (coefficient of proportionality 3). At the initial instant the 
distance from the centre is 1 cm, and the velocity is zero. 
Find the law of motion. 


4295. A particle of mass 1 g moves along a straight 
line towards a point A under the action of a force of attraction 
proportional to its distance from point A. At a distance of 
1 cm, the force acting is 0-1 dynes. The resistance of the me- 
dium is proportional to the velocity and is equal to 0°4 dynes 
at a velocity of 1 cm/sec. At the instant ¢ = 0 the par- 
ticle is situated 10 cm to the right of point A and its 
velocity is zero. Find the distance as a function of time 
and work out this distance for = 3 sec (to an accuracy 
of 0°01 cm). 
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4296. A material particle of mass m moves along a straight 
line from A to B under the action of a constant force F. The 
resistance of the medium is proportional to the distance of the 
particle from B and is equal to f{ (f < F) at the initial instant 
(at point A). The initial velocity is zero. How long does it 
take the particle to move from A to B? (AB =). 


4297. A body of mass 200 g is suspended from a spring and 
moved from its position of rest by pulling out the spring 2 cm, 
after which it is let go (without initial velocity). Find the 
equation of motion of the body, assuming that the resistance 
of the medium is proportional to the velocity. If the body 
moves with a velocity of 1 cm/sec, the medium displays a 
resistance of 0°1 g; the spring tension when it is extended 
2 cm is equal to 10 kg. 


The weight of the spring is neglected. 


4298. A small cylindrical block of wood (S = 100 cm?, 
h = 20 cm, y = 0°5 g/cm$) is completely submerged in water 
and let go without initial velocity. Assuming that the friction 
force is proportional to the height of the submerged part, 
find what the coefficient of proportionality & must be for 
precisely half the block to appear above the water surface 
as a result of its first rise. 

How long (é,) does the first rise last ? 

What is the equation of motion during the first rise ? 


4299*. A long thin pipe rotates with constant angular 
velocity w about a vertical axis perpendicular to it. A small 
sphere of mass m is situated inside the pipe at a distance a) 
from the axis at the initial instant. Assuming that the velocity 
of the sphere relative to the pipe is zero at the initial instant, 
find the law of relative motion of the sphere. 


4300. Solve the previous problem on the assumption that 
the sphere is fixed to a point O via a spring. The spring force’ 
acting on the sphere is proportional to the spring deformation, 
and a force of & dynes produces a 1 cm change in length of 
the spring. The length of the spring in the free state is ay. 
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Equations of Higher Orders 


Find the general solutions of the equations of problems 


4301-4311: 
4301. y'” + 9y' = 0. 
4302. yY) — 13y’” + 36y = 0. 


4303. 
4305. 
4306. 
4307. 
4309. 
4310. 


4311. 


4312. 
4313. 


yl) = By” — 16y. 4304. yl) = 1by. 
y’"’ — 18y’ — ly = 0. 

yf" = by” + 3y’ =—_ y = 0. 

yl) 4 Qy" ty = 0. 4308, 0 = yr2, 
yy) + y = 0. 

a cae + 48yVD 4. 12y1V) 4+ y'” = 0, 


1 
y+ ty 4 ME Dy Miceae tay + 
pen 


y"=—y's ylxso = 2 y'|x20 = 9, oy" x20 = —1. 
yM= y's ylreo = 9, yJxeo= 1, y'"|xn0 = 0, 


yf" | em -o=1, yt) |x=0 = 2, 


Obtain the general solutions of the non-homogeneous 
equations of problems 4314-4320, by finding their particular 
solutions, either by inspection (see Course, sec. 205), or by the 
method of variation of the arbitrary constants (see Course, 
sec. 203), or by using general formula (see Course, sec. 206): 


4314. 
4315. 
4316. 
4217, 
4318. 
4319. 
4320. 
4321. 


4322. 
4323. 


yf" — 4y" + By’ — 2y = 2a 4 3. 

y'”" — 8y’ + 2y = e-*(4a? + 4x — 10). 

yl) + 8y"’ + 16y = cos x. 

yIV) + 2a2y'’ + aty = cos ax. 

YO $y" =a 1. 

yO) — y = xe* + cos a. 

yO) — 2y" + y = Be +e) + A(sin x + cos 2). 
y+ ay" + y! + 2e-** = 0; yl xa0 = 2, 

y' |x=0 = 1, Uf" | xn0 = 1. 

y" — y = 32 — 2); y|xn0 = Y'|x20 = Y" |xa0 = 1. 
Solve Euler’s equation 2°y'" + ay’ — y = 0. 
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5. Systems of Differential Equations 


dz dz 
ay ™@. aa 
4324, 4325. 
CY 1 oo” + By = 0 OY pew ee 
dt : dt : 
SF = dy — ba +e, yey’ =2(y' = $4), 
4326. . 4327. de 
Ye mp oe —2t Qo! —. Oo eee 
7 Teed 6y + e77, yz (2 | 
,_ ety 
2 ’ xy’ = ¥, 
4328. ery 4329. ee ees 
y 
we ary 
ans RPS eaee Te 2— 4)? 
4330. oe asi. }7 4° — 9) 
, 2x2 = 2'(2 — y)? 
e “gy — 
1@_ oY + 80 = sint, 
4332. 
a + Y= cosl. 
d’y d?x ag 
4333 ao” 4334 af to os 
BF ieee i cc 
ae ~ % de ae 


dex dy 4d 
Z—-Y @—-Zz y—a- 

Find the particular solutions of the systems of differential 

equations of problems 4336-4339, satisfying the stated initial 


conditions: 


d a, 
se st a a 
4336. \ 4, ale ty) 


ac ag — yz ’ z|x=0 =—1l. 


XIV. DIFFERENTIAL EQUATIONS 385 


2x 1 
4337 rere ae 
; 2a 1 
Seryol+ yy yl = — B- 
=2z2+y—2%, 
tito = 1; 
4338. = —Y, 
ae ee Y|t=0 = 2|t=0 = 0. 
-=aty +z, 


=y+2, 20 =—1, 


4339. =2+2, yliao =1; 


RS SIS SE SS SIS SE SS SF 


=a2+y 2|1<0 = 0. 


4340. Find the pair of curves with the following property: 
(a) tangents at points with the same abscissae intersect on 
the axis of ordinates; (b) normals at points with the same 
absissae intersect on the axis of abscissae; (c) one of the 
curves passes through the point (1,1), the other through 
(1, 2). 


4341. Given two curves: y= f(x), through the point 


x 
(0, 1), and y =| fe) dz, through the point (0 3); such that 


the tangents to both curves at points with the same abscissae 
intersect on the axis of abscissae, find y = f(z). 


4342. Find the spatial curve through the point (0, 1, 1) 
with the following properties: (a) when the point of contact 
moves along the curve, the trace of the tangent on the yOx 
plane describes the bisector of the angle between the positive 
directions of Ox and Oy; (b) the distance of this trace from 
the origin is equal to the z coordinate of the point of contact. 
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4343. Two small spheres, each of mass m, are joined by a 
very light spring (the extension of which is proportional to 
the extending force). The length of the unextended spring is 
I,. The spring is extended to a length J,, then at the instant 
t = 0 both spheres, situated one above the other, start to 
fall (the resistance of the medium is neglected). After 7 
sec the length of the spring is shortened to J. Find the law 
of motion of each sphere. 

4344. A horizontal pipe revolves about a vertical axis with 
angular velocity 2 radians per sec. Two small spheres of 
mass 300g and 200 g are situated in the pipe, and joined 
by a very light spring of length 10 cm, the heavier of the 
spheres being the further from the axis of rotation. A force of 
24000 dynes extends the spring 1 cm, whilst the centre of 
gravity of the system of spheres is 10 cm from the axis of 
rotation. The spheres are maintained in position by a certain 
mechanism. At the instant, which we take as the initial ins- 
tant, the mechanism is put out of action, and the spheres 
start to move. Find the law of motion of each sphere relative 
to the pipe. (Friction is neglected.) 

4345. The rate of growth of a culture of micro-organisms 
is proportional to the quantity of them and the amount of 
nutrient (coefficient of proportionality &). The rate of decrease 
of the nutrient is proportional to the initial quantity of micro- 
organisms and time (coefficient of proportionality k,). At the 
start of the experiment there are A, g of micro-organisms 
and B, g of nutrient in the vessel. Find the amount A of 
micro-organisms and the amount B of nutrient as functions 
of time. 

4346*. Suppose that bacteria multiply at a rate proportio- 
nal to the initial amount (coefficient of proportionality a), 
but that poisons are at work at the same time, destroying 
them at a rate proportional to the amount of poison and the 
amount of bacteria (coefficient of proportionality 6). Further, 
suppose that the rate of working of the poisons is proportional 
to the initial amount of bacteria (coefficient of proportional- 
ity c). The number of bacteria increases at first up to a 
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certain maximum value, then decreases, tending to zero. 
Show that, for any instant ¢, the number N of bacteria is 
given by 

4M 


™ “(elt em Me ” 


where M is the greatest number of bacteria and time ¢ is 
measured from the instant when N = M, k being a constant. 


4347. Two cylinders, the bases of which lie in the same 
plane, are joined at the bottoms by a capillary tube, and are 
filled with liquid to different heights (H, and H,). The volume 
of liquid flowing through the tube in unit time is proportional 
to the difference in the heights, i.e. is equal to « (A, — h,), 
where « is a coefficient of proportionality. Find the law of 
variation of the heights of the fluid in the vessels above the 
capillary tube. The cross-sectional areas of the vessels are 
S, and 8,. 


6. Numerical Problems 


4348. One kilogramme of water, the specific heat of 
which is reckoned constant (1 cal/deg), and the initial temper- 
ature of which is 6), is heated by an electrical device sub- 
merged in the water, the resistance R of which depends line- 
arly on the temperature 0: R = #,(1 + 0:0046), where R, 
is the resistance at 0° C (the law holds for the majority of 
pure metals). The heat insulation of the vessel is so good that 
heat transmission may be neglected. Find the temperature 
6 as a function of time ¢ in the interval 0 =? = 7, if: 

(1) The voltage # is introduced uniformly from # = 0 
to H = E, in the course of 7 sec. Calculate to an accuracy 
of 1° the number of degrees by which the temperature is raised 
at the end of the 10th minute, if 6, = 0°, #, = 110 V, Ry = 10 
ohms and 7’ = 10 min. 

(2) The current is alternating and the voltage varies in 
accordance with the law # = EH, sin 100zt. Calculate to an 
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accuracy of 1° the number of degrees by which the tempera- 
ture of the water is raised at the end of the 10th minute, 
if 0) = 0°, Hy) = 110 V and & = 10 ohms. 


4349. A litre of water is heated by a spiral with a resistance 
of 24 ohms. The water gives out heat to the surrounding me- 
dium, which has a temperature of 20° C (the rate of cooling is 
proportional to the temperature difference between body and 
medium). We also know that, if the current is switched off, 
the water temperature drops from 40° to 30° in 10 min. The 
initial water temperature is 20° C. To what temperature is the 
water heated after 10 min, if: 

(1) The voltage is introduced uniformly from H, = 0 to 
#, = 120 V during 10 min? Accuracy: 0°1°. 

(2) The current is alternating, and the voltage variation is 
given by # = 110sin 100m? Accuracy: 0:1°. 


4350. Given the equation y’ = ae x, form a table of 


the values of the solution which satisfies the initial condition 
y|x=-1 = 1, by giving x values from 1 to 1:5 every 0°05. 
Carry out the working to three decimal places. 


4351. Calculate the value at x=1 of the particular 
solution of the differential equation y’ = y + x, satisfying 
the initial condition y|,-o = 1. Then calculate the first five 
approximations 4, Yo, Y3, Y4. Ys (to four decimal places) by 
the method of successive approximations. Compare the 
results. 


4352. We know that | e-* dz cannot be expressed explicitly 
interms ofelementary functions. Using the fact that the function 


x 

y= o | e-*" dz is a solution of the equation y’ = 2xy + 1, 
0 
0-5 


evaluate | e—* dz. Use the method of successive approxima- 


tions taking the first five approximations. Compare the result 
with the approximate value calculated from Simpson’s rule. 


XIV. DIFFERENTIAL EQUATIONS 389 


4353. y = f(x) is a solution of the differential equation 
y’ = y* — x with the initial condition y|,20 = 1. Find by the 
method of successive approximations the fourth approxi- 
mation (y,), the number of terms being limited to that required 
for evaluating y, (0°3) to three decimal places. Then find the 
first few terms of the expansion of f(x) in a power series; 
evaluate /(0°3) also to three figures after the point and, 
assuming /(0°3) to be the more accurate result, estimate the 
error in the value of y, (0-3). 


4354. y = f(x) is a solution of the differential equation 


y= ae with the initial conditions y|,21= 1, y’|,=<1 = 0. 


Find f(1°6) to an accuracy of 0°001. 

4355*. y = f(x) is a solution of the differential equation 
y’ =y'’—y+e with the initial conditions y|,.1 = 1, 
y' \x=1 = 0. Find f(1°21) to an accuracy of 0:000001. 

4356*. y = f(x) is a solution of the differential equation 


a 


y" = ay’ —y+e with the initial conditions y|,-o = 1, 
y' |x-0 = 0. Find i) to an accuracy of 0:0001. 


4357. A curve is given by the equation y = f(x). Find the 
series expansion of f(x), knowing that it satisfies the differ- 
ential equation y’’ = zy and the initial conditions y|,-0 = 0, 
y’|x-0 = 1. Evaluate the curvature of the curve at the point 
with abscissa 1 to an accuracy of 0:0001. 


CHAPTER XV 
TRIGONOMETRIC SERIES 


1. Trigonometric Polynomials 
ef e-ix 


5 and 


4358. By using Euler’s formulae cos x = 
ix _ @—ix 
sin 2 = Tg aS show that the functions sin” x and cos” x 
can be written as nth order trigonometric polynomials. 
4359. Prove that the relationships hold: 
Qn Qn 


| sin” 2 cos mx dx = } sin” x sin maz da = 


Qn Qn 
= | cos" 08 ma dir = J cost sin me dr = 0, 


if m > mn (m and n are integers). 

4360. Prove that every nth order trigonometric polynomial 
consisting of cosines only can be written as P(cos ¢), where 
P(x) is an nth degree polynomial in z. 

4361. Prove with the aid of Euler’s formulae (see problem 
4358) the relationship 


1 (n +e 


sin 5} 
cos py + cos 2p +... + cosng = 
sin 2 
2 
4362. Prove the relationships: 
sin 2np 
1 cgesss 2n —1)p = : : 
(1) cos » + cos 3g + + cos (2n )@ Fano: 


nN ._ nti 
aut, pein a7? 


(2) sing + sin 29 + ...+ sinngo = - 


sin = 
2 
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4363. Find the zeros of the trigonometric polynomials 


sing + sin29+...+ sin nop 
and 
cos p + cos 2p + ... + cos ng 


in the interval (0, 27]. 
4364. Show that the trigonometric polynomial 


‘ sin 2 
sin y + Steet 


sin np 
n 


mt 
n+l’ 


and a minimum at the points 


has a maximum in the interval [0, x] at the points 
nt rt 
..., (29 — 1 
27 


2n n 
—, 2-—,...,(¢—1)—, where q=-— if ni , and 
a 7 (q ) ae we q = 5 if n is even, an 


q= "+" if nis odd. 


4365*. Prove that a trigonometric polynomial with no 
constant term: 


®,(p) = a, cosp + 6b, sing +...-+ 4, cos np + 6, sin ng, 


and not identically zero, cannot retain a constant sign for 
all y. 


2. Fourier Series 


4366. Show that the function y = x sin for x # 0, and 


y = 0 for x = 0, is continuous along with its first derivative 
in the interval (—z, x], but does not satisfy the conditions 
of Dirichlet’s theorem. Can it be expanded in a Fourier series in 
the interval [—x, x]? 

Solve problems 4367-4371 on the assumption that f(x) is 
a continuous function. 


4367. Function /(x) satisfies the condition 
f(a + x) = —f(2). 


392 PROBLEMS ON A COURSE OF MATHEMATICAL ANALYSIS 


Show that all its even Fourier coefficients are zero (a) = 
=@,=—b=a,=h=...=0). 
4368. Function f(x) satisfies the condition 
fe + x) = f(z). 
Show that all its odd Fourier coefficients vanish. 


4369. Function f(x) satisfies the conditions /(—x) = f(x) 


and f(z + 2) = —f(x). 
Show that 6,=}b,=6,=...=0 and aq=a,=a4= 


Sven 0; 
4370. Function f(x) satisfies the conditions 
{(—«) = —f(z) and f(z + 2) = —f(a). 
Prove that a=a,=a,=...=0 and 4.=—b,=h = 
ere as 

4371. Function f(x) satisfies the conditions: 

(a) ((—2) = f(z) and f(x + x) = f(x); 

(b) f(—2) = —f(x) and f(x + x) = f(z). 

Which of its Fourier coefficients vanish ? 

4372. Expand in a Fourier series the function equal to 
—1 in the interval [—z, 0] and equal to 1 in the interval 
(0, xt). 

4373. Expand in a sine series the function y = i ain 


2 
the interval (0, 2). 
4374. By using the results of problems 4372 and 4373, 
u— 2 
2 
Indicate the intervals in which the formulae obtained are 
valid. 


4375. Expand the function y = ; ~§ in the interval (0, 


obtain the expansions of functions y= 2 and y = 


gt) in @ cosine series. 

4376. Expand the function y=? in a Fourier series: 
(1) in the interval (—2, x), (2) in the interval (0, 27) (Figs. 
72 and 73). 
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27 37 47 x 
Fic. 73. 


Calculate with the aid of the series obtained the sums of 
the numerical series: 


11 1 
S=l+ytate tate.» 


we 
| 


1 1 1 
=l= Brae Pe ae 


1 
ste. 


1 1 
S-l+gtat---+ op 


Expand the functions of problems 4377-4390 in Fourier 
series in the indicated intervals: 


4377. The function y = 2? in the interval (0,7) in a 
cosine series. 


4378. Function y = 2° in the interval (—z, 2). 
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4379. The function f(x), equal to 1 for —x < x < 0 and 
equal to 3 for0O << a<a. 

4380. The function f(x), equal to 1 in the interval (0, h) 
and equal to 0 in the interval (h, x), in a cosine series (0 < 
<h<n). 

4381. The continuous function f(x), equal to 1 for x = 0, 
equal to 0 in the interval (2h, 2) and linear in the interval 


(0, 2h), in a cosine series (0 <h< 3] : 


4382. The function y = |x| in the interval (—l, 1). 

4383. The function y = e* — 1 in the interval (0, 27). 

4384. The function y = e* in the interval (—1, 1). 

4385. The function y = cosaz in the interval (—z, z) 
(a is not an integer). 

4386. The function y = sinaz in the interval (—z, 2) 
(a is not an integer). 

4387. The function y = sin az (a is an integer) in the inter- 
val (0, x) in a cosine series. 

4388. The function y = cos az (a is an integer) in the inter- 
val (0, 2) in a sine series. 

4389. The function y = sinh in the interval (—x, 2). 

4390. The function y = cosh x in the interval (0, a) in a 
cosine series and a sine series. 

4391. Expand in a Fourier series the function whose 
graph is illustrated in Fig. 74. 


4392*, Expand in a Fourier series the function whose 
graph is illustrated in Fig. 75. 
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“7 2r (@) Zz 7 47 x 
3 3 3 


Fic. 75. 


4393*, Expand in Fourier series the functions whose graphs 
are illustrated in Figs. 76 and 77. 


Fig. 77. 


4394. Expand the function y = x(a — 2) in a sine series 
in the interval (0, x). Use the result to find the sum of the 


series 


4395. Given the function (x) = (x? — x?)?. 
(a) show that the equalities hold: 
g(—) = 9(x), 9'(—%) = o'(x) and g'(—z) = p(x) 
[but g’’(—2) + 9'”"(x)]. 
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(b) by using these equalities, expand (x) in a Fourier 
series in the interval (—2z, 2) (see Course, sec. 214); 
(c) calculate the sum of the series 


Et (—1)"-1 
rr a a cr 


3. Krylov’s Method. Harmonic Analysis 


Improve the convergence of the trigonometric series of 
problems 4396-4400 by bringing the coefficients of the series 
up to the order indicated in brackets (k). 


ry 2 
4396*, 5 wT ;sinne (k= 4). 


n=l 


4397. > (—1yrs 2 sin ne (k = 2). 
n=1 


ntti = 
ae 1 008 ma (k = 4). 


4398". 5° 
n=0 
. 0 
. sin — 
i, eal = 
4399 2. mE COB (k = 5). 


4400. Functions f(x) (i = 1, 2, 3) are given in the interval 
[0, 22] by the following table: 


% 4 wu 


26 | 30 | 32 | 36 


f,{z)) 27 | 32 | 35 | 30; 26] 20] 18 22 


Jo(x) | 0-43} 0-87; 0-64| 0-57) 0-28) 0 


—0-30| —0-64; —0-25/ 0-04) 0-42) 0-84 


2:1 |1-6 | —0-4|—0-2) 0-4 0-3 0-7 | 0-9 | 1-2 11-6 


fala) | 23 | 3-2 


Find the approximate expression for these functions as 
a second-order trigonometric polynomial. (See Course, sec. 


220.) 


CHAPTER XVI 


ELEMENTS OF THE THEORY 
OF FIELDS* 


Vector Field, Divergence and Curl 


4401. Find the vector lines of the homogeneous field 
A(P) = ai + bj + ck, where a, 6 and ¢ are constants. 

4402. Find the vector lines of the plane field A(P) = 
= —oyi + waj, where w is constant. 

4403. Find the vector lines of the field A(P) = —wyi + 
+ waj + hk, where w and h are constants. 

4404, Find the vector lines of the fields: 

(1) A(P) = (y +2) t— aj — ak; 

(2) A(P) = (2 —y)it+ (© —2)j+ y¥—x)k; 

(3) A(P) = a(y? — 27) i — y(2* + a) fj + 2(a* + y*) k. 

Evaluate the divergence and curl of the vector fields of 
problems 4405-4408: 

4405. A(P) = vi + yj + zk. 

4406. A(P) = (y+ #)t4+ (P+ e)j+ (+ y)k. 

4407. A(P) = x*yzi + ay?aj + ay2*k. 

4408. A(P) = grad (a? + y? + 2%). 

4409. A vector field is formed by a force having a constant 


magnitude F and the direction of the positive axis of abscissae. 
Find the divergence and curl of this field. 

4410. A plane vector field is formed by a force, inversely 
proportional to the square of the distance of its point of 
application from the origin and directed to the origin. (For 
example, the plane electrostatic field produced by a point 
charge.) Find the divergence and curl of this field. 


t Problems on the properties of a scalar field and its gradient are 
located in the section 4 of chapter XI. 
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4411. Find the divergence and curl of the spatial field in 
which the forces are subject to the same conditions as in 
problem 4410. 

4412. A vector field is formed by a force, inversely pro- 
portional to the distance of its point of application from Oz, 
perpendicular to this axis and directed towards it. Find the 
divergence and curl of the field. 

4413. A vector field is formed by a force, inversely pro- 
portional to the distance of its point of application to the 
xOy plane and directed towards the origin. Find the diver- 
gence of the field. 

4414. Find div (ar), where a is a constant scalar. 

4415. Prove that 

div (yA) = p div A + (A grad 9), 
where 9 = 9(z, y, 2) is a scalar function. 

4416. Evaluate div b(ra) and div r(ra), where @ and b 
are constant vectors. 

4417, Evaluate div (axr), where @ is a constant vector. 

4418, Without passing to coordinates, evaluate the diver- 
gence of the vector field: 


(1) A(P) = r(a-r) — 2ar’, (2) A(P) 
eee 

|r = To| : 
4419. Work out the divergence of the vector field 


_ r—po 
= |r —ry |?’ 


(3) grad 


fle 
|r|” 
Show that the divergence of the field is zero only when f(|1|) = 


= c , if the field is in space, and f(|1]) =F’ if the field is 
plane, where C is an arbitrary constant number. 
4420. Prove that 
curl [A,(P) + A,(P)] = curl A,(P).+ curl A,(P). 
4421. Evaluate curl yA(P), where g = 9(2, y, z) is a scalar 
function. 


A(P) = f(|r)) 
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4422, Evaluate curl ra, where ris the distance of a point 
from the origin, and @ is a constant vector. 

4423. Evaluate curl (axr), where @ is a constant vector. 

4424, A rigid body rotates with constant angular velocity 
@ about an axis. Find the divergence and curl of the field of 
the linear velocities. 

4425. Prove that 

n(grad (An) — curl (Axn)) = div A, 

if m is a unit constant vector. 


The differential operations of vector analysis (grad, div, 
curl) are conveniently represented with the aid of the sym- 
bolic vector VY (Hamilton’s operator — Nabla): 


0, Qo. ) 
v= ant + jy) + ae k. 
The application of this operator to a (scalar or vector) 
quantity is to be understood as implying: the operation of 


multiplying this vector by the given quantity is to be carried 
out in accordance with the rules of vector algebra, then the 


multiplication of the symbol re and so on by the quantity 


S is to be regarded as finding the corresponding derivative. 
Thus gradu = Vu; divAd = VA; curl A= VXA. 
The second order differential operations can also be written 
with the aid of Hamilton’s operator: 
VVu = div grad u; V X Vu = curl grad u; 
V(VA) = grad div A; V(V XA) = div curl A; 
Vv X(V XA) = curl curl A. 
4426. Show that (rv) r" = nr", where r is the radius 
vector. 
4427. Prove the relationships: 
(1) curl grad w= 0; (2) div curl A = 0. 
4428. Prove that 


2 2. 2: 
div grad «= °% lh 


ant * ayi + Gel * 
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(This expression is called Laplace’s operator and is usually 
written as Au. By using Hamilton’s operator, it can be written 
in the form Au = (VV) u= V7u.) 
4429. Prove that 
curl curl A(P) = grad div A(P) — AA(P), 
where AA(P) = AA,i + AA,j+ AAR. 


Potential 


4430. A vector field is formed by a constant vector A. 
Show that this field has a potential, and find it. 

4431. A vector field is formed by a force, proportional to 
the distance of its point of application from the origin and 
directed towards the origin. Show that this field is conserv- 
ative, and find its potential. 

4432. The forces of a field are inversely proportional to 
the distances of their points of application from the Ozy plane 
and are directed towards the origin. Is this field conservative ? 

4433. The forces of a field are proportional to the square 
of the distances of their points of application from the Oz 
axis and are directed to the origin. Is this field conservative ? 

4434, A vector field is formed by a force inversely pro- 
portional to the distance of its point of application from Oz, 
perpendicular to this axis and directed towards it. Show that 
this field is conservative, and find its potential. 

4435. A vector field is formed by the linear velocities of 
points of a rigid body, rotating about its axis. Has this 
field a potential ? 


4436. The forces of a field are given as: A(P) = f(r) = 


(called a centred field). Show that the potential of the field is 
equal to r 
ule, y,2)= | fr)dr (r= Ve FY FA). 
Hence obtain, as a particular case, the potential of the 
field of gravitational force of a point mass and the potential 
of the field of problem 4431. 
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4437. Find the work done by the forces of the field A(p) = 
= xyi + y2j + xzk on displacement of a point mass m round 
a closed curve, consisting of the segment of the straight line 
z+z=1, y=0, the quadrant of the circle 227+ y?=1, 
z = 0 and the segment of the straight line y + z= 1,2 =0 


Fie. 78. 


(Fig. 78) in the direction indicated on the figure. How does 
the amount of work change, if the arc BA is replaced by the 
step-line BOA or the straight line BA? 


Potential of Force of Attractiont 


4438. Given in the O&n plane a homogeneous rod AB of 
length 21 with linear density 6, disposed on the O£ axis, sym- 
metrically with respect to the origin (Fig. 79): 


B 


Fia. 79. 


t+ Here (in problems 4438—4449) we have in mind a force of 
attraction acting in accordance with Newton’s law. Instead of 
referring to the ‘potential of a mass”, distributed over (or in) a given 
geometrical entity, we speak for brevity of the ‘potential of the 
given entity”. 
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(a) Find the potential u(x, y) of the rod. 

(b) Show that the projections X and Y of the force of 
attraction acting on a point P of mass m with coordinates 
E=2, n=y, is equal to 

1 1 mki (CB | AC 
a = mis(pg — pp} = —", (PE pa): 
whilst the resultant force R is equal in magnitude to R = 


2mkb . . ee 
= = sin 5 (2 + 8), where & is the gravitational constant 


(C is the projection of point P on the O£ axis, « is the angle 
APC, 8 the angle BPC). 


4439, Find the potential of the circumference of the circle 
x? 4-4? = R*, z= 0 at the point (R, 0, 2R), if the density 
at every point is equal to the absolute value of the sine of 
the angle between the radius vector of the point and the 
axis of abscissae. 


4440. Find the potential of the first turn of the homo- 
geneous (density 6) helix x =acost, y=asint, z = bt at 
the origin. 


4441. Find the potential of the homogeneous square with 
side a (surface density 5) at one of its corners. 


4442. Mass is distributed on the Oxy plane with density 

6, decreasing with the distance 9 from the origin in accordance 
1 
Lp? 

(0, 0, 2). (Consider the three cases: h < 1,4 = 1 andh > 1.) 

4443*, Find the potential of the homogeneous lateral sur- 
face of a right circular cylinder: 

(1) at the centre of its base, 

(2) at the mid-point of its axis (radius of cylinder R, height 
H, surface density 64). 


with the law 6 = Find the potential at the point 


4444. Find the potential of the homogeneous lateral sur- 
face of a right circular cone (base radius R, height H) at its 
vertex. 
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4445. Given a homogeneous right circular cylinder (base 
radius R, height H, density 6): 

(1) Find the potential at the centre of its base. 

(2) Find the potential at the mid-point of its axis. 


4446. Given a homogeneous right circular cone (base 
radius £, height H, density 5): Find the potential of the cone 
at its vertex. 

4447, Find the potential of the homogeneous hemisphere 
e+y+t 22s kh(z2=0) with density 6 at the point 
A(0, 0, a). (Consider the two cases: a = R anda =R). 

4448. Find the potential of the homogeneous body bounded 
by two concentric spheres with radii R and r(R >7r) and 
density 6 at the point at a distance a from the centre of the 
spheres. (Consider the three cases: a =R, ar and r= 
=a = R.) Show that, if the point is situated in the interior 
cavity of the body, the force of attraction acting on this 
point is zero. 

4449, Find the potential of the non-homogeneous conti- 
nuous sphere 2? + y?-+ 22= FR? at the point A(0, 0, a) 
(a > R) if the density 5 = kz’, ie. it is proportional to the 
square of the distance of the point from the Ozy plane. 


Flux and Circulation (Plane Case) 


4450. Find the flux and circulation of a constant vector 
A round an arbitrary closed curve L. 


4451. Find the flux and circulation of the vector A(P) = 
= ar, where a is a constant scalar, and ris the radius vector 
of the point P, round an arbitrary closed curve L. 

4452. Find the flux and circulation of the vector A(P) = 
= xi — yj round an arbitrary closed curve L. 

4453. Find the flux and circulation of the vector A(P) = 
= (23 — y)t+ (y3+ x)j round a circle of radius R with 
centre at the origin. 

4454. The potential of the velocity field of particles in a 
fluid flow is equal to u—=Inr, where r = Vz? +y?. Find 
the quantity of fluid flowing out of a closed contour Z sur- 
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rounding the origin per unit time (the flux) and the quantity 
of fluid flowing per unit time round the contour (the circula- 
tion). How is the result changed if the origin lies outside the 
contour (and not in it)? 

4455. The potential of the velocity field of the particles in 


a fluid flow is equal to u = ¢, where » = arc tan % . Find the 


flux and circulation of the vector round the closed contour L. 

4456. The potential of the velocity field of particles in a 
fluid flow is equal to u(x, y) = x(a? — 3y?). Find the quantity 
of fluid flowing per unit time through the straight segment 
joining the origin to the point (1, 1). 


Flux and Circulation (Spatial Case) 


4457. Prove that the flux of the radius vector r through 
any closed surface is equal to three times the volume bounded 
by this surface. 

4458. Find the flux of the radius vector through the lateral 
surface of a circular cylinder (base radius R, height #), if 
the cylinder axis passes through the origin. 

4459. By using the results of problems 4457 and 4458, find 
the flux through both bases of the cylinder of the previous 
problem. 

4460. Find the flux of the radius vector through the lateral 
surface of a circular cone, the base of which lies on the zOy 
plane, whilst its axis is Oz. (The height of the cone is 1, the 
base radius 2.) 

4461. Find the flux of the vector A(P) = xyi + yaj + zxk 
through the boundary of the piece of the sphere 2? + y? + 
+ 2 = 1 lying in the first octant. 

4462*, Find the flux of the vector A(P) = yzi + xaj + ayk 
through the lateral surface of the pyramid with vertex at 
the point S(0, 0, 2) the base of which is the triangle with 
vertices O(0, 0, 0), A(2, 0,0) and B(0, 1, 0). 

4463. Find the circulation of the radius vector along one 
turn AB of the helix x =acost, y=asint, z = bt, where 
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A and B are the points corresponding to values 0 and 22 
of the parameter. 

4464. A rigid body rotates with constant angular velocity 
® about the Oz axis. Find the circulation of the field of the 
linear velocities along the circle of radius R whose centre 
lies on the axis of rotation, whilst the plane of the circle is 
perpendicular to the axis of rotation in the direction of 
rotation. 

4465*. Find the flux of the vorticity of the vector field 
A(P) = yi + g + wk through the surface of the paraboloid 
of revolution z = 2(1 — 2? — y?), cut off by the plane z = 0. 


ANSWERS 


Chapter I 


1. All the positive integers except n = 1 and n = 2. If S is the 
sum of the angles, and n the number of sides, then S = 2(n — 2). 
4. (a) The function vanishes for x = —2,2 = 1, x = 6; 
(b) the function is positive for «<< —2, —2<2< 1,2 > 6; 
(c) the function is negative for 1 <a < 6. 


1 a? — Bb? a 

6. r = —. 7 S= tan a. 8 b= V25—a?. 
\ah ; 

9. f(0) = —2; f(1) = —0°5; f(2) = 0; f(—2) = 4; (- ru lie —65; 


1) = 0242, | o2}] = 15 910) = 25 (1) = 05; 912) = 05 
g(—2) = —4; g(4) = 04; f(—1) does not exist; g(—1) does not 
exist. 

10. (1) = 0; fla) = a — 1; fla + 1) = a* + 3a? + 3a; 
f(a — 1) = a3 — 8a? + 3a — 2; 2f(2a) = 16a’ — 2. 


1. PO) = 53 F(2) = 1; F(3) = 2; F(—1) =F B(2°5) = Y2; 
] 1 1] 
F(-15) ==; (0) =Fs 92) =1s o(-Y=5i gle) = 


128 2 
= 2%-? fora >0 and g(x) = 2-*~* fora <0; o(—1) + F(1) = 1. 


l—a 


7 . ae 
1. (0) = 0; y= a; yl) = — 5 o(=} =a; 
p(a) = att}; y(—a) = —al-4, 
18. 9) = +1; [pi = + 28 +1. 
Hb) — f(a), 
20. —_————_ is equal to the tangent of the angle between 


b—a 
the secant through the points (a, {(a)) and (6, /(b)), and the positive 
direction of Oz. 


22. (a) a, = 0, a, = 2; (b) z, = —1, xe, = 3. 

1 

2° 

24. One root will always be x =a. 25. 4 and —2; —2, 2, 4, 10. 
406 


23. 2, = —2, % = 5, 2% = — 
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26. 24, = —3, e% = —2,27,=>2,4,=— 3. 27. e255 —1l andv=2. 
28,.a=4, b= —1. 
1 
29. a = — ————. or, since sin 0°5 = 0°48, we havea ~ — 1-04, 
2 sin 0°5 
1 
b=1 and c= ——-+ 2ka. (Alternatively, a= - fe 1-04, 
2 2 sin 0-5 


1 
b= c=>+(2k+1)x,k=0, +1, $2, ..,). 
1 3 
80. y = (« + 1). a. y= |=. 82. y = (at + 1)*. 
88. u = V1 + (logsinz)*. 84. v = sin (1 + 2). 
35. (I) y=, v=sing; (2) y=), v=, u=2z4+]; 


(3)y=logv, v=tana; (4)y=uv, w=siny, v= 2x41; 
(5) y = &, u =v’, v = 38e4+ 1. 


36. (a) — es (b) 0; (c) sin 12; (d) —sin 2a cos? 22; (e) 29 — 
— 327 + 325 — 27° + 2; (f) 0; (g) sin (2 sin 2z). 

88. (1) y= YI FF: (2) y= ba) y = JOA 
10000 

x 


; 6)y= 


= log, 5 1: 
x > 


Cc 
()y=—3 (y= 
Eid 

l+2° 

39*, Let z > Oandy > 0, theny+y—x—x=0; y=@2 (the 
graph is the bisector of the first quadrant). Let x >0 and y < 0, 
then y—y—2—a2=0; x=0 (the graph is the negative half 
of Oy). Let x <0 and y>0, thn y+y—2+2=0; y= 0 (the 
graph is the negative half of Ox). Let x <0 and y < 0, then y — y — 
— 2+2= 0 (an identity; the “graph” is the aggregate of points of 
the third quadrant). 


(7) y = log, (a8 + 7) — log, (w? — 2) —2; (8) y = arccos 


40. 
2 1 | 2 | 3 4 5 6 
1 1 1 1 1 
y 1 6 24 | 120 | 720 
41. 


n{1/2!13)4] 5) 6) 7| 8} 9 /10)11)12.13) 14) 15) 16;17| 18/19/20 


w/0}1)2/2);3)/3/4)4)414)5/5/616)/6)/6)7)7)8:8 
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n|1|}2}3)4/}5/6/7 5} sfaohaia/a) 15/16 | 17] 18/19 | 20 


u|0/0)/0/1/0/2/0)2)1)/2);0/4)/0)/2)/2)/3/0])4)0]4 


48. If /(x) is the weight of segment AM, we have: f(x) = 2x” for 
3 
OsS2r31, Kz) = 2+ se — 1) for l<avs3, f(x) =x+4 2 for 
3 < 23 4, The function is defined for 0S 25 4. 


44, S=2(2R — 2x)? for OS 2SR; S=a2F? for RS2S 3R; 
S = 2(6Ra — x? — 8R*) for 3R=a2S4R. The function § =f(z) 
is not defined outside the interval [0, 4]. 
2 


45. V = ae(ae =), OS ee Re es Se hes, 


mx? 


46. = Sp 4B = 27 O<2x<2R; —2RS=xs QR. 


47. (1) «>0; (2) e>-—8; (3) a= 


bo] or 


: (4) —coo< #0; 


(5) the whole of the real axis except for the points « = +1; (6) the 
whole of the real axis; (7) defined everywhere except for x = 0, 
x = —1, x= 1; (8) the whole of the real axis except for the points 
x=1 and «=2; (9) -lS2=1; (10) -w~<a2<0 and4< 
<a<oo; (11) —wo <¢S1 and 3=2< cc; the function is 
not defined in the interval (1, 3); (12) —-~ <a <land2<2< ~; 
the function is not defined in the interval [1, 2]; (13) —4S 23 4; 


3 5 1 
(14) 1S 2S 3; (1)0S 25 1; (16) —> Ses 5; (1105055; 


(18) —-lSa#S1; (19) —~7c <42<0; (20) meaningless; (21) 
lSas4; (22) kkn< a < (2k+1)2, where & is an integer; 
(23) 2kna SS x SS (2k + 1) 2, where k is an integer; (24)0<a< 1 
and 1<a< o~, 


48. (1) -—232<0 and O0O<a<1; (2) —lS=a=3; (3) 
3 
1lSa< 4; rh and 2<2%< oo; (5) the domain of 


definition only consists of the single point 7 = 1; (6) —l<«<0 
andl<a#<2; 2<42< 00; (7)83—-2x7<x<3—a; 3<a434; 
(8) —425 —a and OSe5n; (9) 2Akrx<a< (2+ 1)a, 
where k is an integer; (10) 4 < a2 < 5and 6 < x < o; (11) nowhere 
defined; (12) -1<2==1 and 2=2 < 3; (13) the whole of the 
real axis; (14) 45 2=6; (15) 2<a¢< 3. 
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49. (1) Yes; (2) they are identical in any interval not containing 
the point z = 0; (3) identical in the interval [0, ~); (4) identical 
in the interval (0, oo). 


50. (1) og. y = V4 — 23; (2) eg. y= 


1 1 1 
+ 


ax— 2 3 2-3 w—4° 

61. (1) l<2zX3; (2) OS 2 < +o for two branches and 
1=s2 < + co for the other two branches. 

62, —co < & < co. 

58. (1) y>0 for x >2; y<0 forx<2; y=0 for z= 2; 
(2) y>0 for a7< 2 andw>3; y<0 for 2<2x%<3; y=0 for 
aw, = 2 and x, = 3; (3) y > 0 in the interval (—o«, oo), the function 
has no zeros; (4) y > 0 in the intervals (0, 1), (2, + co); y<Oin 
the intervals (—oo, 0) and (1,2); y =0 fora, = 0, 2, = 1, 2, = 2; 
(5)y >0for240; y=0 forz=0. 

54. (1), (3), (8), (10), (11), (15) are even; (5), (6), (9), (12), (14) 
(17) are odd; (2), (4), (7), (13), (16) are neither even nor odd. 


55. (1) y = (w* + 2) + 3x; (2) y = (1 — at) + (—a* — 225); 
(3) y = (sin 2x + tan x) + cos. 


; (3) eg. 


xz V4 — 2? 


y= 


ax + a~x ax —a~-~ 
ae Se ay 
(1 + a) 100 + (1 = ar) 100 (1 + az) 100 <= (1 peas x) 100 

Q) y= | ee. 

59. Functions (1), (5), (6), (8). 

60. For the graphs see Fig. 80 and 81. 

61. (1) Decreasing in the interval (— 0%, 0), increasing in (0, +0); 
(2) decreasing in the interval (—>o, 0), retaining the constant value 
zero in the interval (0, +00). 


62. (1) Maximum = 1, minimum = 0; (2) maximum = 1, mini- 
mum = —1; (3) maximum = 2, minimum = 0; (4) there is no 
maximum value, the minimum = I. 

E 
65. I =e" 66. (a) p = 0°727h; (b) 10-5 g/em*?; (c) 36°4 cm. 
8 
67. F = —o. 
45 
2 

68. (1) y = 37 + 4; (2) y = 1:195e@ + 1°910; (3) y = —0°57a + 

+ 8:63. 
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69. (a) V = 100 + 0:35¢; (b) 100 cm*. 70. S = 16°6 + 1-342. 


71. V = 12 — 0°71. 


Fig. 81. 


72. dy = 6. 78. dy = —6. 74. Me = 4. 

75. For the finite value of the argument x, = 2a. 

76. x = 3; the solution is found graphically by seeking the point 
of intersection of the graph of y = g(x) and the straight line 
y = 24 — 4. 

78*. It should be remarked that the sign of equality is excluded 
by hypothesis from the relationship |f(x) + y(x)| = |f(x)| + {e(x)| 
which always holds: f(x) and g(x) must have opposite signs by hypo- 
thesis; by considering the two possible cases, we get x < 3anda > 4. 
The problem can be solved by drawing the graphs of functions ®(x) = 
= |f(z) + y(z)| and y(x) = [f(x)| + |p(e)|. 

79. 2 < 2. See the hint on the solution of problem 78*. 


0 in the interval (—co; ~—3), 
5 
82. y = Seer eae ae the interval [—3; 3], 
2 F : 
3 zx — 2 in the interval [3; 8]. 


7 1 17 3 
88. (1) aan for w= 75 (2) y= for w= —>3 
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Ta? a a‘ 

(3) y=5 for «=0; (4) peer for o> 75 ae Saar 
a 
for z= —. 
2b? 


3 
84. (1) y= —6 for w= —2; (2) y= 0°31875 for x= 5° 


5 1 9 
(3) ar for ae e (4) y = —a'* for x =0; (5) lear ne 
b 
for r= —. 
2a 


85 pale nce 47 87,4 m. 88. 50 
ry => —_ —e »~A= =—-. . m. ° m. 
=o tg 2° 2 s 


89. The one for which the axial section is square. 


90. The smaller the height of the cone, the greater its lateral 
surface; the function has a maximum for a base radius equal to 


—, ie. when the cone degenerates to a plane disc. 


91. 12-5 cm. 

92. The height of the rectangle must be equal to half the height 
of the triangle. 

93. The radius of the cylinder must be equal to half the radius of 
the cone. 

94. For H > 2R, the radius of the cylinder must be equal to 


RH 
; for H = 2R the total surface of the inscribed cylinder 


2(H — R)’ 
will be the greater, the greater the radius of its base. 
P 4 
95.—. 96.a= —. 9%. . 
2 6— 3 a+4 


98. The side must be equal to 10 cm. 
99. The side of the base and the lateral ribs must be 10 cm. 


100. The side of the triangle must be equal to a om 
ae 944/38 
101. The point is (5 ; 4 ‘ 


6 
15 37 
102. The point is (= a : 
il 11 
5 
104, (1) a Ay — 11, mA 21; (2) = —L a= Zs (3) mW 0-5, 


3 
amvel; (4)%,=a4, = 2 (5) there are no real roots, 
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105. x, = —3, x, = 8. To find the solution graphically we seek 
the point of intersection of the graph of y = g(x) and the parabola 
y? = Tx + 25. 

106. If b? — 4ac > 0 anda > 0, the function is defined throughout 
the real axis except for the interval z,= «= ,, where az, and 2, 
are the roots of the trinomial. If b? — 4ac > 0 anda < 0, the function 
is defined only for x, < x < 2,. If b? — 4ac < 0 anda > 0, the func- 
tion is defined throughout the real axis. If b? — 4ac< 0 anda < 0, 
the function is defined nowhere. Finally, if b? — 4ac = 0, the function 
will be defined throughout the real axis except for the single point 


b 
z= 5 if a > 0, and is nowhere defined if a < 0. 
a 


107. fic + 1) = 227 + 5a + 3. 
24 2 
108*, Let pl ae = m, where m is an arbitrary real number; 
wt 4a + 3c 
then (m — 1) a? + 2(2m — 1)x+ ¢(8m— 1) =0. The argument 
z must be a real number, consequently (2m — 1)? — (m — 1) 
—(8me — c) == 0 or (4 — 3c) m? + 4(c — 1) m— (c— 1) = 0; but since 
m is real, this inequality is in turn only valid for 
4—3c¢>0, 
4(c — 1)? + (4 — 3c) (ec —- 1) =0; 
hence 0=c=1; but c <0 by hypothesis, so that O << cI. 
109. pv = 1748. 
110. x is inversely proportional to v. 
111. x is directly proportional to v. 


112. The amount of material separated out isinversely proportional 
to the volume of the solvent. 


114. (1) for z = 1, y = 4 is the maximum value; 
4 
for x = 5, y= 5 is the minimum value: 
ee F 
(2) for « = —1, y= 7 is the maximum value; 
for « = 2, y = —2 is the minimum value; 
(3) for « = 0, y = 1 is the maximum value; 
for x = 4, y= 7 is the minimum value. 


] — ——— 
117. (I) y=2s @)y=5s BD y=— ss ty st ]e— 1s 


z—l1 eee Es 
(5) y=—; (6) : coe Tae (7) y=1i Jad]; 
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(8) y= Ya® 1s (9) y = log =; (10) y = —24 10%-1; 
4 1 
(11) y = 2%; (12) y = log, 3 (13) y = => log : 
1l1—2z 2 2—2 
14 fac 
( Jy=z arceins: 
_ “2-1 
1+ arc sin 
x 
(15) y = ——_~-___—__;, (16) y = + cos— (0 = @ S&S 2n). 
_ «—1 4 
1 — arcsin 


3 

122. l<a2S3; y=1+4 2!'-*, 128. y =arcsin x — x? — 2. 

125. 2, —0°5, a, = 1, x, 54°5. 

126*. (1) 2, 1-4, the remaining roots are imaginary; x, is the 
abscissa of the point of intersection of the graphs of the cubical and 
linear functions y = x8 and y = —x + 4. 

(2) a, = 1, x, = —1, x, = 3; the substitution « = 2’ + « should 
be made, and « chosen so that the coefficient of x’? vanishes; further 
details as in (1); (3) a, = 4, 7% = 2, = 1; see the hint on (2); (4) 
x, = —1, the remaining roots are imaginary; see hint on (2). 

127, (1) 1:°465...; (2) A14-26 cm; (3) almost 6°8 cm. 


n 
128. If y, = 2", y, = x, then 
for n>1 andQ0<a<1 y,<y,,butforl<¢a%< ow y, > Ye, 
for O<n<land0O<2<1 y,>y,butforl<2>o00 y, < yy, 
for—l<n<Oand0<a2<1 y,<y,,butforl<¢t<w y >y, 
for n<—l andO0O<2z<l1 y,>y,butforl<¢xr< co y, < y%. 
183. vz, = 1, x, = 2. 


4 
184. The points of intersection are: (1, 2); (3, 8); (3. ;/} 


(—1-5, 0-3). 185. 1 = 15. 

186. It can be shown by starting from the definition of the hyper- 
bolic functions that sinh (—x) = —sinhaz, tanh (—a) = —tanhz, 
cosh (—x) = cosh x. These functions are not periodic. 

ax—a-x 
140. Ymin Y 0°8 for x vO4. 14. y= oo 
2 
Me) AS ts Da (2) A=5, T=a; (3) A=4, 


8 16 
T = 2; (4)4 = 2,7 = 4a; (6)A = 1,7 = 5; (6)A=3,T =a. 


414 ANSWERS 


148 (8 ae ee ey 
aa > 3° 2x’ ’ > a; An’ 2 , 3’ > 3 
nt 1 1 
— 2; (4) 1; Oats 3 
3 6x?’ On 


146. The domain of definition is (0,2). The area is a minimum 


t 
147. « = Rsin = + > + are cos 5). 


148. y = sin ; = 7 (are sin y, — are sin y,) + arcsin vo 
1” 
2n(t, — ty) t,arcsin y, — t) arcsin y, 
= - r > Pinit = . 
arcsin y, — Arcsin Yo t, — ty 


149. « = R(1 — cosy) + a — Va® — R* sin? gy, where p = 2zant. 
151. (1) @=0, aes Vt19; (2) ©=0; £45; 47°72; 
2: 1 

rae (n > 3); 


(3) @ A 0°74; (4) 2, = 0-9, 2 = 2°85, x, = 5°8; (5) there is an infinite 


further, we can take fairly accurately «~ + 


3 
set of roots; 2, = 0, x, slightly under = %, slightly over > , and 


80 on. 


152. (1) 27; (2) 2m; (3) 24; (4) 2. 168. (1) y = /2ein E + =| : 


= 1 
(2) y= 5 + 2/3 sin (« + @), where gy, = arc sin ———_——-. 
V5+2y3 
155*. (1) Period =: The function can be written in the interval 
[0, 22] as; 
y= sinz-+ cos in the interval [> =| ; 
. . . a 
y= sin — cosz in the interval [F > a| , 
. : : 37 
y = —sin x — cos in the interval [ =| > 


3 
y = —sin x + cosa in the interval [= 2n| 7 
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(2) Period 2x. The function can be written in the interval [0, 27] as: 


y = tans in the interval [> =| ; 


y=0 in the interval (§. a , 
2 . 3 

y = — tan in the interval [-, ry x > 
: : 3 

y=0 in the interval (5 Xt, 2n| ‘ 


156. (1) The domain of definition consists of the infinite set of 
intervals of the form (2nz, (2n + 1)z), where n= 0, +1, +2...; 


neither even nor odd; periodic, of period 2z. In the interval (0. ;| . 


the sine increases from 0 to 1, so that log sin x increases to 0 whilst 
remaining negative. The sine decreases from 1 to 0 in the interval 


(= ‘ x], so that log sin x also decreases. The sine has negative values in 
the interval (z, 27), so that log sin 2 is undefined. (2) The domain of 
definition consists of the individual points of the form 2 = > + 2nn, 


where n = 0, +1, +2,... At these points y = 0. The graph consists 
of individual points of the axis of abscissae. (3) The function is defined 
throughout the real axis, except for the points x = an, where n = 0, 
+1, +2,... 


158. o = 2 aresin —. 
22 


a(l cos y + bsin ¢) 
b? + 1? + a(b cos » — Isin g) 


159. » = arc tan 


a(2a — x) 
~ 2R(a +R —2))° 
161. (1) -lSe¢1; 
(2) 0321; (3) 0Se=1; (4) -1S20; 
(5)0<a%<oo; (6) ~o <x<0; (7) OS 4%< ~w; 
(8) —co<@H0; (9) —co<a2<1; (10) l<r<cow, 
162. (1) -lS2zS1; (2) OS2=1; (3) —w<a<om; 
(4) defined everywhere except for x = 0. 
168*, Period 27. For the graph see Fig. 82. 


160. « = arc cos [2 


Hint. In the interval wits Ses > y = arcsin (sin z)==a2 by 


definition of the function arc sin x. To obtain the graph of the function 
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Fie. 82. 


1 cd 
in the interval > S 2 = 35, we put z=x—n7, so that r= 2+ 2, 


ba Fi 
-—--$2=-, 
2 2 
y = arcsin (sin x) = arcsin sin (z + m2) = —arcsin (sinz) = —2; 


y =2-— sx and so on. 


167. ymax & 15, Ymin & 5°5; the function passes from increase to 
decrease at « = — 2. The zero of the function is at x = —3°6. 


1 
169. y = 30 (267 — 10x — 2) or y = —0:0312x? — 0:31252 + 


+ 8°344; zeros of the function: x, - — 22°09, x, 12:09. To obtain 
the roots to an accuracy of 0-01, the coefficients must be taken to an 
accuracy of 0-0001. 


170. x, - 2°60 cm, x, = 7:87 cm. 

171. 2, —2°3, 2,3; the remaining roots are imaginary. 

172*, Choose « so that the coefficient of x’* vanishes; x, —3°'6, 
H_  — 2:9, x, 0°6, 2, FY 4°8. 

1783. 2, 0°59, x, = 3°10, v5 Ay 6°29, 2, 9°43; in general 2 
wan (n > 2). 

174, 2, Y —0°57, y,  —1:26; x, FY —0°42, y, 1-19; 2 A 0°46, 

Ya 0°74; 2, 0°54, y, YY — 0°68. 


Chapter II 


1 
176. lim u, = 1,n = 4.177. lim u, = 03; n > —. 178. n = 19,999. 


n—>co n—oo Ve 
179. lim v, = 0; n = 1000. v, is sometimes greater than, some- 
n—co 
times less than, and sometimes equal to its limit (the last when 
n= 2k + 1, where & = 0,1, 2,...). 
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1 
180. limu, = 1; n=14; n= log,—. 
Noo € 


11/6—6 5 5 
tet. ny [P, ifeSes n=0, ife>—. 


182. n= arene er the sequence is decreasing. 
Ve(2 + «) 
1838. lim v, = 0; v, reaches its limit with n = m + 1, since, as 


n—>»oo 
from this value, v,, = 0. 


185. 0. 186. (1) No. (2) Yes. 
189. With a = 0 this limit can equal any number or be nonexistent. 


190. 6 < /4+6e— 2; 6 < 0:00025. 191.5 < 2— /3. 


192. 6 
eS 1g 
1 

193. — 5 | <3 ~ aresino-g0 ~ 0-136. 


1 
14. N= |= —1, iffes1; N=0, ife>1. 
é 
4. 4 4 
195. N= |/—— 3, ifeS-; N=0, ife > —. 
é 3 3 


N — 
196. n > 


197. un is a positive large order magnitude if the difference of 
the progression d > 0, and is negative if d < 0. The statement holds 
for a geometric progression only when the denominator of the pro- 
gression has an absolute value greater than 1. 


1 1 3000 3000 
18s... <2. yey eau 
oie? ioe 1001 ~~” < 999 


1 
200. 6 < ——=0°01. 201. log, 0°99 < x < log, 1:01. 
N 


202. M = 10N = 101, 


203. sin x, cosz and all the inverse trigonometric functions. 


205. No; yes. 206. No. 
207. For example, x, = ; + 2nn, tp, = 2nn; no. 


209. If a > 1, the function is unbounded (but not infinitely large) 
asa — -++oo; it tends to zero as % — —oo. If 0 < a < 1, the function 
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is unbounded as x — —oo (but is not infinitely large); it tends to 
zero a8 Z— + oo. With a = 1 the function is bounded throughout 
the real axis. 

210. (1), (3) and (5) — No; (2) and (4) — Yes. 


-1 
218, —__ ace 
10,001 ~ ” < 9999 


5 2\2 
214. N= ( “). 
: 2e 


1 1 —l 
215. (1 =1 ; (2 = ; 
(1) y a ome (2) y 2 + aaa? Fa) 
3)y=—-1 4 
(3) y +7 rare} 
216*. Compare uw, with the sum of the terms of the geometric 
. I 1 1 1 
rogress yy mee me 
progression >» 5» 57 an 


220. 3. 221. Yes. 
222. fix) = 9nfor0 Sas 5; fiw) =4nfor6’< x 10; f(x) = 2 
for 10 < « = 15. The function is discontinuous at z = 5 and x = 10. 


2 
2238.a=1. 224.4 = -1,B=1. 225.2 = 2;”7 = —2, 226... 


227. The function y = an has a removable discontinuity at 
x 


co 
the point z = 0, y = ee has a discontinuity of the second kind 
x 


(infinite). 
228. The function is discontinuous for z = 0. 


229. The function has three points of discontinuity. At x = 0 the 
discontinuity is removable, whilst it is of the second kind (infinite) 
at «= +1. 


280. No. As 0 from the right, Hay—+=, whilst as x — 0 


from the left, f(z) > — =: 


281. The function is discontinuous at 2 = 0. 
232. 0. 


234. No. As x— 1 from the right, y > 1, whilst as x— 1 from 
the left, y — 0. 


235. As «— 0 from the right, y— 1, whilst as «— 0 from the 
left, y— —1. : 
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236. The function is discontinuous at x = 0 (discontinuity of the 
first kind). 
287. The function has discontinuities of the first kind at the 
points « = = (2k +1). 
288. The function is continuous at x = 0, and is discontinuous 
for z+ 0. 
239. All three functions are discontinuous when z is equal to an 


integer (positive or negative) or zero. 


241*, Write the polynomial in the form 2” (2. fen ale = 
zx 


wn 


and investigate its behaviour as x —» -oo. 


244*, Draw schematically the graph of the function y = a 7 + 
~~ A 


a a, 
+ *_4._* | and investigate its behaviour in the neigh- 
w—-a, w—A, 


bourhood of points /,, A, and 4;. 


1 
245. 1. aebns's 247.3. 248,00, 249.0. 250. 0. 2651. > 
252.1. 258.0. 264.4. 255.1. 256.0. 257.0. 258.0. 259. 1. 
4 1 1 
260. 3° 261. 5 262. — - 268. —1. 264*. 1. Notice that 
1 1 1 1 
= 265. —. 266.1. 267.0. 268. 9. 
(n—1)n n—1 n 2 
3 2 1 
269. 7 270. co. 271.0. 272. 0. 278. — .° 274. rn 275. 6. 


276, 00, 277. —1. 278. co. 279.0. 280. —. 281.0. 282. ox. 
nr 
l 1 1 
288. =. 284,—1. 285.0, 286. 287. =. 288. 100. 


289. —1. 290. 1. 291. oo. 292. 0. 298. 0. 294. 00, 295. 4. 296. a 


1 2 
297. 3. 298. ifz>0; oifx=—0. 299% —. 800. —. 
z 3 3 
1 m 1 . 
801. ——_-——. 802.—. 808*. — . Add and subtract unity from 
4a Va —b n 2 


I 
the numerator. 804. — 7° 805. One root rends to — = the other 
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to oo, 806.0. 307.0. 308. 0 if > +00; o ife—> — oo. 300. | if 
a+b 
2 
5 a 2 
a—+—oo. $11. eg 312. 0. 313. 1. 314. 3. 315. k. a Blin : 


x—o>+to; —w if r>—o 3810 


if 2» +00; oo if 


2 
318. 0Difn>m; lifn=m; wifn<m; 619. - 


1 1 3 1 
820. —. 821. —. 822. —. 828. oo. 824. —1. 825. —. 826. 00 
3 2 4 2 
1 3 nu 2 
827. 0. 828. —. $29. o. 880, — 5. 881. 1. 882. <. g88. — 
2 2 
334. —". 385. ue . 886. 2. 887. i , 888. —2. 889. —2sina. 
Pa 
2: 2 " 2 
sso. 2 5 *". B41. costa. 842. ae P 343, —sina. 
2 si 2 3 
344, 2807 gas? gae.1. 347.6. 848.2. 849. —1. 
cos’ a 8 2 


1 1 1 

350. ——-.Putarccosa = y. 851.—. 352.—. 858. 1. 354. emk, 
)2x © © 

355. 6°. 356.0 | % 857. ©. 858. 0 if 2 — +00; oo if x — oo. 


859. 00 if x +00; 0 if x — oo. 360. 1. 
861. 00, if e— +00; 0, if e+ —oco. 862. e%. 868. ce. 864. Je. 


1 2 
865. k. 366. —. 367. a. 368. a . 869. Ina. 370. rig 371. e. 
a e 


3 
372. 2? add and subtract unity from the numerator. 


373. 2. 374. 1. 375. a — b. 376, 1. 

377. 0 if t+ +00; ow if r—> — oo, 

878 lif zw—> +o; —Ilif¢r> —~., 

379. (1) a7; (2) O if 440, a if A =0 anda <0, and ~ if 


AOE By a 


380. 0 if a—> +00; —oo if r> —ow. 
881. With a> 1, the limit is equal to I if 7— +o, and 0 if 
%—» ~oco. With a < 1, the limit is equal to 0 if x +00, and 1 


1 
if ¢—» —oc, With a = 1 the limit is equal to 5s 
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882. With a > 1 the limit is equal to 1 if 7 +0, and —1 if 
ax— —oo. With a < 1, vice versa. With a = 1 the limit is 0. 


1 
. 389. —. 
8 


1 
383. 0. 384. 0. 385. 1. 386. 0. 387. —cosa. 388. a 


sin x 


390*. . Multiply and divide by sin = 
1 1 
391. a° 392. 0. 393*. — 3" Use the formula arc tan 6 — arc tana = 


= arc tan 


—a 1 1 
Lead’ 394. z° 395*. a Replace arcsinz by 


are tan 


and use the hint on problem 393. 
1— x? 


896. ~ ifn<1; eifnm=1; lifn>1. 
397*, 1. Take the expression 1 — (1 — cos 2) instead of cos x. 
1 1] 
398. 5° 899. —. 400. 6. 401. 0%, 
e 
402. v, is of the higher order of smallness. 
408. un and v, are equivalent infinitesimals. 
405. Of the same order. 
406. The order of smallness is different at « = 0. 4y and Az are 
y3 


equivalent for x = + a 407. No. 408. Of the third order. 


3 
409. (1) 2; (2) 23 (3) 1s (4) 10. 410.2—2]/@ 
* + (2) 535 (3) 3 (4) 10. P= > Una 


1 1 1 
411. a = k. 412. No. 414, (1) 33 (2) 33 (3)5 ; (4) an equivalent 
infinitesimal; (5) an equivalent infinitesimal; (6) 1; (7) an equivalent 
2 
infinitesimal; (8) 2; (9) 2; (10) 1; (11) 33 (12) 2. 


415. a? 3. 416. 22R?; 4R?. 

418. It does not follow from the fact that the step line tends to 
merge with the straight line (in the sense of their points approximat:- 
ing) that the length of the step line tends to the length of the seg- 
ment. 


419. a. 420. a, >: 421. 2n(R + 1). 


. 1 
422. Both the segment and the angle are of order a? 
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425. (1) 10°25; (2) 30-2; (3) 16-125; (4) 40-4; (5) 0-558; (6) 0-145. 
426. (1) 10°16; (2) 20-12; (3) 1-02; (4) 4-04. 

427. In 1010-01, In 102002, nll worl, Inl-2 70-2. 
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428, (a) 5; (b) 5. 42% (a) 0 = 15 —--; (b) eo =38——; 
min mim 
(c) 3 (ty +t) ~~. 480. 75°88; 60°85; 49-03; 48-05. 
min 


m m m m m 
431. 53°99 —; 49-49—; 49:25 —-; 49-005 —; v, = 49:0 —-; 
sec sec sec sec sec 


m m 
Vio = 98:0 —; v= 9°8t —. 
sec sec 


482. (a) 4-=; (b) 40 =; (c) 41-8, where I is the length 
em cm cm 


of segment AM. 


488. (1) 95 ©-; (2) (a) 35 —; (b) 5 &; (c) 185 ©. 
cm cm cm cm 


484, (1) 100201; (2) 1-013. 


435*. Introduce the mean angular velocity, then obtain the 
required quantity by passage to the limit. (See Course, sec. 50.) 


r® 


488. k = Ho’ where & is the coefficient of linear expansion. 
yp (P) 

439. K=S GP)” 440. (1) 56; (2) 19; (8) 7-625 (4) 1-261. 
+4 


441. (1) 4-52; (2) —0-249; (3) 0-245. 442. (a) 65; (b) 6-1; (c) 
6-01; (d) 6-001. 
3 
443. f'(5) = 10; f’'(—2) = 4; r{- 5 = —3. 
1 
444. 3; 0; 6; z° 445. x, = 0, x, = 2. 
446. Does not hold for f(z) = 2. 447. 1. 448. 0°4343. 449, 2-303. 
450. The limit is equal to /’(0). 


+ 
7 


458. (1) 5a; (2) 1029; @)o2 ; (4) 


2 1] 
+ (8) ——3 ()—53 
3x 2)a 
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1 
5a* Ta 
A 3 (10) 3:-5a4; (11) x4; (12) —-—; 


> 
ine 


1 3 
iS) 8) 
5a Va? 
5 
1 p = 
(13) = (14) — 4; (18) —Fax 3. 
n gn-1 
454, (1) 0; (2)6; (3 —4; (4)4,=2,k, = 4. 
1 


4565. (1,1); (—1, —1). 456. (1) (0,0); (2) (5. z): 


] 1 
457. It cannot. 458. «, = are tan — » Q = are tan 5 ‘. 


3 
459. a, = > @, = arctan z° 460. arc tan 3. 
461. y = 12a — 16; 2 + 12y — 98 = 0; the subtangent is equal 


2 
to 3° the subnormal to 96. 


462. For « = 0 and for # = 


©] bo 


3.9 1 1 
468, (1) (2, 4i@(-5. ral (3) (—1, 1) and (= a}: 


466. (1) 62 — 5; (2) 4a* — x? + Ba — 0°3; (3) Zax + B; (4) 


3 x? 
1 1 0:2 0-4 1 n 2x 2m? 
NG tas pe oe! ee et ae 
a Vy" 
3 YP | Wmz +n 
(8) gmle+en le+sp Va So errr 


ae a 05 
+ 7-28-74 — ——; (11) 22-1; 


tye 


3 (13) 30? + 20 — 1; (14) 6 (a — 2); 


(10) 4 
16 


1 

(12) 3-5a? Va - 1+ 
Ya 2 Vz 
2ax b c ; 3m(mu + n)? 
i a oa a 


467. f(1) = 15 f(1) = 25 f(4) = 85 (4) = 2°55 fla?) = 8a — 2a; 


Pal) = 3 x 
la| 
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; : 19 

468. f(—1) = —5; f(-l) = —-8; (2) = 1s? 
r(=] = 8a + 10a’ — a?. 

a 

469. 13. 471. (1) 40? — 32? — 82 + 9; (2) 7a® — 10at + 823 — 
~ 12e? + de + 3; (3) — —(1 +=}; 

2 Va x 
(4) ee +E as ine; 
Va 2«)a® xu 


3 8 3 
1+1 24] o a 
+ 122 4 9 Va? + 10x Vx +- 36x x 5 (6) 2x(3xt — 2822 + 49); 


(5) 


3 a? 3 Va? 
(7) 1+ 2+ /3+ 2 V2a 4 2 3x + 2 6x + 3x /6 
2\x ; 
2 l—2 302 — 6t — 1 
472, — —___., . ————., 474, —______ 
(c — 1) sie (1 + 2)? (¢— 1)? 
vt + 23 + Gv? — 2 ad — be 
475. —____________ .———.. 
(v? + v — 1)? a8 (ca + d)? 
4a 2v4(v8 — 5) 
477, — ——_—___ — 32%, 478, ————__ . 
AI eee he ae a 
6x? 6x? 2v—1 
479. — f . — ————... 481. —__.. 
(a* + 1)? “a (x? — 1)? or a? —3 
2 
aso, — 2. agg, 2 1 
\z (@+¢+ 1)? 
3 =~ 2 2 
oo 2S gg SE) 
( — 3¢ + 6)? (b? — a)? 
2 3 pd 
aah, ee 2a da 
(1 + 2)? 
1 ae 3 
Big EY, 5 yg, eee 
(1 — x)? (1 — 22%)? m(a+bm) 


atte? [ (a — b) (e —c) + (e —c) (x — a) + (x — a) (w — b)] 
- (a — a)? (x — 6)? (@ — e)? , 
490. (0) = 0; f’(1) = 6. 491. F’(0) = 11; F’(1) = 2; 
F’(2) = —1. 


489. 


492, F’(0 es F(-1 a 498. 3‘(0) = me 2) = 
. Oley: a ea a 78 SORT ~ 15° 
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2 5 
494, y'(1) = 16; y'(a) = 15a*-+— — 1. 498. @'(2) =55 @(0)=1. 
a 


a+l1 
ri 
498. (1) 423 — 3222 +6 +c¢+d) + 2x(ab 4+ ac + ad + be + 
+ bd + cd) — (abe + abd + acd + bed); (2) 8a(xz? + 1)8; 
(3) —20(1 — x); (4) 60(1 + 2x); (5) —20x(1 — x2); 
(6) 5(15a% + 2x) (529+ 2? + 4)4 (7) 6(3a? — 1) (x* — a)5; 
(8) 6 (ae As 5] (7 oats 6) (9) 4(3e + =| G oe 3} 
x x t4 8 
4@ +1) 4), Slat + 2e—1) (L428) 
Gaps (1 + 2) ; 
(12) 24 (a? + 2 + 1) (Qe® + 3a2 + 6x + 1)%. 
499. LG aid a 500. B-O# . 
(s + 3)? (i — 28 
: ee 502, — — es 
2 Va (1 + Y2z) 3 \aer(1 ce 2x)? 


4(1 — 2//x)° 
508. — ——_. 504. eae 
yi —2? |x 


mym—1 4(2x — 1) 
505. dd — ori . 506. — (@? —a +1) . 


2a 


496. 9’(1) = — 497. 2'(0) = 1. 


3 
> 


(10) — 


507. 


eo 
8 


eer sja+er 
7 — 
be es Bien Se 
VQ — at — a8)a 2/q — x) 
2 2 2 
ie gig. 
J (x? + a*)8 a? /a + vy? 


2 15 
513. — 2 ws GEE. (1) = 8 


3/Qz—hi 2 Ve + 2) 
V3 


615, y’(2) = — =" 617. cosa — sin x. 


509 


5 


1 — cosx — & sing x — sinxcosz 
518. - 619. ——_——_—_—_ 
(1 — cos x)? a? cos? x 


1 1 
520. pcos gy. 521. (« cos « — sin «) ( ] . 


a? gin? a 
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522. 1 ; pig, OEE Oe pene e08e) 
1 + cost 1 + sin 2x 
(1 + tan 2) (sin # + x cos2z) ~— xsin x sec? x 

(1 + tan 2)? : 


625. —sin 2a. 526. tan? x sec? x. 527. —sin® 2. 


524, 


3), 3 sin x 
528. — sin 27(2 — sinz). 529. tantz. 580. 2x . 
2 cos? x 
16 2 
ssi. — —<""* | 582, 3cos3e. 588. —< ain ~. 
sin? 2a 3 3 
1 1 
534. 9 cos (3a + 5). 585. ——————_.._ 686, —__________-. 
Saas” V1+2tanz cos? x 
cos — 
587. — —, 588. cos (sin 2) cos x. 589. —12 cos? 4a sin 4a. 
1 2 
See. a 
I 2 
4 tan = cos? = U 7 
2x . : 
542, — —____—_—_—____..._ 548. 4(1 + sin? x)* sin 22, 
3 sin? Y1 + 2? (1 + 2)? 
a2? — 1 
644... ——________________—_, 
1 1 
22? cos? (= + 5] 1 + tan (= + =| 
x x 
Ges 
sin | 2 — 
1 
545. PVE! gag, 9 nin Be ain (2 cos 32). 


Va (1+ Vx)? 
xz 


548, arcsina + re 
yl — 2? 2 (arc cos x)? Y1 — a? 
2 i 1 
550... 561. aresinz. 552, — ——________. 
Jl — 2 (arcsin x)? /1 — x? 
558. (sin x) arc tan x + (x cos x) arctan + ita F 
554, 7b ate. cos# yl— 2 555, orc tan tan x ., Soe 


a? Yl — a? ; 2 Va 
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1 Qa? V1 — 22 + x arcsin x 
557. ————.. 558. — __—__. Se 
x Va? —1 (1 + 2*) Va — 2)3 
2. 2 1 
BAO a ee 
arctanz (1+ 2*)(arctan 2)? V2a — a? 
2 2 2 
en ee Ley? Ee 7 peepee ae 
V1 + 22 — 2x? 1+ 2 |x| Va? — 4 
1 
2arc tan — 
CL eae, <7 Saari 
|cos a| 1+ 2 
are cos x 1 
567. ‘ .— : 
V1 — a? //1 — (arc cos x)? (1 + 2) V2x(1 — x) 
1 
569. — aan 
8 V(arcsin x* + 2x)? V(1 — 2x — x2) (x? + 2a) 
570 sin « 5 Ja? — b? 1 
* 1 — cos @ cosa" “a+ bcosa’ * 201 + 2)" 
x 2Inz Inz+1 
578. 2a 1 ——. §74, ——. 575, ——____ 
Be eee ag z in 10 
Ing — 1 
phe Ca i 
2a Yin x xin? x 
578. sinzInaz + xcosxin« + sing. 
1 1l—ninz 2 
._—-——.. . —————.. 681. — ——____—__. 
sibs ain? x BSD antl a(1 + Ina)? 
1 + 2? — 22? Ina 
2. . 683. 2"-1(n In 1). 
58 al + 2 a2 "-\(n Inez + 1) 
In 2 2a ~ 4 
SSeS ay eb SS ag, 
xVl+haz 1 — 2a a® — 4a 
587. cot 2. 588 = 589. — 
- cot 2. . « ——. 
(a? — 1) In3 sin 2x 
2 
590. — ————_—______... 591. 4(In* sin z) cot z. 
arc cos 2a 1 — 4a? 
a 
592. . 593. n(1 + Insin x)"—! cot x. 
(az + 6) [1 + In? (az + B)] | 


I 
x logs x log, (logs x) In 2In 31n 5 © 


594. 
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xz 


595. . 
(arctan /1 + a?) (2 + 2) /1 + 2? 


a+é83 


2 | 8 3 cot 
596. 6z? arc sin [In Ae: + x*)] _. 597. 
(a + 2) yl — In? (a§ + 23) 3 


12 [m= sin a4 
4 
In 3 


598. 2*1n 2. 599. 10%*1n 10. 600. — ars 601. 4—*(1 — x In 4). 


1l—«x 


602. 10*(1 + 21In 10). 608. ex(1 +2). 604. 


2x(In 2 — 1 3a? — a8 
605. ( .* . 606, eX(cos x — sin x). 
ex ; sin 2 + cos a 
- (sin « — cos x). 608. — —————_——_.. 
sin? x ex 
ex 


Inez —1)In2 75 
eae Sask 2"*_ 610. 322 — 3*In3. 611. —--- . 
In? x 2yive 


Qex 2(10* In 10) 
(1 — ex)?" (1 + 10%)? 


x 


612. eX(x? 4-1). 613. 


ex(a — 1)? 616. ot : 
615. Gai - . eX(cos x + sin x + 2% cos 2). 


617. —e-*. 618. 2(10°*-*In 10). 619. 


620. (2% In 2) cos (2%). 621. (3sinx cos x) In 3. 
Qearc sin 2x 
Jl — 42? 


elin x 


622. (3 sin? 2 cos x) asin’x Ina. 6238. 


624, 23 3x In 2 In 3. 625. ——_—_. 

2a Yin x 

626. cos (ex*+3x—2) ex'+3x—2(2% + 3). 

627. —12(10!—sin*3x In 10) sin? 3a cos 32. 
(2axz + b) eV in(axt+ox+c) 


2(aa? + bx +c) Jin (az? + bx + c) ; 


3 eee 
cot |/arc tan (e°*) 0% 


629. 630. — 2ab*? xe—b’x*, 


(1 + e®) Vearetan (e8*) }? 


631. 


6383. 


636. 


639. 


640. — 


648. 


646. 


648. 


649. 


650. 


652. 


653. 


654. 


655. 


656. — 


658. 


659. 


660. 
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x? 
~ xe a (a? — 22). 632. Ae—*x[w cos (wx+ a) —k? sin (wx +«)]. 
a 
area” +In a| . 684. 3 sinh? 2 coshz. 635. tanh 2. 


1 687 2a 
cosh 22° * "cosh? (1 — 2? 
sinh (sinh x) cosh x. 

inh. 1 
se. G41, ecoshtx sinh Qe. 642, ———___, 
2 cosh x x cosh? (In 2) 
3 tanh 1 
wcosh x, 644, ——~""""__ g45, ——__, 
2 cosh? x /1 + tanh? x 4 cosh! 


1 1 
647. 


2 Vcosh x — sinh x 1 — sinh‘ x 
a(4 -+- Ya) sinh 22 + 2(2x? Vx — 1) cosh 2a 


2a? 


)- 688. 2 sinh 22. 


3x 
sinh?a [(3a + 2) sinh x — & cosh z]j. 
1 
aetl(2Ine +1). 651. xx (Int + Ing + =| . 
x 


cos? x 
(sin x)cos x 
sin & 


— sin # ln sin a J. 


(nay ( d + InInz}. 
Ina 


ree 1 In (a + 1) 
2 2 
21 es2) Freer |. 
a? ex* gin 22(3 + 2x? + 2x cot 22). 


2(@ — 2) (v? ++ lle + 1) Ina 
ee a 657. _—— In? z 


3(e — 5) Ve + 1p 


57x? — 3022 + 361 _e + 1)? (= = 2 
20(% — 2) (« — 3) @— 3° = 


2 1—e 


g Vesin 2 YI—e8(— + cot x — > ral: 
x 


1 1 — arc sin x 
Vi — 2? [(aresin x)? — 1] / 1+ arcsinz 
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661. 


663. 


665. 


666. 


668. 


675. 


677. 


679. - 


682. 


685. 


687. 


689. 


ANSWERS 


a* (1 —Inz). 662. zsinx [cos zing + 


sin “| 


oda i a ise 664. VET og l 
(5) (ts): ee 


ce sin x 


(2? + nx [= 7] 


+ cos x In(x? + »| : 


ot + 62? + 1) /ala® + 1) say (1+ Vz)? 
Ba(1 — at) | (2? — 1)?" , ae 
x? 


a 
—-. 669. 


p 
boost (= +8} 2V1 + \2pa 2px 


22 — 3 1+ sine 


“1+ (@ — 3x 4+ 2)?" * (@ — cosa) In 10° 


3 
2 rY sin 2x(cos x — 2). 6738. sec? . 


1+2\ae 
6 Va Vea Ta) + Va yf 
be aE 1 ae ‘ 
2 sin a cos 2% + ry cos gan 2x. 676. ecosx(cos # — sin? 2). 


24(7x® — 40) 


1 
7 678. e-#(~ — 2xIn =| 
ge x 
Ve — 8? 
5(a — I 9 ] 
5 —D (ye4 +). 680. ———. 681. 22% or +8, 
x la : 1 +2? 
ae Mee, a ga ee 
cos? 2x 1+ a?4+ a a? gin? x 
1 an rs ee x 4(3lz5 + 18) 
—cot — sin — —sin?—cos?—. 686. — —-~W—_ 
3 2 3 2 3 erste 
27x25 Cc + He 
;: 7 = 
——. 688, arc tan /x + Lae 5 
2+ a 2(1 + 2) 
t 1 2 tan? 2 
ed as ge Oe nes 


cos? « I + tan?a + tan’x 
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Bi i gs 
l+@a Jl— sin? 2 2 Vain 2 — aint 
; i ; : 
694. sin’ 32 cos’ 3z. 695. pceacebetiaoetee . 696. — —sin arcsin& 
yi— 2 7 2 Yl—« 


Pree ele es . Sie 
8 /aVa+ VeVo4Vot Je 2 8x — 922 


Inge —2 as 1—Inz 22 — cos x 
699. in [2 en |: 700. ——____——_.. 
(a? — sin x) In 3 


697. 


701. ee 702. fe ea Ae 
2V1l— a? xVl — a (a + V1 — 2?) 
1 x — ex 
Wi. aebGA Vn) ee hee (; S |. 
V1 — in? x (1 + ex)? 1+ ex 
m3 
705. — _2sin?e 
V1 + sin? 
22-41 22 +1 
706. = 078( cos sdnsharene 0-88] (xin - + 0°8 cos 0-82). 
707 1) 1 Fn 10}. 708 a fees 
- + : ~~ tan 2x sin? 2a 
709. — a 710. — 2 : 
(z? + 2a + 2) arc tan ; yat—1 
pe 
711. ae a ale 
2)a+3 Vl+2)a+3)? 4}1 + Ve 
7 5 
718 — JE nd ‘ 714. 32? arc tan 2° + ad . 
2VQ + sin? x) 1+ 2° 


715. 


cot In cos x + tan a In sin 716. l—az 
In? cos x : : 


717 : io ae 4c). 718 a 
erent arc sin (SS 
(1 — 42) | / 1+ 4e ain? @ 


1 
719. ——. 720. 10xtanx In 10{tanx + — |. 
ex — I cos? 
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o Z : . 2 sin x 
721. 2 sin x(z sin 2 cos x? + cosasin x’). 722. 


cos 22 Vcos 2x 
2— 3x — «8 l—«z a 
723. —___—_______ |] ———..._ 724. : 
a1 — 2) (+2) | 1+2? Ta! 


x ————<—. 
Eg ne | a 2(2 cos? e+ 1 
zon, gine PTL Ig a06, \s = 137, 2 eee) 


In? a 2 sin? 2a 
T—x 
1 a aa 
ee ee ote, 729, \3 all 
(1+ x) V1 — 2? G+2 
2 l 2 
ng; EE ran cose eae 
x V@— 1 
738. (a? + 1) sin vee. 784. el —cosx(1 + x sin 2). 
2e- 2x 
735. . 786. 10e* sin 32. 737. 92% arcsin x. 
(1 + e—4*) (arc tan e—2*)? 
sae 
738. —_—______—_.. 739. —______. . 
aye Va+e-V) V2 + 40 — a? 
740. (cos x — sin x) (e* + e-*) 741. arc tan x 


excost+e-xsinz — Va+ 2) 
742. sin (« — cos x) (1 + sin x) 
cos? (7 — cos x) 
748. eX sin 2 cos? (1 + cot « — 3 tan 2). 
5 
54 at 1 


744, 745. ——_—________- 
Yex + 4ex + 1 


55 Vo + 6 Va") 


eae tan yi + In(2x + 3) 
746 


* (Qe + 3) [2 + In (2e + 3)] V1 + In (x + 3) 
ex? ee _ In (1 + sin x) 

747. aero bel + e-*) — (eX — e-*)]. 748, ——____—. 

oe I enn SRG EA). Hae 

22 —~ 3 V1 — 422 ‘g(a? + 1) Vi — 22 — aw? 

x (1 + 2?) sin 2 + x(1 + 27) cosa 


tx. 758. 
laa Viqa 


sin? x 


749. 


1 
762, — — 
x 
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(et — 822 ~ 73) (8-2)? 9. 30 (24 Ya) 


We + 1/8 Va + 2 
10 | (b+ xot* ): 
x? —arctanx + dinx+1 
1 e 1 
756. | 2a — ——— . 757 : 
1+ 2? Va. cos’ 2 
758 e“arc tan x l 4 x 5 
. Ind a ne (1 + 2?) arc tan x Se 
(1 — 2?) e®*—!cosxs3 — 2x — 32? 
[ 1 — 2? 


754. 


759. — tanz 4- 


(are cos 2)? 


errr 
V1—a?arccos x! 
—XxX _ 9x 


760. 4/(@? +a). 761. (arcsinz)?. 762. ~ 
e 


1 1 1 l—«z2 
763, —__—_____.. 764. . 765. — . 
aemx + be—mx et] x l+za«z 


x 
4 cot — 
ee 2 In tan 2a 


cot 


766. (tan 2x) 


Ne 


ee saa” 


32? + 10x + 20 1 


767, ——________________.._ 768, —______. 
zet+ar?+] 


8 — 
5 
15(a? + ol — 5)? Va? + 4 
QInwenr-1 Qnan 
769. — a, if nm is an even number, and — Fs ia 
an] Jar] (a?7 + 1) 
if n is an odd number. 
24x 1) an nti 
aaa, (a) i tad Ae eae 
(1 + 8x8)? (1 — 2)? 
n(n — 1) a"t+1 — 2(n + 1)? av? 4+ n(n 4+ 1) a"-14 2 
(1 — 2)? 
the value of the sum 2 + #2? +...+ 27, 


In 1 
eee Gage Sete 
3(s? — 1) 


770 


. Hint; use 


(b) — 


776, V1 — y®%e—arcsiny and 


1 
779. — -. 780. a’ = ————____., 
2)a— a *@) = Ta + ina) 


1 
; (Are cosh 2)’ = =} 
Vi 4+ 2? Ya? —1 


781. (Arcsinh x)’ = 
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1 ef 
(Are tanh x)’ = ——. 782. 
—(1 +24)? : 1 
($8) ; -2/Q— yy)? —y). 784, ———. 
aa (1 — y’)? (1 — y) ay? 4 
eee, ty 
785. aie yi — 2°s, =e" cott. 789. y = f(x) = sin? z. 
Seas 1 be 
790. y= + Vi—«#. 791. ——. 79% ——. 
4 a’y 
y ay — x 3a? cos 3x + y?sin x 
798. — /z. 794. ae 795. dy cone : 
2 + 2. 2 
Wc a 97 08: oF 
3(1 — y?) y—2 y ¢w—-2 
799. — 3a? + 2axy + by? ; 
ax® + 2bay + 3y? 
goo, — 208 + 9) (oos (zy) — sin (zy) — 1 
* ~ @ cos*(a + y) (cos (zy) — sin (xy)) — 1° 
sot. x-y 1 ggg, 1 
: t=O “91+ Iny)" 
ooo, Lawl V1 — 2*) sos, Vowny 
yi — 21 — VI — 9?) x? — zylne 
805. — sin (x + y) 806. — 1 + ysin (zy) 
*“itsn(@+y  — asin (cy) ~ 
8 — 
; 
go7. — |/%. sos. ——. 809. — ae ; 
x 2-y 2sin 2y — siny — 2 cosy 
] — Re ‘ _ 2 
Sig. et, gigs US ES aig Se 


1+kcosx’ * sin (2 — y)— sing ” y* 
814. (2,4). 816.y+4%+4=0; 8y— 2x + 15=0; the sub- 
1 
tangent is equal to 3° the subnormal to — 8. 
819. (a) 4, = 0, t, = 8; (b) 4, = 0, t, = 4, t, = 8. 
rad rad 


820. 181°5x 103 erg. 821. @ = 13——. 822. w = 2xn—. 
sec sec 


rad 
828. w = (2at — 6) ——; the velocity becomes zero after 
sec 


t = — sec. 
2a 
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824, 23A. 825. (0,0); (1,1); (2,0). 
827. (1,0); (—1, —4). 828. y = 22 — 2; y= 2a + 2. 
829. 8k +y+6= 0. 


830. The tangent is y — yp = cosx,(z — x); the normal is 
Y — Yo = —8eC (x — 2). 
831. The tangent is x,(y — yo) = « — 2; the normalis (y — y,) + 
+ “(ev — %) = 0. 
832. The tangent is » + 2y = 4a; the normal is y = 2a — 3a. 
x3(3a — 2) 


838. The tangent is y — yy = —>———, (% — 2»); 
Yy(2a — x) 
2a — 2 
the normal is y — y, = — Yo(2a — %o)" (2 — 2p). 
24(3a — x) 


2x 
835. The subtangents are equal to = a and — 2x respectively ; 


3a? 1 
the subnormals are —3z5, — = and ont respectively. 
x x 2a 
836. y = sie ae 2); Y¥-Y= ae Xo). 


837. 2a-—y+1=0. 888. 27% — 3y — 79 = 0. 
839. 22 —-y—1=0. 840. 4x — 4y— 21=0. 
842, 3°75. 844. 2 + 2y = 0; e+y=0. 

845. (0, 1). 846. y = x. 848. « — y — 3e-? = 0. 


2 3 
849. —. 850. ( + cS 1). 857. 22 -—-y+1=0. 
V5 2 
1 . : 1 
858. (a) The parabola y? = Pa (b) the straight line y= the’ 
parallel to Ox; (c) the kappa curve y /a? — 2? + a7 =0; (d) the 
circle 2? + y? =a. 


8 1 
859. (1) are tans, ; (2) o, =0, gp. = are tans. 
860. (1) arctan 3. (2) 45°. 
861. 90°. 862. 45 and 90°. 868. arc tan 3. 864. arc tan (2 /2). 
865. When n is odd, the tangent is —- + $ =2, the normal 
a 


x 
ax — by = a? — b?. When vis even, the tangents are — + 7 = 2, 
a 


the normals az + by = a® — B?, 
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879. dy = 1-461; dy = 1:4. 880. 4y = 0:1012; dy = 0-1; 
dy 
— = 0:9880. 
Ay 


881. 4. 882. —2. 888. 4y = 1:91; dy=19; 4y—dy = 0-01; 


4y—dy_ hie ae 
a = 00052. 884. 4y=01; dy=01025; 4y—dy= 
ly 
Ay — dy 


= —0-0025; “Y¥— % _ — 0-095, 
ay 
885. fe = 1, 0-1, 0-01, 
Ay = 18, 1-161, 0-110601, 
dy 2:11, 11, 0-11, 
Ay yo 0-061, 0-000601, 
_d 
5 — 4 — 4% _ 39, | 00526, | 0-0055. 
Ay 
Ay — dy 
886. dy 21:3; dywll; dy —dyxH0-2; d= A = 015. 
iy 
~d 
887. (a) dy = 16, he Y % — 588%; 
~—d Ay — d: 
(b) dy = 8, te = 308%; (c) dy=1-6, 4% —“Y % — 0-62%. 


888. (a) dy = 4:8 cm?; (b) dy = 6:0 cm?; (c) dy = 9°6 cm’. 


0°125 5dx 4d d da 
889. (1) de; (2) 5 (8) — Ss (4) — Ss (6) — 
yz 3 Va? 4x a 
da dx In 
(6) -—=_; (7 —=—__; (8) — Fae; 
3nx Vx 2(a + b) Vx q 
0:2(m — n) (m + n) da 
9) — ——__——_dz; (10) — —————_;; 
(9) ae (10) oa = 
(11) (es + 4) (a? — Ya) + (x? + de + (2 ca =} da; 
Ho 
(io) a a ea 4 at a oe ae 
(z* — 1) (1 — @)?’ ; 
2 tan x 2In 6 — = sin x 
(15) ———dx; (16) 5intanx ——_ dx; (17) —2 “**In2 dx; 
cos? x sin 2x cos? 2 
(is) — dx 5 (19) (a? — 1) sinxz + 2x cosx an 
_@ (1 — 22)? 
sey 


1 
(20) (ae + 
2Yaresinz/I—a2? I1+2 
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1 
5 1 d. -z 3 2 
(21) = 7; (22) (3 *-—In3 + 92t — —] az. 
yi-w# 1+ ay 2 a8 x 
890. (1) —0-0059; (2) —0-0075; (3) 0-0086; (4) 0; (5) 0-00287. 
891. Ay = 0:00025; sin 30°l’ ~ 0-50025. 892. 0-00582. 


k sin 2 
898. —0-0693. 894. dg— =" 


dg. 


Vcos 2p 
895. 0°3466. 896. sin 60°03’ = 0°8665; sin 60°18’ = 0°8686. 
899. 0:995. 900. arctan 1:02 % 0°795; arctan 0°97 ~& 0:770. 
901. 0°782. 902. 0°52164. 


8 
903. (a) The change in the length of the cord is 2ds = af df; 


31 
(b) the change in the sag is df = v ds. 
904. The error when finding the angle from its sine is Arg = 
= tana 4y; the error when finding the angle from its tangent 


1 
is dep = 3 an 2x dz (where 4y, dz are the errors with which y 


A 1 
and z are given); ae. = ——; the accuracy is higher when find- 
dep cos*x 
ing the angle from the logarithm of its tangent than from the loga- 
rithm of its sine. 


(248 + 4¢ + 7) (3? + 2) de 


905. 0°3%. 906. (1) dy = —______________-"__; 
3 /[(@ + 2¢+ 1) (@ + 2 + 6)P 


t e@—l1 
(2) ds = — 7 in dt; (3) dz = —ds; 
(4) 4 21n3 ds (5) 4 (4u — 3) du 
v= 3 SS 5 
gintans } 2+, sass a sa ae +r 7 
n? tan $ 
2d 
(Ody ae 
cos 28 


908. Continuous and differentiable. 


909. f(x) is continuous everywhere except for the points 2 = 0 
and x = 2; f’(x) exists and is continuous everywhere except for the 
points x = 0, 1, 2, where it does not exist. 


910. At « = kx, where k is any integer. 
911. Continuous, but non-differentiable. 
912. f’(0) = 0. 

913. Continuous, but non-differentiable. 
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914. 4y and Az are quantities of different orders of smallness. 
915. Continuous, but non-differentiable. 

916. Yes; no. 917%. a. 918. awear. 


919. The abscissa varies at the rate v, = —2rw sin 2p; the ordi- 
nate varies at the rate vy = 2rw cos 29. 


920. The rate of change of the abscissa is vy = v (1 + cos g); 
the rate of change of the ordinate is vy = v sin 9 (pis the angle between 
the axis of ordinates and the radius vector of the point). 


pin2 
921. — —— ~ —0-000125p. 
5540 
922. 2 units/sec at the point (3, 6) and —2 units/sec at the point 
(3, —6). 
923. 2 cm/sec at the point (3,4) and —2 cm/sec at the point 
(— 3, 4). 


16 16 
924. At the points (s. =] and (- — =| 5 


925. 4v cm/sec and 2av cm?/sec. 

926. 2nv and 2arv. 927. 4xr?v and 8zrv cm?/sec. 
2 

928. For x = 2xk + and for x = Ink +>. 


1 
929. At x = 2k. 9380. = times. 982. (a) Yes; (b) No. 
n 


984. (1) 2? — 18% + 9y=0; (2) y? = 4x2%(1 — 2°); 
(3) y3 = (x — 1)?; | (4) a= Arecos (1 — y) F V2y — y?; 


_ 21 + & — 2?) 


(5) y ipa 


935. (1) = (2k + l)a; (2)t=1; (3) tao + ak; 
Ce es eee 


b b 32 —1 
986. — -- cot. 987. — — tang. 988. cot”. 939. . 
a a 2 2t 


cos p — psing 


t 
940. —1. 941.—. 942. - - : 
2 1 — sin » — gcosg@ 


1 es 1—t t t(2 — t8) 
a ant gag eo 


* 42 + 3¢— 8)" “T+ tant’ 1— 23° 


943 
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V3 


4 I 
946. — ‘e 947. 0 and 3" 948. Does not exist. 949. 7" 


» where 


950. (1) ¢= > + as OC teao es (By rSee 


2] 8 


4 
6 
a is the angle formed by the tangent with Oz. 

956. (1) The curves cut at two points at angles «, = a = 


41 
= are tan —- fy 87°12’; (2) the curves cut at three points at angles 


@, = a, = 30° and a, = 0°. 


958. The length of the tangent is T = < ; the length of 
sin—t 
2 
the normal is N = a ; the length of the subtangent is 
cos —t 
2 


3 3 
Sr = ly cot St the length of the subnormal is Sy = y tan 5! | : 


959. ’ mae , |ytané| and |y cot ?|. 
cos t sin ¢t 
961. Ld tt| and |y tan ¢| 
co an " 
sin ¢ cos ¢ |’ ly iy ten 


968. «+ 24y—-4=0; 2we®9—y—3=0. 964. 4a 4 2V-—3=0; 
22 —4y+1=0. 


965. y= 2, x= 1. 966. (1) 4a4+ 3y-—12a=0; 3a — 4y + 
nr? V2 of 


pa a eat i oma Tae A alae — 73 (3)y=14alna, 
969. » = 2a cost. 

970. 6 =, « = 2p. 974. 3; —3. 975. (1) 0; (2) 0; V3; — 3. 
BAG 2 2 
Al ES = tan §. 978. arc tan — bt? = arc tan — 9. 
ft) 3 3 


b 
979. o= Ya? cos? ¢ + 6b? sin? t; » = arc tan (- tan i) the tangent 
a 


977. 


of the angle between the tangent and radius vector is equal to 
2ab 


(b2 — a?) sin Qt" 


980. The polar subtangent is Sy = - ; the polar subnor- 
Q 


d <n 
mal is Sy = oe, dp 
dy 
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988. — 984. oIna. 985. /1 + a%. 
na 


r r Vb4x? + aty? 


986. ———_—_ = —.. 987. 
yre—2w yy bx 
2 2 4 
988. i sp Dace LEE a oo; 9|) Po 
2a y 9ax 
ex + e-x 
990. /1-+cos*zdzx. 991. — ne 992. r. 


t oe 
998. 2a sin = 994. 3a costsint dé. 995.a /1 + # dt. 


t 
996. 4a sin rs dt. 997.acottdt. 998. at. 
999. a |/cosh 2¢ dé. 


3 
1000. 9 mmin; the velocity vector is directed vertically down- 
wards. 


1001. 10 /26 ~ 51 km/hr; the velocity vector is parallel to 
the hypotenuse of the right-angled triangle, one adjacent side of 
which is horizontal and equal to 50 km, whilst the other is vertical 
and equal to 10 km. 


1002. 14:63 km/hr. 
1008. 40 km/hr. 
; RF sin 2a 
1004. F,, | sin « + —_____ |]. 
2 Vi? + R? sin? a 
1005. 9°43 m/sec. 1006, 2. 1007. —24x. 1008. 207 360. 1009. 360. 
1010. 6(524 + 62% +1). 1011. 4sin 2x. 1012. * 4018. — > 
8 
5! 
“(1 —2)8° 
2—1yr nt 3 
AV" nt org. 20%(3x + 20%). 1020, 222" — Y) 
(1 + a@)r+t (a® + 1)8 
2 
5 ese ane) B88: ee 
142? V@ — 2) 
__* 4994, SE 
V(l + 2?)8 4x Vx (a + Vx)* 


an(n + 1) 


1014 re 


6 
1015. aie 1016. 1017. 16a sin 29. 


1018. 


1021 


1023. — 
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el® (Vx — 1) ef ae arcsina +2 Vi-2 
4a Vx Va — 2) 
a(a? — 1) sina 


1029. ateax, 1080. (—1)"e-%. 


1025. 


1 
1027. 1028. z{(In 2 +14 -| 


1081. a" sin (a: +n =| -+- Bb" cos (v= +n Z| F 


1082. 2n- sin | 22 +(n — 1) =| . 1088. ex(x + n). 


(n — 2)! 


gn-1 


(—1)"a"n! 
(ax + byrtt 
(—1)"—-1a"(n — 1)! (n — 1)! 


. - (—1)"-1 . 
1086 (ae + br 1037. (—1) in 


1 
+ eam: 


1084. (—1)" (n= 2). 1085. 


1088. ee Peres 
2 le + ett 


n : z 
1089, (—1)?n! le=pen— orl: 


d?y 
a dx da? 
1040. 4"—1 cos («= +n | . 1064. dy? =— Tay! 3" 
(=) 
4 3r2 2(3y4 8y2 5 
1056. — 1057. — 27. 1058, — 23y" + By" + 5) 
a?ys ys y 
— 2 3. 
1059, &—*)° 060. — 2. 
(2 — 8)* (y? — azx)s 
-—- 1)? — 1)2} 
(008.2 = SY eggs, CH eee 
[1 — cos (x + y)]° ay — 1) 
d?y 
4 dz? 1 2 
106s, <= — ©. 1084. —. 1065, - —? _., 
- al : Var+ ey 
dz 
cad a? 1 30 cos t 
10006 == Hoe i a 
9b7¢4 y asin’ ¢ a® sin’ t 


1 2¢— 4sin?¢ 
0786 Se 0 I 
a(1 + cosy)? 9a? cos? ¢ sin® ¢ 


a+y=0. 


3 (2) 0, since 
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2 2+ 
1074, (1) 42; (2) ———— . 
1-—# a(cos t — tsin #)§ 


9 


1080. 16 m/sec?. 1081. » = 2¢— 4, a = 2. 1082. — = 


cm/sec?. 


1 
1084. —0:0015 m/sec”. 1085. — g m/sec? 


n 
1088. (1) (x? — 379) sina — 402 cosa; (2) ex Cc sin [« + ex} 
k=0 


(3) ax sin (x + nz] + 3na"—1 2? sin [ex + (n — 1) | + 


+ 3n(n — 1) «?-?2 x sin [a +(n— 2)=] + 


+ n(n —1)(n — 2) ar-3 sin | aw + eS 3) 
1098. y@™(0) = 0; y@n+20) = [1.3.5...(2n + 1]. 
1095. y@r-(0) = 0; y@m(0) = 2[2. 4.6... (Qn — 2)]%. 
2dx? 
3 
9x Vx 
1098. 4(2 + 1) (5a? — 2x — 1) dz?. 
1099. 4—x* (2 In 4) (22? In 4 — 1) dz’. 
ab(a? — b?) sin 22 daz? 4Inaz —4—In®z 


i —- 1101. ——___— i’, 
(a? cos? x + 6? sin? x)? x \(n? a — 4) 


1096. — 


1097. m(m — 1) (m — 2) am—3 dad, 


1100. 


3a sec? p 
— _ (1+ 5 tan? g) dy’. 


1102. —4 sin 2x dz?. 1108. + 
4 /tan 


a 
a? 


da? 4: 4(1 + 3a4 
x x ees 


1104. . 1105. (1) d?y = —— dx 
zt — 1 (a — 1)? 


gu? < 
(2) d?y = —4 sec? 2¢ di’. 
1106. (1) d?y = cos z d*z — sin z dz’; 
(2) d?y = a* cos (a*) Ina d?x — aX In? a(a* sin aX — cos ax) da? 
(3) d?y = a! In afcos a" (6¢ + 9t4 In a) — a! sin a 924 In a] de?. 


Chapter IV 


1110. (1) The function has a maximum; (2) is decreasing; (3) is 
increasing; (4) has a minimum; (5) has a maximum; (6) has a mini- 
mum; (7) has a minimum; (8) has a maximum; (9) has a minimum. 
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1112. The function is increasing at x, = 0, decreasing at 2, = 1, 
I 
increasing at x, = — > and decreasing at x, = 2. 


1 
1113. The function is decreasing at x, = oy is increasing at 2, = 2 


and 7, =e; has a minimum at 2, = 1. 


1114. The function is increasing at x, = 1, decreasing at z, = —1, 
has a minimum at x, = 0. 
1 1 
1115. The function is decreasing at x, = 3 increasing at x, = — x? 


has a maximum at x; = 0. 

1125. Three roots, lying respectively in the intervals (1, 2), (2, 3) 
and (3, 4). 

1127. sin 3x, — sin 3x, = 3(a, — y,) cos 3, where 2, < § < a. 

1128. a(1 — Ina) — (1 — nb) = (b— a)Iné, wherea<é <b. 

24 
1129. arc sin [2(x) + dx)] — arcsin 2a, = a ae , where 
J1l— 48 


B<é&< a + Me. 
1135. Asx— 0, ¢ tends to zero, but without taking all inter- 
1 
mediate values: it only takes a sequence of these such that cos = 
tends to zero. 
1186. 0-833. 1187. 0°57. 1188. 10414. 1189. 0:1990. 1140. 0-8449. 
1141, 1-°7853. 
1149*. The required inequality follows from the increase of the 
tan x ff 
function y = -—— in the interval (0 4 y 
x 
1150. The function is increasing in (—oo, —1), decreasing in 
(—I, 3), increasing in (3, co). 
1151. The function is decreasing in (—cc, —1), increasing in 


(—1, 0), decreasing in (0, 1), increasing in (1, «). 


1 
1152. The function is increasing in —oo, — 3} decreasing in 
111). . , fil 
——, —], increasing in |—, ~]. 
2 7a) (= 
1158. The function is decreasing in (- oo, = increasing in 


a 2 2 
F * a], decreasing in (Fo a}, increasing in (a, 00). 

1154, The function is increasing in (—>oo, —1), decreasing in 
(—1, 1), increasing in (1, 00). 
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1155. The function is decreasing in (— o,0), decreasing in 
I 1 

(0. =} increasing in (5 1}, decreasing in (1, 00). 


1156. The function is increasing in (— oo, 0), decreasing in (0, 90). 
1157. The function is decreasing in (— co, 0), increasing in (0, 2), 
decreasing in (2, co). 
1158. The function is decreasing in (0,1), decreasing in (1, e), 
increasing in (e, o<). 
1 1 
1159. The function is decreasing in (o. >} increasing in (;. ~| : 
‘ : ‘ ‘ a). . . {ma bn 
1160. The function is decreasing in (o. =} increasing in (F: =| ; 
5 
decreasing in (=. 2a). 
3 ww vs rn) 4 
1161. The function is increasing in (. 5h decreasing in (z. =] 
eee anim «Bells . , (bn 3x). onin low 2 
increasing in |—, — }, decr —, —], a in|—, ; 
gin|> ra creasing in (= 3 increasing in 3 Ea 
1162. Increasing monotonically. 1163. Increasing monotonically. 


1164. (o. ra) » increasing; (; a, a], decreasing. 
1165. Ymax = 0 for = 0, ymin = —1 for x = 1. 
1166. ymax = 17 for e = —1, Ymin = —47 for x = 3. 
1167. Ymax = 4 for x = 0, Ymin = . ior e= —2. 
1168. Ymax = 2 for x=0, Ymin = V4 for x = 2. 


1169. ymax for « = —3. 1170. ymax = 0 for a == 0. 


~ In 38 
2 
SP Oe 2 Oy Gmina = ag for x= 1. 


2 205 12 
1172. ymin = 2 for 2 = a 1173. Ymax = ue for «= 7 


1171. ymax 


8 — 
1174. Ymax = Va! for « = 0. ymin = 0 for 2 = +a. 
1175. ymin = 0 for x = 0. 
1176. Increasing monotonically. 


81s 1 
117%. Ymax = 3 1/18 for & = 5+ Ymin = 0 forx = — landz = 5. 
e (4 — e) 
1178. ymax = 2:5 for x = 1, Ymin = es 1-76 for x =e. 


1 
1179. Ymax = 5 for «= 0, ¥min = A forz=1. 
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3/3 — 22 1 
1180. ymax = 0 for c = 0, Ymin = ea aaa for sie : 
6x /3 — xn? + 18 
1181. ymax Or 8 tie te ee Ean 
36 3 
Ymin = 1 for « = 0. 
il 1 
1182. ymax = sin=- +16 forz=—, 
2 2 
9 V3 — 32/3 + 18 — 2? + 62 | a 
os te or@w@=—. 
Yimin 36 6 
1 1 
1183. ymax = — for c= 1, Ymin = — — for a = 3. 
a Ed 


1184, If ab = 0, there are no extrema. If ab >0 and a>O, 


= 1 6 
Ymin = 2 ab for z= In-; if ab >O and a<0, Ymax = 
p a 


= —2 Yab for x = ine . 1185. 13 and 4, 1186. 8 and 0. 
1187. 2 and —10. 1188.2 and —12. 1189. 10 and 6. 
1190. 1 and a 1191. : and —1. 
1192. The minimum value is (a + 6)?, there is no maximum. 


1198. ~ and — =. 
2 2 


1194. The maximum value is 1, there is no minimum. 
1 


1 je 
1195. The minimum value is -} , there is no maximum. 
e 


3 
1196. /9 and 0. 1197. z and 0. 1208. 4 and 4. 1209. 1. 


1210. 6 and 6. 1211. 3,6 and 4cm. 1212.3 cm. 1218. 1 cm. 


3 


3. 
1214. //4v 1215. Base radius = height = \z - 1216. H = 2k. 
a 


20 Y3 2 
1217. ue em. 1218. 2x | 5 208°80" 
3p 


1219. Lateral side = ries base = -: 
3 4 
1280. Lateral side = > base = =. 
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2RY3 
1221, BY ; 


4 2m, 2 3 2 2 
1222, — PR. 1298." see, — °F BOM 
3 3k 27 ik? sec? 
2aP 
1224, pet 1225. 20 km/hr, 720 roubles. 


1226. After 1?7/,,; hours 1 hour 38 min. 


1227. The distance of the chord from point A must be equal 


3 
to ri the diameter of the circle. 


4R V5 RYé 
1228. poll and Re 
5 5 
) 8R? + h? — 3h 
1229. The height of the rectangle is equal to —, 


where h is the distance of the chord subtended by the arc from the 
centre, and R is the radius of the circle. 


1230. The base radius of the cone must be one and a half times 
the cylinder radius. 


= 4 
1281. 4R. 1282. ~49°, 1288. 60°. 1284. R/3. 1235. - R. 


cy 


1287. stgoh 1288, a 2 and b/2. 


2 

1289. The area of the rectangle = — x the area of the ellipse. 
M4 

1240. The point (2, 3). 


1241. C(— 6, — V6) for a maximum, C(/6, )/6) for a mini- 
mum. 


1242. c=a—p, ifa>p; «=O0ifaxsp. 
1248. The gutter section is a semicircle. 
1244, The length of the beam = 131/,; m, the side of the cross- 


2/2 
section = ke m. 


1245, The required value is equal to the arithmetic mean of the 
results of the measurements: 


X+Xy +... +2 
2S 


n 
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RYy2 
1246. At 3 km from the camp. 1247. At height a 


VT, 
V+ Vi 


in other words, the distance J is divided by the required point in the 


1248. The distance from the source of intensity J, is 


3 3 
ratio /I,: /T,. 
1249, 2-4 m. 


kP 
1250. Fin = — 
yit+ke 


Sb s 
1251, 4:5. 1252. 2b + sera 2a + 5 
a 
HL 


R 
1258". (D1 OR)’ where ZL is the generator of the cone, 


Notice that the difference between the distance from the centre 
of the sphere to the vertex of the cone, and the radius of the sphere, 
is equal to the difference between the height of the cone and the 
height of the submerged segment. 


R R 
1254. ri 1255. -* 1256. P(p, + p/2). 


for y = arc tan k. 


3 
1263*. z= Since the function is a constant (y’ = 0), the value 


of the constant is equal to the value of the function for any 2, e.g. 
for « = 0. 


1264. x. 1265, 0. 


4 
1267. Ymax = ral at a2 => Ymin = 0 for «=a. 
a‘ a 
1268. Ymx = 7g forz =>, Ymin = 0 for x = 0 and w= a. 
1269. ymax = — 2a for xz = —a, Ymin = 2a for 2 =a. 
5 3 
1270. Ymax = z for 7 = rh 
1271. Ymax = 1 for « = 1, Ymin = —1 for x = —1. 


1272. ymin = 2 for x = 0. 
4 

1273. Ymax = re for x = 2, ¥Ymin = 0 for x = 0. 
e 


1274, ymin = e for 2 =e, 
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e 
1275. Ymax = efor « =e. 
1276. Maximum at a = 2. 


2 

1277. a=——, b=-—--—. 
3 

1278. Convex in the neighbourhood of (1,11), concave in the 


neighbourhood of (3, 3). 
1279. Convex in the neighbourhood of (1 ;| » concave in the 


neighbourhood of (- 1, — =| . 


1 2 
1280. Convex in the neighbourhood of (= _— =): concave in 

e e 
the neighbourhood of (1, 0). 


: : . 5 250 
1287. Point of inflexion [—, — — 
3 27 


(— 5} concave in (5 =] 
— oco,—], concave in —.» . 
3 ae 


1288. No point of inflexion, the graph is concave. 
1289. Points of inflexion (2, 62) and (4, 206). Intervals: concave 
in (— oo, 2), convex in (2, 4), concave in (4, oo), 


1290. Points of inflexion (—3, 294) and (2,114). Intervals: con- 
vex in (— oo, —3), concave in (—3, 2), convex in (2, co). 


|. Intervals: convex in 


1291. Point of inflexion (1, —1). Intervals: convex in (— ov, 1), 
concave in (1, o). 


1292. No point of inflexion. The graph is concave. 
9 9 
1298. Points of inflexion (- 3a, — =] » (0, 0), (se, v4 . Inter- 
vals: concave in (— oo, —3a), convex in (— 3a, 0), concave in (0, 3a), 
convex in (3a, oo). 


1294. Point of inflexion (0, a). Intervals: convex in (— ~, )), 
concave in (8, oo). 
yest. 3S 
1295. Point of inflexion [aresn ree e 2 ). Intervals: con- 


: 7 _ fe-1 
cave in = a barca 


; ( _ 5-1 2 
» convex in /arcsin Pins 
2 2 


1296. Points of inflexion (+ 1, In 2). Intervals: convex in (— ~, 
1), concave in (—1, 1), convex in (1, 0c). 
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2 3 —8 
1297. Point of inflexion & ; ae ‘). Intervals: convex in 


a ( 8 ) 
(4, ae’ oe in \ae® ,oo/. 


1298. No point of inflexion. The graph is concave. 


1 
] arc tan 


1299. Point of inflexion E > e ). Intervals: concave in 


1 ; ( 
— oo, -]|, convex in | -,co]. 
(- = 5] : 


1800. Point of inflexion (1, —7). Intervals: convex in (0,1), 
concave in (1, oc). 


3 9 
1805. a= ——,b=~-—. 
2 2 
20 4 ' 
1806. « = — 3° a=; . The points (—2, —2-5) and (0,0) 


are also points of inflexion. 
1307. Fora Ss — < and for a > 0. 
1816. Points of inflexion (1, 4) and (1, —4). 
1317. Points of inflexion for t= = +knx (k=0,1,2,...). 


eae: 
i6i§2 0 ee hae whee Ste 


b 
In — 
a 
1819. eb + ef = 2e§, wherea < E <b. 
2 1 
1824, ——. 1825. 0. 1826. 1. 1827, =. 1828. 1829. —. 
3 Va p ye 
nS 
1380. — 5. 1881. 2. 1882, am-n, 1888,—-. 1884, —2. 
n 
ln 
d 


1335. 2. 13386. In. 1887. cos a. 1838. 2. 1839. 1. 1840. 1. 


1 
1841, 128" 1342, 16. 1848. 1. 1844. 1. 1845. —2. 1846. 0. 
2 


1847. 0. 1848. a. 1849. > 1850. nae 1851. — 1. 1852. 0. 
1% 


b 
1858. 00. 1854. —, 1855. 1. 1856. oo. 1857. 1. 
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2 
z 1 
1858. 1. 1859. ce. 1860.1. 1861. 0%. 1862. e7. 1868.1. 1864. rie 
1866. x* is greater than a*zx, 
1867. f(x) is greater than In /(zx). 
1874. f(115) = 1,520,990; (120) = 1,728,120; 6x=100 = 0-03 (ab- 
solute error). 


1875. y= + 


Rico 


a 1876.2 =0, y =0. 1877. y= 0. 
1 
1878. c< =b, y=c. Be Sg a eas 


1880.27+y=0. 1881.y=x2+ 2. 1882. y = +2. 

1888.2 =0,y=0; «+y=0. 

1884. 2=6; x= 2%. y=x+3(b—a). 

1885. y+1=0; Ww+y+I1=0. 1886, 2 = — yaad. 


1887. 2 = 0, y = 2x. 1888.27 =0,y=2 +3. 1889. y =" — 1. 
M4 
1390. y= 2x t >. 


1891. y = 2, if f(z) is not identically constant. 
1392. If lim y(t) = 00, whilst lim p(t) = 6, y = 6 is an asymptote; 
t+ to 


if lim y(t) = oo, whilst lim g(t) = a, « = a is an asymptote. 
t+lo t+ 
1 1 1 
1893. 2 = ah = Oy ABE yee res 1895. y = Let >a 
1896.¢+y+a=0. 1897. c= 2; 2+ 8y+1=0; b6r— 
— 40y +9=0. 


1898. Is defined everywhere. The graph is symmetrical with 


. 


1 1 
respect to the origin. ¥max = 2 for x = 1, ymin = — 3 for «= —1, 


3 
The graph has points of inflexion at (- y3, — a (0,0) and 
V3 ; 
y3, Tr The asymptote is y = 0. 

1899. Defined everywhere except for x= +1. The graph is 
symmetrical with respect to the axis of ordinates. There areno maxima. 
Ymin = 1 for x = 0. No points of inflexion. Asymptotes « = +1, 
y = 0. 

1400. Defined everywhere except for x= +1. The graph is 
symmetrical with respect to the origin. There are no extrema. 
Point of inflexion (0, 0). Asymptotes x = —I,x=ly=0. 
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1401. Defined everywhere except for x = 1, x = 2 and aw = 3. 
Ymax & — 2-60 for x F 2-58, ymin & 2°60 for x 1-42. No points 
of inflexion. Asymptotes «= 1,x%=2,%=3,y=0. 

1402. Not defined for x = +1. The graph is symmetrical with 
respect to the axis of ordinates. ymax = 0 for x = 0. There are no 
minima. Increasing for x < —1, decreasing for x > 1. No points of 
inflexion. Asymptotes x = +l,y=1. 


1403. Defined everywhere; the graph is symmetrical with respect 
to the axis of ordinates. ymax = —1 for x = 0; (1,0) and (—1, 0) 


5 
are points of inflexion where the tangent is horizontal; (+ i 
64 


— = are points of inflexion. No asymptotes. 


1404. Defined everywhere; the graph is symmetrical with respect 
2 
to the axis of ordinates. ymax = 0 for 7 = 0, Ynin = — 7 for «= 
1 
= + Points of inflexion with horizontal tangent at (+1, 0) 


Four further points of inflexion at x +0°7 and «=~ +0°26. No 
asymptotes. 
1 
1405. Defined everywhere except at x = 0. Ymin = 3 for x = ri 


2 
No maxima. Points of inflexion at (-. 0| . Asymptote x = 0. 


1406. Defined everywhere except x = 0. The graph is symmetrical 
with respect to the axis of ordinates. ymin = 2 for « = +1. No maxi- 
ma. No points of inflexion. Asymptote x = 0. 


1407. Defined everywhere except x = 1. ymin = —1 for x = 0. 


1 8 
No maxima. Point of inflexion at (- rae | . Asymptotes x = 1 


and y = 0. 

1408. Defined everywhere except « = + /3. The graph is symmet- 
rical with respect to the origin. ymax = —4°5 for 2 = 3, ¥Ymin = 4:5 for 
x = —3. Point of inflexion at (0,0). Asymptotes x = + 3 and 
eaty=0. 

1409. Defined everywhere except x = —1. No minima. Y¥max = 


3 
= —3 7 at x = —3. Point of inflexion at (0, 0). Asymptotes z = —1 


1 
aad y= eh 
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1410. Defined everywhere except x= 1. No maxima. ymin = 


27 3 
ae for x = c Point of inflexion at (0,0). Asymptote z = 1. 


1411. Defined everywhere except «= 1. Ymax = 0 for 2 = 0, 
Ymin = ; jt for x = \z. Point of inflexion (- 12, = _ V2] : 
Asymptotes « = 1 and y = x. 

1412. Defined everywhere except « = —l. ymax = = at a = 5, 


Ymin = 0 at « = 1. Abscissae of the points of inflexion are 5 + 2/3. 
Asymptotes x = —1 and y = 0. 


7 
1413. Defined everywhere except x= 0. ymax = e for «=1, 


11 27 
Ymax = — . for x = —3, Ymin = a for x= 2. Abscissae of 


9 1 
point of inflexion is a Asymptotes « = 0 and y = ry z+. 


1414, Defined everywhere except x =0. No maxima. ymin=¥ —0-28 


3 — 
at x ey 1-46. Abscissa of point of inflexion — 2. Asymptote « = 0. 


1415. Defined everywhere except at 2x=0. Ymax = —2°5 for 
x = —2; no minima. No points of inflexion. Asymptotes x = 0 
and y = x. 


1 
1416. Defined everywhere. ymax = — for 2 = 1. No minima. 
e 
2 
Point of inflexion at (2. 5] . Asymptote y = 0. 
e 
4 
1417. Defined everywhere. ymax = =i for «=2, Ymin =O for 
e 
x = 0. Abscissae of points of inflexion are 2 + 2. Asymptote y = 0. 


1418. Defined everywhere except at x = 0. ymin =e for x = 1. 
No maxima. No points of inflexion. Asymptotes « = 0, y = 0. 


1419. Defined for x > —1. ymin = 0 for 2 = 0. No maxima. No 
points of inflexion. Asymptote « = —I1. 


1420. Defined everywhere. The graph is symmetrical with respect 
to the axis of ordinates. ymin = 0 for 2 = 0. No maxima. Points of 
inflexion at (+1, In 2). No asymptotes. 


1421. Defined everywhere. The graph is symmetrical with respect 


1 
to the axis of ordinates. ymax = — forx = +1, ymin = 90 forz2 = 0. 
e 
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V5 +17 
2 


Abscissae of the points of inflexion are + . Asymptote 


y= 0. 
2 


1422. Defined everywhere. ¥max =— at t= 3. No minima. 
e 


Abscissae of points of inflexion are 0 and 3 + y3. Asymptote y = 0. 
1428. Defined everywhere. The graph is symmetrical with respect 


1 
to the origin. ymax = —— for x= 1, ymin = — —— for x= —1. 
e Ve 


ae og, St 
Points of inflexion at (0,0), (//3, /3e 7) and (— V3,—V/3e *). 
Asymptote y = 0. 

1424. Defined everywhere except at x= 0. No extrema. The 
graph has no points of inflexion. Asymptotes «= 0, y=0O and 
y=—l. 

1425. Defined for 2 >0. No extrema. Point of inflexion at 


ee Nae eee 
(F456 "|. Asymptotes # = 0 and y = 2. 


1426. The function is defined for — 0 <x < —1 and for 0 < 
<2 < oo. It increases from e to oo in the interval (— ~, —1); 
it increases from 1 to e in the interval (0, + oo). The graph consists 
of two separate branches. Asymptotes are y = e and x = —I. 

1427. Defined everywhere. No extrema. Stationary at «= + 
tka (k = 1,3,5,...). The graph is symmetrical with respect to 
the origin and has no asymptotes; points of inflexion (kz, kx) (k = 0, 
+1, +2,...); the graph cuts the straight line y = 2 at the points of 
inflexion. 

1428, Defined everywhere. The graph is symmetrical with respect 
to the axis of ordinates. The extremal points satisfy the equation 
tan « = —2. The abscissae of the points of inflexion satisfy the 
equation z tan x = 2. No asymptotes. 


1429, Defined in the intervals (- - + 2kz, 5 “e 2k), where 


k=0, +1, +2,... Period 2x. The graph is symmetrical with respect 
to the axis of ordinates. ymax = 0 for x = 2kx. No points of inflexion. 


Asymptotes « = > + ka. 


1480. Defined in the intervals (- + Qhr, + 2k) where 


2 
k=0, +1, +2,... Period 2x. The graph is symmetrical with respect 
to the axis of ordinates. ymin = 1 for x = 2kx. The graph has no 


points of inflexion. Asymptotes x = > + kn. 
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1431. Defined everywhere. The graph is symmetrical with respect 
to the origin. Ymax = ; —1 for «=—1, ymin =1-— > for 


aw = 1. Point of inflexion at (0, 0). Asymptotes y = a+ x. 


1482. Defined everywhere except for x= 1 and # = 3. Ymax = 


1 
=-— for z= 2. No minima. No points of inflexion. Asymptotes 
e 


e=l1,*x=3andy=1. 
1488. Defined everywhere. Period 22. ymin = 1 for x = ka, 


where k= 0, +1, +2,...3 Ymax =e@— 1 for a= > + oka and 


1 3 
Ymax = 1+ — for «= iad + 2kx. No asymptotes. 
© 


4 8 
1484. Defined everywhere. Ymax = e for «= a? Ymin = 0 


for x = 0. No points of inflexion, no asymptotes. 


1485. Defined everywhere. The graph is symmetrical with respect 
to the axis of ordinates. ymax = 0 for 7 = 0, Ymin = —3 forz = +1. 
No points of inflexion, no asymptotes. 


1486. Defined everywhere. The graph is symmetrical with respect 
2 2 
to the origin. ¥max = 3 forz<=1, Ymin = — 3 for « = —1. Point 


of inflexion at (0, 0). No asymptotes. 
1437. Defined everywhere. ymax = 2 for «=0, Ymin =O for 


1 
x = —1. Point of inflexion at (- 3° 1} . Asymptote y = 1. 


7 
1488. Defined everywhere. ymax 2°2 at x = Tr’? Yamin = 0 for 


743/3 
11 ; 


No 


x = 1. Abscissae of points of inflexion are —1 and 
asymptotes. 
8 — 
1489. Defined everywhere. ymax = 2 /4 for «= 4, ymin = 0 for 
x = 0. Point of inflexion at (6, 0). Asymptote x + y = 2. 
1440. The function is defined for «= 0 and is two-valued. The 


function y = x + |z5 (upper branch of graph) increases monotoni- 
cally. The function y = x — a* (lower branch of graph) has a maxi- 


3 
20 
mum at z= = . The graph has no points of inflexion and no 


asymptotes. 
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1441. Defined for x = 0, two-valued. The function y = x? + Ve 
(upper branch of graph) increases monotonically. The function 


16 

y = x? — a5 (lower branch of graph) has a maximum at z= 35° 
F : : , . 64 

The abscissa of the point of inflexion of the lower branch is 395 * 


No asymptotes. 


1442. Defined for x 2: —1, two-valued. No extrema. The graph 
is symmetrical with respect to the axis of abscissae, has points of 
inflexion (0, 1) and (0, —1). No asymptotes. 


1448. Defined in the intervals [—1,0] and [1, co], two-valued. 
The graph is symmetrical with respect to the axis of abscissae. |y|max = 


elas y3 


for «= aa a The abscissa of the point of inflexion is 


Viz 
1+ = ° No asymptotes. 
1444, Defined for z= 0, two-valued. The graph is symmetrical 


12 1 
with respect to the axis of abscissae. |y¥|max = _ for ¢ = 3° 
The graph has no points of inflexion. No asymptotes. 


1445. Defined for x = 0 and for «= 1. The origin is an isolated 
point. The graph is symmetrical with respect to the axis of abscissae. 


4/3 


4 
No extremals. Points of inflexion at (= at 9 ) No asymptotes. 


Lome 
1446. Defined for x < 0 and for z= )/2, two-valued. The graph 
is symmetrical with respect to the axis of abscissae. |y|max = 1 for 


“15 


z = —I.No points of inflexion. Asymptotes x = 0andy = + --— 


1447. Defined for x = —2 and for x > 0, two-valued. The ot 
is symmetrical with respect to the straight line y = @. ymax = —2 
for x = 1. No points of inflexion. Asymptotes x = 0, y= 0 and 
at+y= 0. 


1448. Defined for —a = x < a, two-valued. The graph is sym- 


5 /5— 11 
metrical with respect to the axis of abscissae. |¥|max = @ | cea 


for z= — 5 (V5 - 1). No points of inflexion. Asymptote z = a. 
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1449. Defined for 0 = x & 4, two-valued. The graph is symmetrical 
with respect to the axis of abscissae. |y|max = |/3 for x = 3. Abscissa 
of the point of inflexion is 3 — 3. No asymptotes. 


1450. Defined for —2 = x S 2, two-valued. The graph is symmetri- 
y3 
5 


cal with respect to the coordinate axes. [y|max = for «= +1. 


= 3 
Points of inflexion are (0, 0) and (+ y3, +2). No asymptotes. 
5 


1451. Defined for —1= 2 < 1, two-valued. The graph is sym- 


1 
metrical with respect to the coordinate axes. |y|max = ry for x = 
VE Aas ca Yas oe 
ae >: Point of inflexion at (0, 0). No asymptotes. 
1452. Defined for x = 1, two-valued. The graph is symmetrical 
with respect to the axis of abscissae. |y|max = 1 for « = 2. Abscissa 


6+ 2/3 
of point of inflexion is eed . Asymptote y = 0. 


1458. Defined for 0 = x < 2a, two-valued. The graph is symmetri- 
cal with respect to the axis of abscissae. No extrema. No points of 
inflexion. Asymptote x = 2a. 


1454. Defined for x < 0, for0 < # = 1 and for z = 2, two-valued. 
The graph is symmetrical with respect to the axis of abscissae, has 
asymptotes « = 0 and y= +1 and two points of inflexion. No 
extrema. 


1455. Defined for —a=-2<0 and for 0<2z <a, two-valued. 
The graph is symmetrical with respect to the axis of abscissae. No 
4 
ee = 27 
extrema. Points of inflexion are | a(//3 — 1), +a rule Asymp- 
tote x = 0. 


1456. Defined for —1=2=1 and for «= +2, two-valued. 
The graph is symmetrical with respect to the coordinate axes and 
has two isolated points: (+2, 0). |ylmax = 1 for x = 0. No points 
of inflexion or asymptotes. 


1457. Defined for —1 = x = 1, two-valued. The graph is symmetri- 
cal with respect to the coordinate axes. |y|max = 1 for « = 0. Points 
y2 y2 


of inflexion are (+ ra cs F} - No asymptotes. 
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1458. Defined for z = —1 and for x = 1, two-valued. The graph 
is symmetrical with respect to the coordinate axes. No extrema. 


] 
Points of inflexion are (+ y2,+ 5) . Asymptotes y = +2. 
1459. Defined for x = 0, two-valued. The graph is symmetrical 
1 
with respect to the axis of abscissae. [y|max= 1 for « = * The 


+ V2 
2 


abscissa of the point of inflexion is 


Asymptote y = 0. 
1460. Defined everywhere except for x = 0. No extrema. Point 

1 1 
of inflexion is (- >" e724 =} Asymptotes «7 = 0 anda+y=1. 


1461. Defined everywhere except at 2 = > +kx, where k= 0, 
+1, +2,... No extrema. The graph has no points of inflexion. 


Asymptotes « = > + kx. 


1462. Defined everywhere. The graph is symmetrical with respect 
to the axis of ordinates. Extremal points satisfies the equation x = 
= tanz. Asymptote y = 0. 


1463. Defined everywhere. No extrema. No points of inflexion. 
For x = 0 the function is identically equal to the linear function 
y = 1— «x. Asymptote x + y = 3. (0,1) is a node where there are 
two different tangents. 

1464. Defined everywhere. The graph is symmetrical with respect 
to the axis of ordinates. ymax = 3 for z = 0, ymin = —1 for 2 = +2. 
The graph has no points of inflexion and no asymptotes; the right- 
hand side of it is part of the parabola y = x? — 4a + 3, lying to the 
right of the axis of ordinates. (0, 3) is a node with two different tan- 
gents. 

1465. Exists and is continuous for any t; (—3, 3) is a maximum, 
(5, —1) a minimum, (1, 1) a point of inflexion. No asymptotes. The 
slope of the curve with respect to the axis of abscissae tends to 45° 
a8 %— oo. 


1466. Exists and is continuous for any ¢. Asymptotes y = x and 
3 
y=a+ 6x; (-2 — 3x, —1 +=] is @ maximum, (2 — 32, 


3 
1— =] @ minimum, (—3z, 0) a point of inflexion. 
1467. Exists for all values of t except ¢ = —J]. Asymptote is 


z+y+1=0. The curve cuts itself at (0,0), where the tangents 
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are the coordinate axes. No points of inflexion. A closed loop in 
the first quadrant. 


1 
1468. Exists for all values of ¢. For x < — —, y is not defined as 
e 


1 
a function of xz, the function being two-valued for — — <a <0, 
cS) 
and single-valued for x > 0. The curve is symmetrical with respect 
1 
to the straight line x + y = 0. (- =| is a maximum. There are two 
e 


points of inflexion. The asymptotes are the coordinate axes. 


1469. Exists for all values of ¢. The curve is symmetrical with 
respect to the axis of abscissae and consists of a closed curve with a 
cusp at (a, 0). 


1470. A closed three-petal rose. The pole is a triple point of self- 
intersection at which the curve touches the polar axis and the straight 


5 
lines e=> and p=-5- Extrema at P= Epa and 


= —- Is it sufficient to investigate the curve for OS 9 <x. 


It is superimposed on itself for further values. 


1471. Exists for all values of g in the interval [0, 27] except 


3 
= ; and 9 = > .- Symmetrical with respect to the polar axis 


a 


and the straight line g = 2° The pole is a point of self-intersection 


with polar axis as double tangent. The straight lines « = —a and 
«=a are asymptotest. 
1472, Exists for all values of ¢ in the interval [0, 2x] except for 


3 
> . The pole is a point of self-osculation with the 


a a 
= — an = 
si 2 ” 


3 
straight line g = a7 as double tangent. Asymptotes «=a and 
“esa 
1478, Exists for all values of g. A maximum equal to 2a at p = 0, 


a minimum = 0 for g = 2. The curve is closed, symmetrical with 
respect to the polar axis. The pole is a cusp. 


t In this and following problems the asymptotes are given in 
the Cartesian system of coordinates, in which the axis of abscissae 
is the polar axis and the axis of ordinates is the perpendicular to 
the polar axis through the pole. 
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1474. Exists for all values of g. A maximum equal to a(1 + 6) at 
gy = 0, a minimum equal to a(1 — b) at g = a. The pole is a point 
of self-intersection. 

1475. Exists for m > 0. Point of inflexion (2x, 0:5). The polar 
axis is an asymptote. The curve winds spirally about the pole, 
approaching it asymptotically. 

1476. Exists for all values of gy. For g = 0 the curve is a spiral 
starting from the pole and approaching the circle 9 = 1 asymptoti- 
cally. For » < 0, we have the same curve but mirrored in the straight 


line p=5- 


1477. Exists for —1S t= 1, situated entirely to the right of 
the axis of ordinates. A closed curve. A maximum at t = 0 (py = I 
radian, g@ = 1). No points of inflexion. Touches the axis of ordinates 
at ¢= +1. 

1478, A four-petal rose. The origin is a double point of self-oscu- 
lation. = = 

ay2 ay2 

1479. The curve lies entirely in the strip — ue ae a a : 
Symmetrical with respect to the origin. Asymptote x = 0. (0,0) is 
a point of inflexion, with the axis of abscissae as tangent. There are 
two further points of inflexion. 

1480. Symmetrical with respect to the four axes x = 0, y = 0, 
y= 2, y= —2x; a closed curve with four cusps at (a, 0), (0, a), 
(—a, 0) and (0, —a). The origin is an isolated point. 

1481. The curve is symmetrical with respect to the coordinate 
axes and the bisectors of the quadrants. Asymptotes are (x + y)? = 


1 
=5° The origin is a quadruple point of self-intersection, at which 


the branches of the curve touch the coordinate axes. The curve is 
shaped like a windmill. 

1485. The remaining roots are simple. 

1486. 0-1 < a < 0°2. 1487. —0°7 < x, < —0-6and0'8 < x < 09. 

1488. 0°32 <x < 0°33. 1489. —3:11 <2, < —3°10, 0:22 <2, < 0°23 
and 2-88 < 23 < 2°89. 1490. 0°38 < a, < 0°39 and 1:24 < a < 1:25. 

1491. —0:20 <2 < —0°19. 1492. 0°84 < w < 0°85. 

1498. 1:63 < « < 1:64. 1494, 1:537 < « < 1:538. 1495. 0-826 < 
<a <0°827. 1496. 1:096 <2 < 1:097. 1497. 0:64< 2 < 0°65. 


For 0 < a < 1 there exists a unique real number equal to its logarithm 
1 


and less than 1. For 1<a<e® there exist two distinct numbers 
equal to their logarithms: one in the interval (1,e), the other in 
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1 


the interval (e, + oo). For a= e° there exists a unique number 


equal to its logarithm: the number e (it is the double root of the 
1 1 


equation log a= a). For ee <a < co there exist no real numbers 
equal to their logarithms. 
1498. (a — 4)4 + I1(a — 4)® + 37(@ — 4)? + 21(a — 4) — 56. 
1499. (x + 1)8— Be +1048. 
1500. (w — 1) + 10(@ — 1)9 + 45(@ — 1)® + 120(e@ — 1)7 + 
+ 210(x — 1)§ + 249(@ — 1) + 195(x@ — 1)4 + 
+ 90(~ — 1)? + 15(@ — 1)? — 5(w — 1) — 1. 
1501. «® — 9x5 + 3024 — 4523 + 30212 — 97 + 1. 
1502. f(—1) = 143; (0) = —60; f’(1) = 26. 
1508) Se aS ey ete ee 
(e+ 1H 
TOM" 1 oe + DPF 
a as un gts. 
1504. BAA top PONT ee aay 
where 0< 6<1. 
za—4 (ec —4)? («—4)8 
4 64 7 512 
4 (yr (2n — 2)! (a — 4)” (Qn)! (a — 4)n+1 a 
mi (mn — 1)! 247~2  oentini(n + 1)! [4+ O(a — 4) nt} 


where 0< 9 < 1. 


where O< 9< 1. 


(Ox + 7+ 1) ef%, 


1505. 2 + lees 


xt geen w’ntl = efx — e—4x 


x 
Pe aay gy OE oe Cag aoa 


where 0< @6< 1. 
150 1 ud 1)? = 1)8 e 1)! 
607. @— I +5 @— P+ FW + pe t+... + 


(—1)"6(@ — 1)" 

EP RE TER 1 a 
(—1)"*16(@2 — 1)n+} 

(n — 2) (n—1) nn + [1 + O@ — NY? 

2x2 8x4 25r6 278 inet 2’n~ lg2n 
Pe oe ae Bl ee et (Qn)! 
(— 1)722ng2n+1 

(2n + 1)! 

1509. 2 — (2 — 2) + (x — 2)? — (a — 2)§ + 


where 0< @< 1. 


where O< 0< 1. 


+ 


sin 202, where 0 < 0 <1. 
(~ — 2)4 
fl + Oe — 2)’ 
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a 1+ 2 sin? Ox 
1510. « + — - ———_____,, where 0< 6< 1. 

3 cos! 6x 

3 4 98. 66323 
CEN tc cage ee ee Oe 

6 4! z 

(1 — 62x22 

ie 1 1.3 pe 23-8 : 
512. Looe) ta ) ae oar (2 — 1)? + 


Lid637 (~ — 1)4 
Bat Vil o@— DP 


1 
1518*. lim 6 = . We have by virtue of the existence of the 
h+0 n+ 2 


third derivative: a Fr 
fla + h) = f(a) + Af'(@) + ry (a) + a G + Oh). 


» where 0< 6< 1. 


We obtain by comparing with the expression in the text: 
h? hs 
gla + oh) — Fel= ore + Oh), 
i.e. 
f(a + 6h) — f(a) 


I oe 
; = 5 1a + On). 


It remains to pass to the limit as h — 0. 
1514. The function is decreasing. (0, 3) is a point of inflexion of 
the graph. 
1515. The function has a minimum, equal to 1. 
1516. The function has a minimum, equal to 2. 
1517. The function has a maximum, equal to —I1. 
1518. The function is increasing. (0, 0) is a point of inflexion of the 
graph. 
1519. The function is increasing. (0, 4) is a point of inflexion of the 
graph. 
1520. f(x) = 1 — 6(w — 1) + (w@ — 1)? +...5 f(1-03) & 0°82. 
1521. f(z) = 321 + 1087(a — 2) + 1648(@ — 2)? +...; 
f(2-02) ey 343-4; f(1-97) ey 289-9. 
1522. f(x) = 1 + 60(a — 1) + 2570(a@ — 1)? +...; 
f(1-005) ey 1-364. 
1528. f(z) = —6 + 21(~ — 2) + 50(@ — 2)? +...; 
(21) ey —38°4; f(2°1) = —3°36399; 6 = 0-036; 5 YO-01] = 11%. 
1524. 1:65. 1525. 0°78, 6 < 0-01. 1526. 0°342020. 1527. 0°985. 
1528. 0°40, 6 < 0-01. 
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2 db 2 
1529. 12. 1580, 7.” 1881. 36. 1532. 0-128. 1593. 12. 
4 Bb a 4 
8 2 6 
1584. 0. 1585.1. 1586. - u 4537, 2/2 
eA s 
(1 + 924)’ 
ats 
1588. 1589. |cos x]. 1540. 
3 ee 
(bt? + aty?)® 3 a |ay| 
— 1) (ab)2™(ayyn—2 1 
rsar, V(b) ago, 1548. — . 
(b2mg2m—2 4 q2my2m—2) a cosh? ~ 
2 2 3 
1644 Rie EAR 
3a |sin 2¢, | ma . t | 
8a} sin — 
2 
1 24¢ 24. ie 
1547, ——2__. 15g, 2 pea, TM TE 
j1 + In? 2 2 
ae al + 9") aghk-Xpt + key 
24 52)F 7\2 125 
1550, (Oe 1554, (we 4 Aye + [y = =| aa 
2ab 2 2 4 
1555. (x — 2)? + (y — 2)? = 2. 1886. (x + 2)? + (y — 3)? =8. 
x—10 9\2 125 
1557. hy eas 
(.- al . [v ce 
7 8 2 4125 aa 
1558. Seg ete ae Eg 
: [+5 Tk 3°] 9 (§ i) 
y2 ie 
1560. (=, — =m 2} 1561. | — - 5 in 2, “|. 1562. For # = kz. 
3 
1568, =a. 1566. a = 3, = —3,¢ = 1. 
1667. y = —2x5 — 0°624 + 4:52 + 0-12. 
= fl + n*2e2™—-D] x 5 ee n? pind 
1568. é t— we 1 > 2 Ho + n(n —1)ar-? 
a? b2) x 2 b2) y3 2 2 
1569. = eo, 7=—- eae ; (aé)® = (bn) iy 
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1570. f=a4+30 yn =yt 30 ys (E+ 7) + 


es 
4 Oy? +t 2ay- 
1572, = — <8 ow? 3 +3) 
eae age ee 2° ~ 943(" F 2a]° 
31 37 a ee 
1578. (2) + oa (= 2)! 4 308 = 0. 1574. & + 7° = (2)’. 


ee . (" +P) 
1576. Yes, it is possible. 1579. 2p 3p ] — 1}. 


4 3 __ 3 
1530, =) 581. 60. 
ab 


1582*, 16a. Having obtained the parametric equations of the 
evolute, transform them to new coordinates and parameter by 
putting «= —x%, y=y,t=t+2. 

1588*. Use the relationship between the length of the evolute 
and the increment of radius of curvature. 


1584, 233. 1585. 0:073. 1586. (3:00; 2°46). 1587. (—0°773; —0-841). 


1588. (1°38; 4:99). 1589. (0°57; —3-62). 1590. 0-0387. 1591. (2°327; 
0-845). 


Chapter. v 


3 b % 
1592. (1) fe + l)de; (2) [fe + 2) dx; (3) | sin 2 de; 
0 a 0 


2 1 e 
(4) J (8 — 2x2) dx; (5) 1 a?) dx; (6) | (In 2 — In? x) dv. 
—2 1 
4 4 
1598. 20 —— and 20+-; a=-; o=—. 
n nr 
149 2 
1594. & = ——~ 0248, 670-039. 1595. 31-5. 1596. 10—. 
600 3 
2 2 1 
1597. = ah = 40 cm’. 1598. 10. 1599. 8. 1600. 21-. 


7 
1601. es 1602. 140 cm. 1603. ~ 122°6 m. 1604. 20 cm. 
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1605. 62-5 kg. 1606. 4 cm. 


n—-} 
1607. (a) mp = > ol) (tigs — ts & = To tn = Ty3 
i=0 
T, 
(b) m = | v(t) dé. 
To 
n-1 
1608. (a) 6, = = yi) (tis, ti), bb = Ty tr = Ty; 
i=0 
Ty 
6) eS [ y(t) dt. 
T, 
n—1 T 
1609. Qn = DUE) itr — 4» &=% m= Ts Q= | Tat. 
i=0 6 
n—1 
1610. (a) A, = i (E;) p(€i) (141 — ti), 66 = Te th = T13 
i=-0 
= 
(b) A= | pit) w(t) de. 
To 


1611. 1500 coulombs. 1612. - 67,600 joules. 1618. 2880 joules. 
n—1 b 
1614. (a) Py = > agdeiy, — xj), % =0, a =b; (b) P= fava. 
i=0 0 
2 


b 
1615. (a) a = 18-75 kg; (b) the line must be drawn at a 


b 
distance —— ~ 17:7 ecm from the surface. 
bet = git 
1616. e—1. 1617, —————.._ 1618. (1) 50; (2) 4; 
k+1 

(ies a ate bala sae Ae as Gy 0 

ar pats (6) aa — 2 + Ji (Gms (7) 31-55 

(a — b)? a? a? — 3ab + 3b? 2 
8 5 (9 3; (10 3 (11) 4; (12) 16 —; 
(8) r 3 (10) 3a by (11) (12) ig 
(13) 0. 


1 
1619*. bal 3; &1:67x10". Write the expression whose limit 


is sought as the nth integral sum of a certain function. 
1620. In 2. 1621. In 2. 1622*. Ina, In 3 1-1. See problems 1620 
and 1621. 


oon 2 
1628*, (1) cet — of + 1; (2)ana —a + 1; (3) nO 


2 
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The expression q + 2g7-+...-+ nq" is found with the aid of 
differentiation of the terms of a geometric progression. 
an m 


1 64 8 
1624, flsin a de = 2[ sin x de. 1625. —. 1626. —. 1627. —. 
(0) 0 
1680. 8 <1 < 98. 1681.3<I1<5. 1682, 2<I < 2x. 
20 Ef 2x 
1688, — <I<1. 1684, > <I<—. 
25 ~ < 9 <i< 3 
Bi wc=s ] | em 1 
1685, “<1 <° 
ec*—1 e 


1636. (a) The first; (2) the second. 

1687. (1) The first; (2) the second; (3) the first; (4) the second. 
1640*. 0°85 < I < 0:90. Use the result of problem 1639. 

14 2 


1641. (a) l< I< Y21-414; (b) l<I< 5 


6 
(ec) _l<I< \e~ 1-095. 


k 
1642. yay = AO ta Be: aa : 


ey 1:207; 


1648. yay = ; (xi + ay, + a3). If x,2,2:0, at one point; if 
x,<0 and 2, > 0, at two points if the inequalities are satisfied: 


vy : H 
—— 3 x, = —2zx,, otherwise at one point. 
>) 2 1 


2 
1644, 24:5 1645. =. 1646. 0. 1647. 3% =I1m. 


x — af 


6 


3 
1648. lla. 1649. 1558V. 1650. (1) = (2) ; 


at — 25 


(3) 20 


2 
1651. s = 3 8, 1652. 4 = 100 8s + 25 s? ergs, s is the path in cm. 


1658. A = 1 (+ ape? + pet), wh ais 
e -3(5 afi + Bt) , where inate ee ae 


= Et, 4 att 
bets 
1654. Q=O~4+ se tee, 1655. dS = 10, AS = 10, 10 033... 


B 
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1656. dS = 1. 

1657. Ax AS ds a 6 
1 92°25 64 28-25 0°442 
0-1 6-644 6°4 0:244 0:0382 
0-01 06424 0°64 0:0024 0:00376 


2 


a 

1 d 
1658. —. 1659. 0;'"; 1. 1660. =] dx = —f(x). 

3 3 a f(z) f(z) 

x 
sin 2x 
1663. (1) x; (2) —4xz Ina. 
2x 

1664*, 2 In? 22 — In? xz. Write the integral i In?a dx as the sum 


5 
1661. — 1, — ri 1662. 


x 


a 2x 
of integrals i In? ~ da + J In? x dz, where a > 0. 
a 


x 


cos & dy 
1665. y’ = — rar 1666. (1) a cot ¢; (2) ae —#, 
e x 


1667. —2. 1668. Minimum at x = 0 (I(0) = 0). 1669. 1. 


5 2 
1670. ymax = a for «=1, Ynin = 3 for x = 2. The graph has 


3 3 
a point of inflexion at (5 > z| : 


1672 ree 2 a 3) 52; (4 rae 5 Fee 6) = 0:08; 
» (7s (2) — 355 (3) 2 4) a3 (8) gi Or ’ 
(7) 2 — 3; (8) 65 @a(=-}; 
Ya Yo 


2 2 
= 4 a 
(10) as 3 = — (Vat Vet) +4 — %-. 


1678. (1) 2; (2) 0; (3) e*— 1; (4) 1; (5) 75 (6) — 1674. 0. 


1675, 1 — /3; —1. 


Chapter VI 


ma: 1 
ma™ 


24 1 
1676. . Voi +C. 1677. + C. 1678. C — —. 
x 


n+m 


x 
1679. = 0°4343x 10% + C. 1680. ————— + C. 
1+iIna 


CHAPTER VI 
rs Qh 
1681. /z+C. 1682. \3 +C. 1688. cy 41298 + C, 
2 _ 
1684. u— wu? +C. 1685. ra Je+tae+ec. 
1686. C — — — eX + In |2|. 
3x) x 
1687. OC — 10x-°? 4 152°? — 3-622138, 
1 2. 122 — 6 
1688. z ~ 21n |e] -— +0. 1689, C. 
z 3 Va 
So 98: ee AG BS 
= 2 jn’ os 2 — x2 
1690. ; Yor t : aYo+ xa aa Va+c. 
6 6 __ 4 
1691. ra 7 _Ya+C 
2(1- a 
1693, 34 —>—— + C. 1694. 5 (tan 2 ays; 
1695. C — cotx —tanz. 1696. tanz—2+C. 
1697. C—cotx—a. 1698. x — sinz+C. 
1 
1699. arctan x — ~ +C. 1700. In |x| + 2 arctan se + C. 
in2 
1701. tana +C. 1702. $e +0. 1708." +4 ¢. 
t: 4 1 16 
1704, 2" 4, 1705. 2/TFat+c. 1706. © - 
1 (a + ba)i-C 
1707, C — —_—_—-._ 1708. —______ : 
8 (2a — 3)4 b(1 —C) ah 
it (8 — On)* 
1709. 0-7 (-% >. 1710. ga 
3 
wi. 2 — —¥ a+be+cC. 1712. — =~ Vere +1) +0. 
We act os oan 
1718. C — ni Va — a), 1714. aa V(es + 2)° +. 
—— , 
1715. V2? +14. 1716. zs j4+2+0. 
1717. — Cea, +124 C. 1718. 3a? — 5a + 6+. 
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+ ¢. 
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1719. 


1722. 


1724. 


1726, 


1728. 


1730. 


17382. 


1733. 


1784. 
1736. 


1738. 


1740. 


1742. 
1744, 
1746. 
1748. 


1750. 


1751. 


1754. 


1757. 


1760. 


ANSWERS 
I a 
7 Sint z+C. 1720. secea+C. 1721.3 Vsine +. 


2 a ee 
C— = coss x. 1728. z V(in x)? + C. 


(are tan x)§ 1 
———— + C. 1725. C — —____.., 
3 2 (are sin x)? 


2V1l+ tang +C. 1727. sin 3x4 C. 
i. 
tan (1 + Inw)+C. 1729. oF sin 32 + C. 


1 1 
acosa——sin2x++C. 17381. C ~— 5008 (2% — 3). 


1 
Cc — - sin (l — 2z). 


1 1] 
3 mn (2 _ =] +C or Pho 4x — sec 4x) + C. 


C — cos (eX). 1735. In (1 + 2?) + C. 
In Jarcsinz| + C. 1787. In (2? — 3x -+ 8) + C. 


1 1 
g nae —1)/+cC. 1789. 5 im lew + m| + Cj. 


1 1 
gn@+y+e. 1741. = In |x? + 1[ + ¢. 
1 
In (eX + 1) + C. 1748. ss In (eX + a#) + CO. 
C —In|cosz|. 1745. In [sin x| + C. 
Cc — ;™ jcos 3x|. 1747. zm |sin (2% + 1)| + C. 


C — In (1 + cos? 2). 1749. In |Inz| + C. 
Inmt+ly 


m+1 


+ C, if m~—1 and In|Inz|+C, if m= —1. 


esinx + C, 1752. esinx +C, 1758 ——— +0. 
3ilna 


-x el-8x 


C2 1755. C — 1756, 0-5 ex’ + C. 
Ina 


1 1 
C— Ze. 1758, are sin = +C. 1759. = arosin 5x + C 


1 
3 arc tan 3x -+ C. 1761. arc sin +0. 
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1 y2 1 _ Ba 
1762. —— arctan—2+C. 1763. — arcsin— + C. 
32 3 3 2 


1764. 


1766. 


1768. 


1770. 


1772. 


1778. 


1774. 


1775. 
1776. 


1777. 


1778. 


1779. 


1780. 


1781. 


1788. 


1785. 
1787. 


1789, 


1790. 


aOl— wl = 


ex are sin 2* 
— tan— +C. 1769. —. ——— 
arc tan 2 + ind 


—_ 


1 3 

ao ge roe Fea Os 
arcsinx — /1— 2? 4+. 

© In (2? + 9) — Daretan= +0 
— In (x — —arc tan — : 
2 3 3 


are sinz + Jl — 2? +0. 


1 
sare tan at — gens 14+¢. 


+¢C 


are sin x + 


1 
V1 — 2? 
a (Veal —2+e. 


oC—2yl—2— ; V (arc sin x)3. 


Cc ate — 9x? +. (are cos 3x)5]. 


l 2 
—arectana?+C. 1765. 3 arc sin + C. 
a 
as 1 
— are tan +C. 1767. i are sin x‘ + C. 
+ C. 


sin « 
—arc tan +C. 1771, e +e-xX +. 
a a 
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e—4Aln|x + 4| +0. 1782. 5 [2 —gilt + il] +e. 


A 
= [2- Fimo +al] +e. 1784, C — x — 6In|3 — a. 
1 5 
2x + 3In |x — 2|+C. 1786. — @ + in |2e— 11 + C. 
e+iIn(z?+1)+C. 1788. « — 2arctanz +C. 
1 1 1 
C — — at — — 2 — — 2? — x — In|1 — 2. 
4 3 2 
x a—l1 
—~ae+aretanz+C. 1791. ln 


3 


x 


+e. 
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1792. 


1794. 


1796. 


1797. 


1799. 


1801. 


1803. 


1805. 


1807. 


1809. 


1811. 


1813. 


1815. 


1817. 


1819. 


1820. 


1822. 


1824. 


ANSWERS 


In 


am, C 


1 
+6. 1798. —In 


z+] 
b—-2 


a—z 


z—l 


+C. 1795.2 4+ In 


|e 


atl 


22 — 3 
22 +3 


2 1 
5 | +cC. 1798. —Iin 


|+o. 


1 
+C. 1800. 5 arctan 5 +O, 


y2+2)3 
y2-2 y3 
1 1 
— arc tan — 
V2 y2 


1 © Qe + 
— are tan 
4 2 


2\6 
1 — Qa 


+C. 


2 
+c. 1802. 3 are tan 


1 1 
—+C. 1804. are sin (2x + 3) + C. 


1 3a — 1 
arc sin (x — 2)+C. 1806. 5 are sin —— +0. 


1 3 1 in 2. 
— are sin zi ay +C. 1808, nd + sae 
3 y3 2 4 


+0. 


sin 2a 
4 


+. 1810. C — cot =. 

x“ M4 ue 

epee ks 2, Bi ; 
tan (5 4 +cC. 181 2 tan 5 z+C 


4 ] 
2 tan [5 +3 —x+cC. 1814 ae a Gs 


cos 4x 
2 


1 
In (2 + sin 2x) + C. 116. 0—7( + cos 22), 
en Pal c. 1818. i sin 3 aed GO 
io tg oe ‘ ae ane Vesa x ‘ 
1 ; 1. 1. 
g (22 + sin 28 + Fain de + 5 sin 62) +6. 


In 


tan (F Le || +. 1821. In(1 + sinz) +0. 


cos? x 1 1 


—In|eosx|+C. 1823. 


sin x 3 sin? x 


cos? « 
2 |cos « | 


1 
— 1} +C. 1835. tanz + 3 tan? ev + C. 


1826. 


1828. 


1829. 


1830. 


1831. 


1832. 


1834. 


1836. 


1837. 


1838, 
1839. 
1840. 


1841. 


1842. 


1843. 


1844, 


1845. 
1846. 


1847. 


1848, 


1849. 
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sin’ x 
3 


sin 2 — 


1 
+ C. 1827. 5 tan’e — tane + e+. 
2 1 
C — cosa + — cos? x — — cos® x. 
3 5 
Li Qa + L 4 4x4 +C 
-— ae x 5 
x zm a0 39 80 


tan? x + In |cos a| + C. 


bol | we 


2 1 
C — cot x — — cot? a — — cota. 
3 5 


1 1 
7 fin ae — q 7 008 ae + C. 1833. xsinz + cosz2 + C. 


3x 
C—ex(¢+1). 1885. (eIn3—1)4C. 
In? 3 


ont 1 
(me-——) +0 
n+1 n+1 


ati 


are tan x — = + C. 


xarccosa — V1 — 2? + C. 
xare tan ex — Va + arctan Jax +. 
2 /e+larcsing +4V1l1—2+4+0. 


2 
x tan 2 — — + In |cos 2| +0. 


ee in ae oe +0 
— — 28M 2 — COS 2xu e 
rea? Toni aed 


1 
C — ——log (x Je). 
2x? 


V1 + 2 arctan x — In (2 + V1 + 2) + C. 
2(/a — V1 —-zaresin Jz) + C. 


xin (zw? + 1) — 2a 4+ 2arctanzy+C. 


x 1 
C~ 9a + a?) hy Seen 


pa DE 
a Vi-+at— > Vl + at) + C. 


(x? + 1) In (1 + 2) x wa 
3 9 6 3 


1850. C — o-*(2 + 2a 4+ 2%), 1851. ex(x* — 3x2 + 6x — 6) + C. 
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+ 


2 
x 2x 16. 


Ina In?a | In? | 


1853. C — z® cosa + 32? sinz + 6x cosx — 6sin«z. 

1 1 1 1 
1854. gr rg me hy ree Peg 
1855. «x (In? a — 2Ineg + 2) +C. 


1 
1856. C — — (In'a + 3ln?a2 + 6lnz + 6). 
x 


9 
1857. C — = (pms + sme +2). 
27 \'x3 \4 
1858. x (arcsin x)? + (2 are sin x) /1 — a2? — 2a + C. 
2 1 1 
1859, 7+ 


(arc tan x)? — a arctan @ ++ 3 In (1 + #) + C. 


eX(sin @ — cos x) ex 
1860. pe eee +C. 1861. Ty (sin 2x — 5 cos 2x) + C. 
eax 
1862. ———. (nsin nx + acosnz) + C. 
e+n 


1868. = (sin In« — cosInz) + C. 


1864. 5 (cos In + sinIna) + C. 
x dx 


eet A 
1865*. O — ~ Ji — 2? + —aresinz. [Pet dv = — 
2 2 yi— 2 


aes 1 — x? 
further, transform {vi — x? dz to the form \ prec az.| 
1 — 2? 


2 
1866*. > Ya? + a? + > In (2@ + Ya? + 2) + 0. 


(Put u = Va? + 2). 


1867. — 


x 
maar he +C. 


1 
1868. z [(v? — 1) sina — (@ — 1)? cosxa]ex + C, 


1869. 2[/z+1—In(1+ Je+1)]4+C. 
2Vx—1 


1870. 7 cae (52° + 62? + 8a + 16) + C. 


til +e 
Ve+1+1 


11 4 


— ————_ — . 1872. In 
2(a — 2)? x—2 
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xa—2 
2 


1878. 2x — 2+ //2 arctan +0. 


1874. 2[Vx —In(1+ Vx)] +C. 1875. 2 arc tan Jz + C. 


1876. 2(/x — arctan Jz) + C. 
2 1 


1877. 5 @ +1) — 8@ +1 + 3in|1 4+ Yar1| +e. 
1878, = (Vaxt ~ min | Var +6 + mi} +. 
6x 3 | 


x 
po Pe 


1879, a + +2)e+3)etoyet 
4+6In|z—1\/ +0. 
1880. 3Je+3n|Jz—1| +0. 
4 4 
1881. 2/e—4)ax+4in(1+4+ Je) +0. 


6 12 12 
1882, 5 ar + 2 Ve + 2In| Je —1|] +0. 


4 ‘ jira 
1888. — (3ex — 4) (FDP +O. 1884, Inj] +. 0. 
21 Viters+il 
1885. 2/1 +Inz — In|Inz| + 2in| /1+ Ine — 1! +0. 
1886. 0:4 /(1 + cos? x)? (3 — 2 cos?x) + OC. 
1 nn 
1887. z In?tanz +C. 1888. C — ry Ya? — 2:5(2a® + a3). 
24 8 
1889, —_~ — _—_ + 4in|a* — 4/ +0. 
e— 4 
f mpd 2 2 
1890. C — abe 1891. © arcsin—- ~~ Ja®@— at +0. 
ax 2 a 2 
1 1 2)8 
(aperOe egies demo ee, 
a x 3x3 
ji—a Pa 
1894. C — —arcsinz. 1895. a Va? + a? + ¢. 
— ws z_ 9 
1900, oO =#* agg, Y= 9 Gg. 
4525 9x 
1898. in —_®! +0. 1899. C—-—— 


1+ Vay a? Vx? — a? 
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x —_ © 
1900. 2 (x? — 2) 4 — a? + 2are sin = +. 


I 
1901. —lIn 


415 


x 15 + 2 40? +1 


— ————|+ ¢. 
x Vls — 2 42? +1 


V2? —1 


1 1 
1902*. arc cos— — + C. (The substitution z = — can be 
x z 


x 
used.) 


1908*. 2arcsin Jz + C. (The substitution x = sin? z can be used.) 


1904*. In 


1+ xex 
by e* and put vex = z.) 


1905. 20!* (Vz —1) +0. 
1906. 3[(2 — Vz) call 2 Yasin Vz] +C. 


OS ee init ae. 
\i-a 2 


+ C. (Multiply numerator and denominator 


1 1 
1908. x arc tan x recs (1 + x?) — 5 (arc tan x)? + C. 


1909. in —! 


1 1 
ji ae arc tan ae (are tan x)? + C. 
1 + 2? 


Woes: = 1 3 
1910, 5 V(@? + 2a)’ +0. 1911. (1 + e%) +0. 1912. 2eV* 4.0. 
2 3 1. 
1918, o-cosx + C, 1914. C — 5 (1— 0%)? 1915. Ssin a? +0, 
5 4\86 1 
1916. C — aac _ 328)8. 1917. ¢ — gla | + 30 — aA}, 
2 8 
1918. =In (1 4 at) +C. 1919. C —In(3 + e-%). 


1920. C — aresine-*. 1921. 2/71 +a? 4+ 3ln(x + V1 +2) +0. 


1922. (2 9a? — 4 ~— 3in|3x + 927 —4|] +-¢. 


. . ne 
1928. 2sin /z + C. 1924. arc in +. 
3 


1 
1925. C — soe — In’z}. 


— eae we oe 
xz 


CHAPTER VI 475 


(are tan %)nt1 
n+1 


1927. + C, ifn 4 — 1, and In [arc tan a], ifn = —1. 
1] 
1928. C—2cot 2p. 1929. 2e—tana+C. 1930. 5 en z+. 
es 
1931. oe Vtans a2(5 tan?z + 9)+C. 


1 
1932. 3 (tan 3x + In cos? 3x) + C. 


ine a? 


1988. — — + e—In|x+1| +6. 
1 1 
1984. C= = Se," 
a—l1 2(% — 1)? 
V2 4 4e(e — 1 1 
1935. peeen .o. 1986, 2 JI 22 — 5 V+ Bey +0. 


2 ane oN 
1937. rT (3a — 2a) Va +a)? +C. 


1 4. ee 
1938. 5 pa sin 2x + 5 sin’ a — cose + C. 


1939, 7" ng 
* miIna+ninb 5 


1940. C —In[I — « + 5 — 2 + 2°}. 
1941. sin (3 — 1+ \9a? — 6x + 2) + 0. 


1 3a — 2 


1942, — arc sin — +C. 
3 y2 
_ «—1 
1943. C — 8/5 4+ 2x — x — 3arcsin —. 


y6é 
1944. ; In (7? + 24 + 2) + arc tan (# +1) 4+C. 


x—l1 


1945. C — 3 — 22 — x? — 4 arcsin 


22 —1 
4 
1947. 3 a? + 22 + 2—4In(a +14 Ya? + 22 + 2)4C. 

(a — 4)? 
n ——-——_ . 
je — 3] 


3 1 
1946. 3 [mn (4a? — 4a +17) + r arc tan | +C. 


1948. 1 
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1949. 


1950. 


1951. 


1952. 


1958. 


1954. 


1955. 


ANSWERS 


5 oF te 2 ges In (Se + 1+ YORE ee FB) +0. 


C — In |2a? — 3x 4 ; 


29 5a +3 
— arc tan 
45 9 


3 
— 7g in (ox? + Oe + 18) + @. 


61 ee 
idan gee kL 


ll 2 
5 VF $8 + nfo 4 ag te 


6/3 
lea ae ae ace Je+% 10 
3 TE RN ig he ras x zi : 


+ ¢. 


Via — a) (« — b) — (a — 6) are tan |= 


ere 


1 
1956. x are tan x — 3 In (14+ 27) + C. 


1957. 


ae 6 rane 1966. In 
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2964. 1, 2265. “a 2966, "2967. © : 
.5.3.1 
2268. 6 — 20. 2269. @) = 5} ) = x 0-429; 
6.4.2 2 
fe) 102 8-8-4-2 _ 258 
Ce) —_—_—_ = —-.. 
11.9.7.5.3 693 
=i Ay 
2270. Jmsn = — pid 


If n is odd, then 
(n—1)(n—38)...4.2 


(m +n) (m+n —2)...(m+ 3) (m+1)’° 
if m is odd, then 


Imin = 


(m — 1) (m — 3)...4.2 . 
if m is even, n even, then 
(n — 1) (n—3)...3.1x(m—1) (m— 8)...3.1 
(m +n) (m+n — 2) (mtn— 4)...4 


nya 1 1 
2271. (ee nif 2 (54 oe te tp tl]. 


Jmsn = 


Imsn = 


wi 


———_——__.. Put w = sin’z and use the result of prob- 
(pP+aq+))! 
lem 2270. 


4 32 
2275. 7+2In2. 2276. 2 — 2 2277. —. 


5 lye 3/3 
2278, — —2In2. 2279. pee Pee. 2280. ga 
3 1+ /2 


5 
2281*. Té nx. Putting « = 2z, the given integral is transformed to 


2 | sin® z dz. (See Course, sec. 106.) 


O09, 8 
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8 
2289*, —. Putz =~. 288. ~. 
36 2 32 


- 2+ 73 8 1 
2284, /2 — . 2285. -—. 22986. V3 — =. 
y = oe + y2 15 ys 3 
1 7 i 3 n 
2987, — — a} 2288. so 2. goes 
8 Pa [= + i 88. a a. 2289 16 
3 Ee 12 
2290. if + In (2 — V3). 2291. z 2292, ua . 2293, — = 
1 6 2 
2994, arctant. aa0s, 1° z3 = V2 aa96, 2°. 
2 27 ' 48 9 
2997. 2In ~~ 0-365. 2298. 2 2299, 2 + 1 
. 5 aw] . je os = ° + n ee = 1’ 


1 8 
2300. Fora =e. 2801. —In—. 2302. Ea) . 
2 5 45 


13 5 5 
2308, 8in3~—15In2+—. 2804. — (5 +78). 2805. =. 


2306. a? [/2 — In (V2 +1)]. 2807. /3 — In (2 + 73). 


848 2 1 

esos, °48. esos. 4— x. opto.in tt? og Z 1. 
108 9 4. 2 
2 1 x1/6 4 

e812, -arctan—-. 2813.7 |/©. ogi, @ — 3n2 4 24, 
TF Ve 27 16 
16 1 

2815. > —2y3. 2816. — >. ogt7, —1 _n|% 

27 66 a® — 6? b 


2319. « = 2. 2320. x = In 8. 2822*. Use the relationship 4 — 
—~ ez 4— 2? — 2 = 4 — 22, which holds for 0S 21. 


2323*. Use the inequalities 
Vl—2#s Jl — 2" =1, where -l=a24=1landn=1l. 
2824, 1-098 < I < 1-110. 


2325*. Use the inequality 1 + a4 < (1+ 27)? for the lower 
estimate, and Bunyakovskii’s inequality for the upper estimate. 


1 
2326. I(1) + 1:66 is the maximum value, I (— 5 fw —0-11 is 
the minimum value. 


17 
2327. Minimum at «= 1 (v = — iE points of inflexion are 


4 4 112 
2, — 5] aad (5 -=]: 
( 3 3° 8 
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2332*. (a) Substitute for the variable of integration in accordance 
with the formula t = —2x, divide the interval [—a, —x] into two 
intervals: [—a, a] and [a, —x] and use the fact that the integral of 
an odd function over the interval [—a, a] is zero. (b) No, if a 40; 
yes, ifa = 0. 


1 
2338*. Put ¢ = —. 
z 


2338. Each of the integrals is equal to z 


2 


2339*. Put « = x — z. The integral is equal to ~ 


2340*. Divide the interval of integration [a,a + 7'] into [a, 0], 
(0, 7} and [7, a + T'], then show by using the property f(x) = f (« + 


+ T) that 
a at+T 


| Ha) dx = [ fle) de. 
T 
2341*. The equality required for the proof is equivalent to 
x+T 
f(z) dz = 0. 
x 
Show that the integral on the left of this equality is independent of z, 
2.4.6...2n 


1. 
h ig OED: ea ee ER 
een Babee 2 ee. Gn et) 


x 
2348. The substitution z = tan is not permissible because 
x 
the function tan 2 is discontinuous for x = z. 


2344*. To estimate I,,, use the fact that I, decreases as n increases. 


2345*. Replace the variable of integration in accordance with the 
xz+tt 


formula z = 


and use the property of the integral of an 


even function (see Course, sec. 107.) 

2346*. Replace the variable of integration in accordance with 
the formula z = kw?x? and then use |’H6pital’s rule. 

2347. By the rectangle rule 2 ~ 2°904 (under-value) and 2 - 3:305 
(over-value). By the trapezium formula z 7 3:104. By Simpson’s 
formula 2 7 3°127. 

2348. By the rectangle rule x ~ 3:04 (under-value) and za ey 3°24 
(over-value). By the trapezium formula 2 - 3-140. By Simpson’s 
formula a 7 3°1416 (correct to all places). 


1 
2349. In 10 = 2:31, M = —— 0-433. 2850. - 0-837. 
In 10 
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2351. 1:09. 2352. ey 2°59. 2353. 2 0°950. 2854. ry 1°53. 
2355. = 0°985. 2856. - 0-957. 
2357. ey 239 m? (by Simpson’s formula). 


é 


2358. - 11:7 m? (by Simpson’s formula). 
2359. 1950 mm?. 2360. ~ 10°9. 2361. = 36-2. 2362. - 98-2. 
2363. 9-2. 2864. 2 569 mm?. 2365. ~ 138 mm?. 


2366. 


wim 2 Y 


1 
2367. Divergent. 2368. —. 2869. Divergent. 
a 


2370. 


a 


1 
2371. Divergent. 2372.1 — In2. 2378. Fe 
Jat +1+1 
a? : 


2 1 1 
2374. a 2375. In 2376. 5: 2377. —. 


2 


1 
2378. Divergent. 2379. 2. 2380. a: 


2381. , if a> 0, divergent if a= 0. 


a 
a> + b 


nu 1 22 Ed 1 mu 
23882. —+—In2. 23883. 2384, —.. 2885. —+—. 
8 renee n 38: : 38 3 385. rie 


2386. Convergent. 2387. Divergent. 2388. Convergent. 
2389. Divergent. 2390. Convergent. 2891. Divergent. 
2392. Divergent. 


8 
2393. Convergent. 2394. >: 2395. Divergent. 2896. 3° 


1 
2397, — ri 2398. 1. 2399. Divergent. 2400. 2. 2401. 2. 


1 33a fd M4 
2402. — x(a + b). 2408. . 2404. --——. 2405. 
2 3/3 
4 10 ; 9 
2406. 14 7 2407. re 2408. Divergent. 2409.6 — ry In 3. 
2 p 
2410. — —. 2411. Divergent. 2412. Convergent. 
e 


2418. Divergent. 2414. Convergent. 2415. Convergent. 
2416. Divergent. 2417. Convergent. 2418. No. 
2419. Convergent for k < —1, divergent for k = —1. 
2420. (1) Convergent for k > 1, divergent fr k = 1; 

1 


(2) [= (é 1) (mn 22 if k >1;divergenik=1. 
— n er 
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2421. Convergent for k < 1, divergent for k= 1. 
2422. Divergent for any &. 


2423. Convergent when the inequalities k > —1 and t>k41 
are fulfilled simultaneously. 


2424, Convergent for m < 3, divergent for m = 3. 
2425. Convergent for k < 1, divergent for k= 1. 


5 

2426, 2. 2427*. =: Put x = cos and integrate by parts. 
3423 3 

2428, ore } mu — re 2. 
1.3.5... (2n—3 

2429, (Qn 9) 7  o4so, ni. 2481. ” 


2.4.6... (2n — 2) 2027-1 
2482, (—1)" nl. 
(m — 1) (m — 3)...3.1 2 
m(m — 2)...4.2 2 
(b) WS nt eapeha Ras ck Put x = sin ¢. 
m(m— 2)...3.1 
2n (2n — 2)...4.2 
(2n + 1) (2n — 1)...3.1 


2438*. (a) - 


> 


2434*, 2 . Put 2 = sin? . 


2485. — 


2486*. To prove that the integrals are equal, put « = in one of 
them. Then evaluate their sum, using the identity 
l+2? 1 1 1 
ee ar reer ewer eT | 


2437*, Write the integral as the sum of two integrals: [- J+} 
0 


ats 


1 
put « =— in the second integral. 
y 


1 |f2 = 
2438. 0. 24389. ry \: . 2440. Vx. 2441+, Integrate by 
a 
parts. 


Sale 1.3.5...(2n—1) Vz 
ae gn 9 . 


2443, — 
2 


2444, 5 ifa > 03 Oifa=0; —Fifa<0. 
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2445.  ifa>bd; qifa=b; Difax th 


2446*, — . Integrate by parts. 


awla & 


R440". . Write the numerator as a difference between sines of 


multiple angles. 
2448*, ; . Use the methods of solution of problems 2446 and 2447. 
2449*. Put y = = —zand reduce (x) to the form 
i 4 
3 —Xx 
g(z) = J In sin z dz. 


bid 


2 
Split the integral into three by using the formula sinz = 


== 2 sin = 008 = 3 one integral is then obtained directly. The other 
two reduce to integrals of the original type by substituting for the 
Fd a 
iable; p |—| =—In2. 
variable; (| 3 
2 
2450, — ~In2, 2461. — > 2. 


252%, — In 2. Integrate by parts. 


2458*,— In 2. Reduces to the previous problem by substituting 
for the variable. 


2454, — — In2. 
2 


Chapter VIII 


2455 Z 2456 2 2457 =p 2458. : 2459 2 6 
‘ s: me “3? 3° 3 . 


1 4 4 
2460. 2—. 2461. 27 + —and 6x ——. 
4 3 3 
4 2 4 2 
2462, = (4x + V3) and = (8% — y3). 
e+b 
a 


b2 ee 
2464. ——~ — ab In = b [eb — aln(e + Je —1)], where ¢ is 
a 


the eccentricity. 
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2. 2 
2466. S, = Ss; = 2 — Pins — 2aroain |/ > ~ 040, 
S, = 2(a — S,) 


l 1 1 
2467. — ——. 2468. —. 2469, — 


2 8 12 12° 
2470, |_|; 4| |, if m and n are both even: 
m+n 
m—n 
2 if m and n are both odd; if m is odd and n even 
mtn 


or vice versa. 
3 1 
2471. —; (b) 73-. 
(77 (b) 8, 
2472. 1 (the figure consists of two parts whose areas are equal). 


3 4 
2473. = . 2474, i* 2475. 3° 


2 2 2. 
2476. ~. 2477. a(|/2 + 5/3 — arctan / Ls =r 1) 


1 3 18 
2478. e + ae 2, 2479. 4. 2480. — (e® — 4). 2481. — — 2. 
e e 


-_ 
oO 


2482. (a2)b(Inb—1)—a(Ina—1); (b) b—a, 24838. 3—e. 


3 — 2lIn2— 2In?2 3 
2484, ee 2485, 2— V2. 2486. zt m3 


5 = 

2487, — V2. 2488, /2— 1. 2489, z 2490. 32a?. 
3 

2491, — nat. 2492, Gxat. 


2493. (1) = (n + 1) (n+ 2); (2 


2494, ye V5 @s- 2495. (1) 5 mat (2) —, 


2 2 


2496. = (four-petal rose). 2497, = 2498. 18za?. 
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2 37 cs 51/3 
2499. a (4 — x). 2500. eS 5 y3. 2501. / 2502. a? 
8 6 16 
2 52x +18 V3 , 
2505*. a? fag To construct the curve, the variation of 


y from 0 to 3x must be taken into account. 


2506. 2507. a? §=2508. a? (145 + a F). 


2 


Bla 


2509. 5 (@ + 62). 2510. a% 2511. 2/2. 2512. 2. 2518, 2 


/ a 
2514. 302. 2515. 4. 2516. (1) 2, (2) Vz. Use the fact that 


co 


fox dz = + (Poisson’s integral). 


0 
2 


Na au v4 a z baradeaz 
2517. —. 2618.2 —— and2+—. 2619. (24 —e ‘) F 
2 2 2 2 
{7,2 2 
2520. 5 ede See p+e jg EB ‘ 
3 1 
2521. 1 2S a ee 
2 2 
b — @-> 8 (5 1/5 
2528. In --_-—.. 9594, — [2 |/2. — 4]. 
e@ — ea 9\2 | 2 
26 = 
2525, oo 2526. 4a 3. 


3 - 
2527. ~+ 2In tan — =F +2mn (2+ 1). 


1 1 
2528. $ + oo 3. 2529. 2. 2580. 8. 


2 2 3 
2581. Att =: |: (F | = FI: 


3. 2 2 
x 3/3 R 
25382. Att =—, jax R, y : 
6 8 8 
2 b b2 
Shane gO at oe y= baie, 
a+b 


1 — 2 
2534. 5a ! + ——In (2 + 73 IF 2585. aln—. 2586. —- R. 
23 y 2 
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3 


2537. = 2538, 4/3. 2541. 2(ef — 1). 
2548. ma V1 + 47? 5h (Qa + V1 + 422). 


3 5 3 
2545. In-- + —. 2546. 8a. 2547. — xa. 
2 12 2 


2N +1 2N 
2549. k must have the form oO 


r , where N is an 
2N 2N—1 


integer. 
2550. 4. 2551. n=. 


2554*. Prove that the length of the ellipse can be written in the 


‘4 


4 

form L=4 \ (/a? cos? t + b? sin? t + Va? sin? ¢ + 6? cos?¢) dé, and 
ty) 

use the theorem on estimating an integral. 


4 4 
2555. 2. 2556. (1) 3 nab*; (2) e na*b. 


8 mh? cg 
EER 2 ca gree rz 2 sca as . 
2557. 1B ah?a. 2558. 3 (8a + h). 2559 z (e 1) 


mz fet) — e- 2) = gta _ @ 2a 32 
2560. —|o —_° — _ 2(b —a)|. 2561. ——. 
rare | 2 as a)| 10 
2 8 
2562. = (15 —16In2). 2563. «(= - 2}. 2564. —. 


of =e 3g 
2565. 272. 2566. ale In (1 + 51. 


2567. (1) --na®; (2) -. 2568. 52%, 2569. xa*(2™ — 8 
° — na"; aR 'e . al! ° a —_—— —]|. 
ee 16 iis PS Tg 


16zc® na 


32 
2570. ——2a’. 2571. —_—. 2572. —. 
105 105ab? 2 


2573. =. 2574*, (1) =; (2) x li . See hint on problem 2516. 


3 2a 
32 


2575*. 


. See hint on problem 2516. 


sin x cd A ‘ 
2576*. 27. Use the fact that J — dr = a (Dirichlet’s integral). 
x 
0 


2577*. 27a’. It is advisable to pass to the parametric form by 
2a sin’ ¢ 


putting x = 2asin*t, y = 
cos ¢ 
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2 
2578. — xa’. 
3 


4 a 
2579*. my rahe Use the formula v = | S@) dz, where S(x) is 
x, 
the cross-sectional area. 


2580. (1) z V2; (2) 36z. 

pany ape ea | gst s Bs TL 
2581. », = 2 2 (276 -=}. v= a V2 (2 6 +5}. 
2582, v, = v, = 42 (/6 + V3 — 4), v, = 82 (4— V3). 


8x V6 
essa, 87! 


2584. 82. 


2 
2585+. gH = 400 cm*. Take the axis of symmetry of the 


base as axis of abscissae. 


4 2 1 
2586. ahH = 128cm*. 2587. — abH = 133 — em’. 
15 3 3 
2 
2588*. 3 nR?H. The area of a symmetrical parabolic segment is 


2 
equal to 3 where a is the base of the segment, h the ‘‘height”’ 


(see eee sec. 84). 


4 ee 4 
2589*. F (e+ =} ana oe _ =| . (See hint on problem 
2588). 
4 
2590. o 2591. = 2592. — +. 2593. 3 RH. 
2 
2504, — 2595. 5 Va + a4)? — 1). 2596. > (e?—e~2+ 4). 
2nab I 
2597. 2nd? + a are sin eé and 22a? + Yin — » where ¢€ 
€ =e 
is the eccentricity of the ellipse. 
2598. 2a [/2 + In(1 + Y2)] 
2 2 
2599. {Vs — Y2+in Ree? |: 2600. 32a’. 
Loe — 
as 2 12 
2601. 2a? V2 (2 = =| _ oF — 2). 2608, — na*. 


4 32 
2604. 82a? (- - =] . 2605. 5 na*, 2606. 47?r?. 
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2607. 2na? (2— V2). 2608. x{[V¥2+n(1 + /2)]. 2609. 42a? 
2 3 3 3/2 

sag, ei ee 
2 6’ 6’ 12 


2618. The centre of gravity lies on the axis of symmetry of the 


2 
segment at a distance . h from the base. 


3 3 3 3 
2614. For S,: t=7% = obs for S,: f= % es} 


2r ? 4r 
2615. €=0, n=—. 2616. = 0, n= —. 
Ed 3a 
2617. The centre of gravity lies on the bisector of the central 


. « 
sin — 


angle subtended by the arc, at a distance 2r from the centre. 


a a 4a 4b 
2618. €=—, n= —. 2619. §=—, n=—. 
en Soe Pag oe 
b? = ab . ; we 
2620. ry + ae sine, where ¢ is the eccentricity of the 
€ 


ellipse. 


x A 4 4 bf y3 
2621. = —, n=—. 2622. >. +. 
6: é 3° 7 8 6 +. 2628 12 + 3 


bela 


3 5 
2624, —. 2625. § = —a, = 0. 
6 20 625. € as 7 =0 


4 5 
2628. ¢ = aa, mee 2629. € = na, sll ae 


2 2 256a 256a 
080s te a) y= Sa est. e = ye 
Dg eS Oe ROBES = age? sibs 
6a(4 — 2? 2a(n? — 6 
sien, GS OO) 
ns 8 


2684. The centre of gravity lies on the axis of symmetry of the 


2 rsin « 


sector at a distance ry from the centre of the circle. 


a 


5 yz 
2685. $= 5-4, 7 =0. 2686. £=—— 2a, 4 = 0. 
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4 4 3 
2689. § = —a, n= a. 2640. —R. 
5 5 8 


2641. The centre of gravity is on the axis of symmetry at a distance 
R 
2 from the centre. 
H HR? + H? H h 
oe aac aca Mey YT 
3° 3(R+)R?+H*) 4 3 


1 
2644, — (at + ab + b*). 


2645. aie = M = (M is the mass of the semi-circular disc). 
2647. Iy = < a®; Iy = 16a? (= — =) ‘ 

2648. amy 2649. (1) = (2) se (3) = 2650. = : 

2651. =. 2652, “abt. and bat. 2658. 5 aR. 


2654, = arR'H, 2655. = RS, 
10 15 


8 
2656. 1p 770° where 2a is the length of the axis about which 


the rotation takes place. 


1 56 
2637. —2R*H. 2658. ——. 
6 15 
sy 
2659. (1) Ix = as (2) Iy = 4n(3 — e). 


2660. MR?, where M is the mass of the lateral surface of the 
cylinder. 


1 2 9 

2661. — MR. 2662. — MR*. 2668. 5 na®. 2664. 6x%ab*. 

32 
8 


2665. The volume is 7a*, the surface area is 6 // 27a’. 


2666. The volume is 127%a’, the surface area 3277a?. 
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2667. The axis of rotation must be perpendicular to the diagonal 
of the square; the axis of rotation must be perpendicular to the 
median. 


. { 2at, . 
2668. - 23-7 m. 2669. x, = a+ sin( r + vs] - sin 


kmM a+l kmM is T(r. + 2) 
aa+il)’ a ane | r(r, + 1)" 
M kmM cos* 
Sele te BOR ee 
oer? V(R? + a8 a? 


angle between the straight lines joining point C to the centre of 


the ring and to any point of the ring; >; 


M 
Saree ey ee 
R? Ya? 1 R? 


2xt, 


T 


+ r»} 


2670. 


» where ¢ is the 


). 2674. 2nkmo. 


h 
2675*. 2nkmyh (: _ ed = 2nkmyh (1 — cos «), 
yh? + (R —1r)? 


where « is the angle between the generator of the cone and its axis. 
Use the solution of problem 2673. 


2676. 2kmy. 
kM? 4 . ; : 
2678*. z In 3° First calculate the force of interaction of 


element ds of the first rod with the second rod (use the result of prob- 
lem 2670), then find the total force of interaction. 
23 
2679. fe ergs (M and m in grams, g in cm/sec’). 
2680. ~~ 754 kg. 2681. - 1:63- 10" kg. 
2682. 353,250 kg. 


aR*H? adR?*H? 

2688. se <=: The work is obtained in kg in the 
answers to problems 2683-2686 if the distance is in metres, and the 
specific weight in kg/m’. 

nakR!4 a dR*H? 


2684. 72 101-8 kg. 2685. ——--— rv 26,800 kg. 


4 Slo? 
2686, — dabH® — 240 kg. 2687, —™ as4-1 x 10? orgr 0-418 kg. 
b8 dyw? h® dw? 
2688, S116 kg. 2689. 005 kg. 
ha? dw? R'Hot 
2690. ——- 0-015 kg. 2691. i org (R and H in cm, 


y in g/cm’, w in rad/sec). 


504 


2692. 


2693. 


2694. 


2697. 


2699. 


2700, 


ANSWERS 
MR?*n?n? MR?(3x — 8) an? : , 
————- erg, ——___———— erg (RF in cm, M in g). 
3600 3600 


2 
(a) a (b) The pressure is doubled. 


a? V2 


2 
a ta 2695. 22°2 m. 2696. lanl 


b 
ab a(n + 5sin a). 


272 


(a) = 32 kg; (b) 5 SHA — dj? =2 kg. 


4 
57 Rt. 2701. % 0°206 em?, 


2702. (a) = 33°2 sec; (b) -y 64'6 sec. 


2708. 


2704. —__— 


H=0: 


2706. 
2707. 
2708. 


2 V29 42 _ 2729 
3 3) 


1 hour 6 min 53 sec. 

2bL 2b V2 3 3 
: ae (2/2—1). 2705. V2 a + h)* — H*}; for 
3S Vg 


—— 8 Yh, where 8 is the area of the slit. 


(a) Fy 2:4 sec; (b) = 6:3 sec; (c) 53 sec; (d) as t— oo, 


Fe 34 kg. 


l(a) 7:16 kg; (b) 166 kg; (c) % 23°8 kg; (2) the 


work increases indefinitely on indefinite expansion of the gas. 


2709. 
2711. 


2718. 
2716. 


2718. 


ey 1600 kg. 2710. ~ 82 min. 
Slightly more than 5°. 


(a) 40 erg. (b) 60 erg. 2714. 5 cm. 2715. = 946 coulombs. 
1092 coulombs. 2717. = 5110 coulombs. 


POP 
— . The effective voltage of alternating current is equal to 


E,I, 
ee T cosgo. 2720.7 min2sec. 2721. - 29151. 


Ina — Inc ‘ 
1 
1024 —— of the original quantity. 2724. 2°49 g. 2726. ; g. 
fe 37:3 min. 


2787. Convergent. 
2740. Convergent. 
2748. Convergent. 
2746. Convergent. 
2749. Convergent. 
2752. 
2768. 
2771. 
2774. 
2777. 
2780. 


Convergent. 
Divergent. 
Convergent. 
Convergent. 
Divergent. 
Divergent. 


2738. Convergent. 
2741. Divergent. 
2744. Divergent. 
2747. Convergent. 
2750. Divergent. 
2758. Divergent. 
2769. Convergent. 
2772. Divergent. 
2775. Divergent. 
2778. Convergent. 
2781. Convergent. 
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Chapter IX 
2727*, S, =1— =e S = 1. Write each term of the series 
n 
as a sum of two terms. 
1 1 1 
2728. S, =—{1— ,S=-. 
Geen 5( sil 2 
1 1 1 
. Sp= —fi— ,S=-. 
2729. Sp =(2 me 3 
2730. Sp d 1 + cues A L 
. =5(1+5 tage n+3)’ 
11 
S=—. 
18 
1 1 1 1 1 1 
M81. SE (Lt +o - ee’ 
gees 
90 
1 yl 1 
2732. S, = —|-— — —————___ , S=-. 
7212 (n+1) (n+ 2) 4 
1 1 1 3 
2788. S,;=14+———— ; = 
. +3 gn gran’ S75 
1 
9704. (Sa me Ve ee 
784. Sp ero S=1] 
1 
2785. S s['- =]. ee 
“8 mr 8 
2786. S,, = arc tan ie a 
aT’ 4 


2789. Divergent. 
2742. Divergent. 
2745. Divergent. 
2748. Divergent. 
2751. Convergent. 
2767. Convergent. 
2770. Convergent. 
2778. Divergent. 
2776. Divergent. 
2779. Convergent. 
2782. Divergent. 
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2783. Convergent. 2784*. Divergent. Use the formula 


_k+1 & 
sin «sin oe a 
sine + sin 2a+...+sin ke = ——_______— oor the inequality 
4 
sin — 
2 


: 2, a 
snz>-rifO<ar<_. 
Ea 2 


2790. Convergent, but not absolutely. 

2791. Absolutely convergent. 2792. Non-absolutely convergent. 
2798. Absolutely convergent. 2794. Absolutely convergent. 
2795. Divergent. 2796. Non-absolutely convergent. 

2797. Absolutely covergent. 2798. Non-absolutely convergent. 


1 
2799. Divergent. 2802. -—l<x<1. 2808. -—-<a<e. 
© 


2804. —l<a2<l. 2805. —lSevSl. 2806. -—lSe< 1. 
2807. « < —landz > 1. 2808. -l<a< 1. 2809.-lS2¢<l. 
2810. « 4 +1. 2811. For any w. 2812. —2 <a < 2. 

2813. For any zx. 2814. « > 0. 2815. ~ > 0. 2816. x= 0. 

2822. 11 terms. 2823*. Use the inequality In (1 4+ «) = a. 


1 Ed 1 a 44 
2825, =-_; —|]= ——; —| = 3; f(1) = 0:049; 
See AM) 9 i(5] 101 5 1001 i) 
f(—0°2) = 0-108. 

1 1 1 
9897, In” — ~ aro tan 2, 

4 —2« 2 

1 1 l+z2 
2828. seine - oe eer 


1 
2829. (c+ 1)In(z@+1)— 2. 2830. ra 2831. 0°2. 


i cf x sin x 
2832*. In-—. Use the relationship cos —cos—...cos—...= 5 
2 2 4 2n « 
m8 gcc | Aa 
2833*. —. Use the formula —_=-—. 
12 ant 6 


7 


2884, a5 (me+ eh (2) yx [hee 1B) +5. 


2— )2 
2835. In 2. 2836. a 
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2837. The given series cannot be differentiated term by term in 
any interval. For, the general term in the series of derivatives has 
the form zcos (2" 2x). No matter how small the interval (a, £), 
and no matter where it lies on the real axis, a number of the form 

k 
aN can always be found inside it, where & is an integer and N a 
sufficiently large positive integer. But the series of derivatives is 


k 
divergent with z = oN’ since its terms become equal to x for all 


n>wN. 
osss, —- ee 
a Peer T eT 
= 2 = 
e841. (x —1) -@ —)) a hee 


3 1 (@—1)? 1 @—1) 
2842, 14+5[@-n+5 "75-5 ~ 
1.3... (2n — 5) (fe — 1)" 
ee Nea) lane | 
1 a—3 («x — 3) (« ~ 3)n-1 
ig ee —)]jr+1 —____ +, 
2948, = — = 4 +(-1)" = t 
2(~¢ — 2)? me \2N-2(q, — Qy2en—-2 
2! i] ye 


ates 


2844, 1 — (| 


; eae eal 


(2n — 2)! 


2 gin-2 


wx 
2845. Tgp tt Pou = ayy ee 


ent 


2846. Pe Eee e e 
1! | 2! (n — 1)! 


a? at gens 
284%. cos a 1-5 t gt tee + |- 
. 8 3 are gen-l 
—sinale- +54... 4(-1) Qn — 1)! | 


223 425 mn xn 
2 i Sy — in. =~ 
REAR See era ies 2r sin | at 


4a4 = 4%8 4n-14(n—1) 
2849, 1 — — sev —1)r+1 —______ 
4! - 8! + aa (4n — 4)! 


x x? 
2850. In —- +———-4+... 
0 Se ae Bar + 


a2 ot 
2851. T—.— ——~ ee de 
°( a1 
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Geb aes 
ese «he 24 
at z* bat 
a lo 2 2: 2 ao ear eee 
2853 ie e 854. 1 + x i er 
(2a)? (2x)n-1 
9855. 1+ Beto te toa 
at g2(n-1) 
7 l—-2+——... —1)?+1 
2856. 1 — x Fs; + (-1) ai 
x x grat 
2857. beg ay ne = Leer 
a gl? 8(n-1) 
258 Ltt tty 
x a g2n-2 
pe ee eR os Ee ha 
ae 2 231 Tt ttt) 27-1(9n — 1) > 
(2a)4 g2n—1y2n 
. 1— ja? — are —]jrti mae 
2960, 1 — [et — es. + (1) <r 
a? e2(n—1) 
Wg ees oe a Pe ee ee 
2861. 1 at + (-1) aT 
2x5 dard Qngentt 
2669, Se Fes yp a (10 7 
ames TT PSD Gah 
x a? on 
. eS et a dees he 
i in 10 + [FF Foe ee oe 
as 1 
2864, rer * Alt es thas 
zw 1 at 
2865. 14 [5-5 DH..4 
1.3... (2n — 3) a2" 
a yynea eet Ae ee 
a Ay 2.4...(2n — 2) Qn mi 
8 6 
286. 2~2[>(5] = =a(s] ot 
3 (2 3.6\2 
2.5... (3 — 4) (am 
o- en] je ta ee _. ed. 
a a 3" an! G] e | 
2867. 1 [; OM ale ee 
“1 cr 
4... (3n — 2) 
+ (-1)"t1 ar mt... 
1 1.3 1.3... (2n — 1) 
. Pal x ant 3 eee 
at + [x gg eee - Vena + | 
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2869, 14+ 2ae+... 4 n%eP-1 4+... S= 12, 
105 10! 8 

. (1) —7! rare ) 3) — —. 
2870. (1) —7!, (2) 16 (3) ai and (4) 5 


1 
2872. —. 2873. 1. 2874. a 2875. 2 . 2876. z . 
4 2 3 3 


| 


1 1 1 
- =~. 2878. —— —< . =1. 
2877 60 878 10 <a< Tr 2879 l<vl 


2 2 
2880. —10=2< 10. 2881.7 =0. 2882. aes 


1 1 
2888. —coo<4a<oo. 2884. Pegs oe ae 2885. —lSe¢Sl. 


1 1 
2986. — —a<—. 2887. = 0, 2888, —~1S0<1. 
1 1 12 1.328 
2889. — — -. 2890. 2 — pane: 
oe Er MR Bay 
1.3...(2n—1) amt 
ee ...(-1S 28). 
The 2" .n! In pat as ) 
a60ino eee eR ea 24) 
: pteotgagqte: . 
1e0G R  eeay, 
2.3 n(2n — 1) 
a8 208 nent 
ee 


(co <2 < m0), =. 
2e 
2894. 1:39, error 0°01. 2895. 0°3090, error 0-0001. 
2896. 2°154, error 0-001. 2897. 7°389. 2898. 1-649. 2899. 0°3679. 
2900. 0°7788. 2901. 0°0175. 2902. 1-000. 2903. 0-17365. 2904. 0:9848. 
2905. 3:107. 2906. 4:121. 2907. 7-937. 2908. 1:005. 2909. 3:017. 
2910. 5:053. 2911. 2-001. 2912. 1:0986. 2913. 0°434294. 2914. 0°6990. 


2915. L42et att... + 


n-1 4 


ean 


1 1 
+[2+otg tet ee 
3 ll 
— ig? +23 
2916. x eo ae sae 


1 1 1 
$(-yfie ot ode. tifer ee. 
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zx a 5a? 
2917. 1——+—+... 2918. — — + — 
3 art ony 513 0° 
2919. 2 — a? + M+... 
8 es in +1 
2920. C —_ : —y)nti 
+e oF tI Get) Gag t 
(— co < @ < oo). 
a? a 
2021. C + In |z|— 5 + oa 
an 
: —1)j" a oo), 
+ ( on nytt (~~. <2<0 and 0<2 < ow) 
C+1 ai a 
2922. Ses as 
9 + In |el +2 + 5~ at Ssoeriny 
ee and pines 
In a ait 
2928, 0 —~ (ay ES 
+ In [2] += a eae Cea 
Ct eA ee 
ax a gen-1 
2924, «x —— + ——--.... — 1)r+1 —__________ mit 
e— oT ea Ge ce ker weeny area iis 


(— 02 <@< oe), 
299 23 aw ra gent. 
ee — n+1_ 
925. 2 —- + 5---- + (-) ae 


1.3...(2n — 3) #in3 


22-1(n — 1)! 4n—3 


1.3... 


4 (3) (2n — 5) wn—2 


2n-1(n — 1)! 3n — 2 
gw glo 


2928, ato taste. + 
pated: 


(-l=az=1). 


gon-8 


OT ee ee 


3-7...(4n— 5) girl 
+4 (—1ntt fal rae a 
2980. 0°3230, error 0:0001. 2931. 0°24488, error 0°00001. 
2932. 0:4971, error 0:0001. 2988. 3-518, error 0-001. 
2934. 0-012, error 0:001. 2935. 32-831. 2936. 0°487. 2937. 0-006. 


2988. 0°494. 2940. 3°141592654. 
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2941, x + ge ore ee es + 
+ cl ginm-14 
1.3.5...(2n —1) 
2942*, es creas was oy |: ee ... Write «* 
22 | 38 (n + 1742 


in the form e*!nx, expand as a power series in «In 2, and integrate 
the expression of the form 2” In” x. 


2948. 0°6449. 2944.0°511. 2945. 1-015. 
2946*, 3-71. Evaluation of the area with the aid of the formula 


14 
S= 4\ V1 — «x! da is inconvenient because the corresponding series 
a 


is slowly convergent for z = 1. One should evaluate the area of the 
sector bounded by the curve, the axis of ordinates and the bisector 
of the first quadrant. This yields a rapidly convergent series. 

2947. 0°2505. 2948. 3°821. 2949. 0°119. 2950. 1:225. 2951. (0°347; 
2:996). 2952. (1°71; 0°94). 


Chapter X 
2958. 2 = 5 ey — y). 


1 
2954. S=7TVetyt2a@ty—a@—ytaytz—-2). 


2955. 
x | 
0 1 2 3 4 5 
y 

0 1 3 5 a 9/ U 
1 a) 0 2 4 6 8 
2 oes ae Sen | 1 3 5 
3 —s|/—6}/—4]—2 0 2 
4 ee ee lee esr ee | 
5 ds | | | ee ae 
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2956. 

Xs 0 0-1 0-2) 03 0-4] 0:5 0-6 | 0-7 0-8 0:9 1 
y 
0 0:00 | 0-10 | 0-20 | 0-30 | 0-40 | 0-50 | 0-60 | 0-70 | 0-80 | 0-90 | 1-00 
0-1 | 0-10 | 0-14 | 0-22 | 0-32 | 0-41 | 0-51 | 0-61 | 0-71 | 0-81 | 0-90 | 1-00 
0:2 | 0-20 | 0-22 | 0-28 | 0-36 | 0-45 | 0-54 | 0-63 | 0-73 | 0-82 | 0-92 | 1-01 
0:3 | 0°30 | 0-32 | 0-36 | 0-42 | 0-50 | 0-58 | 0-67 | 0-76 | 0-85 | 0-95 | 1:04 
0-4 | 0:40 | 0-41 | 0-45 | 0-50 | 0-57 | 0-64 | 0:72 | 0-81 | 0-89 | 0-98 | 1-08 
0-5 | 0:50 | 0-51 | 0-54 | 0°58 | 0-64 | 0-71 | 0-78 | 0-86 | 0:94 | 1:03 | 1-12 
0-6 | 0-60 | 0-61 | 0-63 | 0-67 | 0-72 | 0-78 | 0°85 | 0-92 | 1:00 | 1:08 | 1-16 
0:7 | 0-70 | 0-71 | 0-73 | 0-76 | 0-81 } 0-86 | 0-92 | 0-99 | 1-06 | 1:14 | 1-22 
0-8 | 0-80 | 0-81 | 0-82 | 0°85 | 0-89 | 0-94 | 1-00 | 1-06 | 1-13 | 1:20 | 1-28 
0-9 | 0-90 | 0-91 | 0-92 | 0-95 | 0-98 | 1-03 | 1:08 | 1-14 | 1-20 | 1-27 | 1-34 
1 1:00 | 1:00 | 1:02 | 1:04 | 1-08 | 1:12 | 1:16 | 1-22 | 1-28 | 1-34 | 1-41 

9 
2957. (1) 5 (2) 1s (8) 16; 25 2 
ay (1) — year (2 : 
a)y |—| — yla)p |— a——. 
Play - YPIajp a a 

2958, ————$______—"_—--; 


p(1)p(1) . 
2959. The second function varies more rapidly. 


2960. A second-order parabola; (1) no, (2) no. 
1 
2961. Put m =—. 
x 
2965. The function is not single-valued. 
1 
2966. (1) 1; (2) 15; (3) =5 (4) not defined; (5) 1. 


2967, 2 = (w@ + y)*-¥ + (@ + y)¥-*%, (@ + y > 0); 2 is a rational 
function of u and v, but not of w, t, x and y. 


2968. z = (© + y)*¥ + (xy). 
et y+ 2 
4 


2969. wu = (a? + y? 4+ 27)? — [(a® + y? + 222 4 


+ 3(2 + y + z)*]; wu is an integral rational function of € and 7, 2, y 

and z, but not of w and 9. 

ut+v 

u—v 
2971. « = const gives a parabola, y = const a parabola, z = 

= const ~ 0 a hyperbola, z ~ 0 a pair of straight lines. 


v 
2070. 2 = [ Jitus wast tots vay. 


2972. x = const, y= const are straight lines, z = const ~0 
is a hyperbola, z = 0 is a pair of straight lines. 
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2978. 2 = const is a parabola, y = const is a cubical] parabola, 
z = const ~ 0 is a curve of the third order, z = 0 is a semicubical 
parabola. 


2974. z = const > 0 is an ellipse, x = const and y = const are 
curves of the third order (semicubical parabolas with « = 0 and 
y = 0). 


1 
2975. 0< y < 2; -l<y-— ;2<0. 2976. a? Sy Ss x. 


2977.0<y<a23; y <(a—2x) 3. 

2978. (x — a)? + (y— bP? << R?; —wocz< o. 

2979. (~ — a)? + (y — b)? + (2 — ce)? S PR. 

2980. (a) 2? + y?7< 4R?; (b) ~-w << acwo; -wocy<o. 


1 8 ee 
2081. v = 7 ay(2R + V4R? — a? — y?) ; the function is not 


single-valued. The domain of definition of the function is 2? + y? = 
= 4R?; x>0, y > 0. The domain of definiteness of the analytic 
expression is a? + y? = 4R?. ; 

2982. With OS2=1, 0SyS1 S= ay; 


with OS 21, =y S=2; 
with l=-zx OSyS1 S=y; 
with l\Sas2; lSyS2 S=ay—2x-yt2; 
with lSeS2; 2sy S=a; 
with 22, lSys2 S=y; 
with 22, 2=sy S = 2. 

The function is not defined for x < 0 and y < 0. 
2 2 

2988. +2 = 1. 2984. 42 > 42 — 8, 

a b? 


2985. The whole of the plane except for points of the circle x? + 
+ y? = RB’. 

2986. The interior of the right-hand vertical angle between the 
bisectors of the first and fourth quadrants, including the bisectors 
themselves: 

“e+y=0, «—y=0. 

2987. The same as in problem 2986, but without the boundaries. 

2988. The interior of the right and left-hand angles formed by 
the straight lines y = 1 + x and y = 1 — a, including these straight 
lines, but with their points of intersection: 


l—~aSy31+2(¢>0), 


l+@SyS1—2(¢ <0) 
(the function is not defined for x = 0). 
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2989. The part of the plane lying inside the first and third quadrants 
(without the boundaries). 


2990. The closed domain lying between the positive semi-axis 
of abscissae and the parabola y = xz? (including the boundary): 
w2=0, y20; vey. 
2991. The ring, including its circumferences, between the circles 
a+ y?=1 and 2+ y? = 4. 
2992. The part of the plane lying inside the parabola y? = 4a, 
between the parabola and the circle x? + y? = 1, including the arc 


of the parabola except for its vertex and excluding the arc of the 
circle. 


2993. The part of the plane lying outside the circles of unit radii 
with centres at the points (—1, 0) and (1, 0). Points of the circum- 
ference of the first circle belong to the domain, points of the second 
do not. 


2994. Only points of the circle 2? + y? = R* 
2995. The whole of the plane except for the straight lines 
e+y=n 
(n is any integer, positive, negative or zero). 
2996. The interior of the circle 2* + y2= 1 and of the ring 
Qn S24 y7= 241 
(n is an integer), including the boundary. 
2997. If x = 0, then 
Qnn Sy S (2n +1) a; 
if « < 0, then 
(2n + 1) xSyS(2n + 2) a; 
2998. 2 >0; Inn < y <2(n +1) 2 (n is an integer). 
2999. The open domain shown in Fig. 83. 
For#>0,y>2#+4+1, 
for«<0,%<y<2+1. 


n is an integer. 


Fie. 83. 
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1 
8000. The part of the plane lying between the curve y = ine 
x 
and its asymptote, including the boundary. 
8001. < > 0, y>0,z2>0. 


8002. The part of space lying between the spheres 2? + y? + 22 = 
=r? and x? + y? + 2? = R’, including the surface of the exterior 
and excluding the surface of the interior sphere. 

8008. 2. 3004. 0. 38005. 0. 

3006. The function has no limit as z —> 0, y > 0. 

3007. 0. 8008. 1. 

8009. (a2) y= 0 or y=at(a >1), x0 in accordance with 


x 
any law; (b) y= z? xz — 0 in accordance with any law. 


8010. The point (0,0); near this point the function can take 
positive values as large as desired. 

3011. All points with integral coordinates. 

3012. On the straight line y = x. 

8013. On the straight lines x = m, y = n (m and n are integers). 

8014. On the parabola y? = 2z. 

8015. (1) continuous; (2) discontinuous; continuous with respect 
to x and y separately; (3) continuous; (4) discontinuous; (5) discon- 
tinuous; (6) discontinuous. Pass to polar coordinates. 

8016. Circles with centres at the origin and radii respectively 

Pe Be eS 

3017. Circles through points A and B. 

8025. The straight lines y = az + b, where a = Inb. 

8026. Concentric spheres with centre at the point A and radii 
equal to 1, 2, 3, 4. 

8027. Ellipsoids of revolution with foci at points A and B: 
V@— 4)? + &Y — yw)? + @ — a)P+ 

+ V@ = 2)? + (y — y2)? + (2 — %)* = const. 

8028. The spheres x? + y* + 2? = (—). where c > 1. 

8029. The paraboloids of revolution x? + y? = cz. 

3030. (1) The planes 22 + 3y —z=C; (2) the hyperboloids of 
revolution or cone a? + y? — 227=C. 

1 dv 


3082, — —— for T= Ty. 
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00. 
3033. oe the rate of change of temperature at the given point; 


0 
oe is the rate of change of temperature at the given instant with 
xe 


respect to distance (along the rod). 


os 
8034. raed b is the rate of change of the area as a function of 


os 
the height of the rectangle; ——=—h is the rate of change of the 


0b 
area as a function of the base of the rectangle. 
gose, 1, *_ 1 
“Qe” Gy ~ 
0z dz 
8037. — = 32°y — y8; — = a — By’a 
Ox oy 
00 00 
— =age-t: — = —axe-t 
3038. an ae; om axe! +b 
8089 a 1 v- az 
“Ou ov wo we —o 
PTY ake ie etl 
ae + ye 
Oz yt + 3x*y? — ary 
@y wt + 2)? 
7) 
8041. ie = 30ry(5a?y — y® + 7); 
dz 
a 3(5a2y — y*® + 7)? (5a? — 3y?). 
y 
0 =s 
soe, = = yy, a, 
3 Jat y 2yy \z 
8048. Oe a Ea 
Ox je+y oy at + y? +a Vat + y? 
pith Os a OE 
a tty? Oy w+ y? 
() 
Cy naa 
Oz y\? 
(a? + y?) (arctan’| 
x 
Gz a x 
ao 


(2 + y*) (avetan”) 


3046. 


3047. 


3048. 


3049. 


3050. 


8051. 


8052. 


8053. 


8054. 


8055. 


8056. 


8057. 


3058. 


3059. 


3060. 
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Oz dz 
— = yxv—-1; — = eine. 
os ya ay x x 
dz Qa Oz gy 
Oz wt ty? by at + y? 
Oz _ 2 . Oz - Qa 
Ox lat ty? oy y led y 
Oz wy V2 _ 92 a? V2 
dz at ty) Vary Yt ey Var 
Oz _ 2 dz = Qa 
Qe ti‘(‘(<‘é ay eo 
y sin — y? sin — 
y y 
x x 
Be, Se ie are 
Ox y yw 
Oz ~ 1 ; dz = 1 
Qz 2+iny’ dy y(z+iny) 
Ou wo Ou v 
det tw”? Ow ov? + w? 
0. 1 
as eee bon ae an wins 
Oa y x weoesy a 
} 
ee eta eee a 
Oy y? y Aa x y @ 
f) -% a 1 -% 
Lapa * In 3; de Perak * In 3. 
Oz? Oy x 
Oz 
a yl + ay)¥?; 
ae 
0z 
py ae aE ey ee ae: 
Fagin why) ta ae ayy ee 
—= aw —; ~-=«l(e 
aes is ety oy " a+y 
0: ts) 
ae) a*xy—-Uy In x + 1); eae xvax" In? oe. 
Oa oy 
Ou Ou Ou 
— = Yy23 —- = 7%; — = wy. 
Ger By. oo ae me 
Ou toe Ou Ou 
an a eee yee 
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3061. 


6) 
3062. — = 2 1. 
Om ay @ om 
Ow Ow 
380638. — = yz + v2 + vy; ~- = az +24 v4; 
Ox oy 
Ow w 
— =ay t+ yo + ve; — = yz + rz + ay. 
0z Ov 
Ou 
3064. ant (3a? + y? + 27) ex(x?t+y*+2"); 
ar 
Ou Ou 
—— = Qryerty*t+2); — = Qezex(x*+y't+z), 
oy dz 
Ou Ou 
3065. — = 2x cos (x* + y? + 27); — = 2y cos (a? + y? + 2?) 
Ox oy 
Ou 
— = 2z cos (a? + y? 4 27). 
0z 
0 ) Ce) 1 
3066. = ae 
Oa Oy dz ety+tez 
dw oy >-! ow 1 z du y ¥ 
Po So > aS I 3; — = — 2’ 1 
3067 Pr ay wings = a7 ie 
Ou eb Ou 
8068. — = yawy*-1; — = zy Jayne; — = yey iInelny. 
Ox oy Oz 
2 1 
3069. —. 8070. —. 
5 2 
Oz 
3071 ae 2(2% + y)?X+9[1 + In (2% + y)]3 
xe 
Oz 
a (2% + y)?*+9[1 + In (2% + y)}. 
8072 Oz 3 1 Inez in Oz sina 1 In z\? 
ie sing mes ay” asl mel: 
0 
3073. = = yesinzxy(] + mary cos mxy); 
Fy 
Oz ; 
by = awesinaxy(] + mary cos my). 


ANSWERS 
Ou x Ou y 
e Yap ype Oy Yat tye tee 
Ou z 


ee la pyr 


eb Ou 
= 347 + 8y—1; — = 2? + 38a; — 


3074. 


3075. 


3076. 


3077. 


3078. 


8079. 


8080. 


8081. 


3082. 


3083. 


CHAPTER X 
Oz 1-2 y— J2X+y 
= = 2x; 
Ox (1 + Va? + y*) 
dz 1l—2—y? — a2? + y? 
- 2y. 
oy (1 + a? + y*) 
2 y Vay _ % Y2¥ In x 
Qa Qx(l + ay)’ Oy 2(1 + ay)” 
Oz _ y F 
Ox (1 + Yay) Vay — oy? 
Oz = x 
oy (1+ Vay) Vay — ay? 
dz y+ 2xy iat 
Ox YT + (ay F yo? Oy YF ey + yet? 
 1|fay—-e—y % 1 |/ey-2—y 
au a) sy taty’ ay y? sy tatty 
v\ y 
yl {1 + arc tan®—]| + 2 arc tan® — 
0z & x 3 
eee y vy)" 
(a? + y?) (1 + arc tan? = (2 + are tan 4 
2 
f(t + arc tan? 2) + 2arctan® | 
dz x 7 
ay — o—- = <A oo oe 
u (a? + y?) (2 + are tan? 4 (2 + are tan 4 
x Ho 
ou a 4ka ; Ou 4ky é 
ac o* (a? + y? + 22)3” ay = (a? + y? + z)8 
ou _ 4kz 
Gz (wt ty? + 22 
Ou aw—y)F-* Ou 2(e — ye? 
Oe l+(@—y)® dy  1l+@—y)®’ 
Ou _ (x — y)* In (@ — y) 
@ Lt jy 
Ou oy Su pine bu __yine 2 
ae > @y z ” @z 2 
Ou Ou Ou 
Oa Oy Oz 2 
— = » where r= a? + y? + 2?. 
y z r(r? — 1) 
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Ow Ow 

3084. — = (Quy? — yev) tan?a; — = (2a2°y — wzy) tan? a; 
Ox oy 
Ow 


] 
a (2zv? — zyv) tan® a; — = (22?v — xyz) tan? a. 
iz O) 


where @ = wy? +. zy? — ayzv. 


Ou 3b ab 
8085. 4. 3086. (a) »= Vo 
Oz r= 


zh 2 | 0? — a? 
Ou 3a ab 
Fle aa 2 | b?— at” 
yz 3 13 


3087. 1 and —1. 8088. . 3089. —. 3090. — —. 
2 22 


2 
4 
8091. 45°. 3092. 30°. 8098. arc tan --- 


8094. dyz = (y? — 6xy”) dx; dyz = (3ay? — 6x*y + 8y?) dy. 


3095. dxz = i eee dyz = _ydy : 
jo + y? Va? + y? 
uly? — ot) de a(a® — y*) dy 
6. dyz = ——__—___; = —— 
Be ae a ye) OF RE 
3x? da 6y? dy 
800% dw = ap ay — a OY at oe 
— 32? dz 
du = PiLwoe + 2y8 ae 
1 97 
. —. . 2 0:0187. 8100. —. 
3098 770 3099, 0:0187. 8100. 800 
8101. xy[(2y? — 3xy? + 4x?y) dx + (4y?a — 3yx? + 2x) dy]. 
adzx + y dy 2(¢ dé — tds) 
3102, —————._ 8108, ———_— 
w+y (s — t) 
y dx —xdy 
3104. Figs=at . 8105. (w dy + y dz) cos (xy). 
yy —2& 
dx dy 4ay(x dy — y dz) 
8106. ——— - 8107. —— 
Tea try ye [0% Gea 
d 
sios, “SY ty de 
1+ xy? 


3109. x79 *(yz dx + zu Ina dy + xy In zx dz). 
I 
8110. 0°08. 8111. 0°25e. 3112. 36° 8118. -~ 7°5. 8114. = 0-005. 


8115. ~ 1-08. 3116. 5. 8117. 1:8 + 0-2. 3118. 4730 + 100. 


8119. 


8120. 
8121. 


8128. 
8124. 


8126. 


8127. 


3128, 


8129. 


8180. 


8132. 


8183. 


8134. 


8135. 


8186. 


8145. 
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63B sin C 6cC sin B 
sn Bsn B+C ° snCsinB+O° 
Increases at a rate of 444 cm?/sec. 
By - 2575 cm’. 


26’ + 


l 2 
dr = Z ds + (5 _ =) dp = 0°16 cm, i.e. about 1%. 
P 2 2p? 
esint—2"(cos t — 642), 8125. sin 2¢ + 20% + ef(sin ¢ + cos ft). 
3 — 122 
ji-@— a2 
0z : : 
— = 3u?’ sin v cos v(cos v — sin v); 
Ou 
0z ; , 
a = ui(sin v + cos v) (1 — 3 sin v cosv). 
Oz u 3u? 
— = 2—In —2 —oo3 
Ou vy i as v2(3u — 2v) 
dz Qu? 2u? 
— = — In (34 — a eee ee 
dv vs es) v(3u — 2v) 
Ou ex du om eX +. Bex'g? 
@z x fe dx ex + et 
dz er(@ + 1) +) du 1 
del + 1 + 2%62x Ripe: dx 1 + aot" 
dz 4 
—= i 213¢+—— /t 
di ( } see ( . 7] 
oy = e% gin x 
dx 
2 da 2d 
dz BM Abadi ROT NY +atyt+ 
(@+ y) 

4, Billy + Vas + @ + 0 ay) 

(@+y)(1 + @y+a+y)7) 

xP+ y? 

xy 
— ae (yt — wt + Qays) x dy + (et — yt + 2a*y) y da]. 
Oz of of 
a a ee ee u= x — y?; 
Ox dv 
dz 2y of “get of me 
ay =— Bu reed xe Op v= ery, 

— — Qy2 xy x ey 

ev. gig, 22 =. guy 2 ee 


Bay? — x y(2y? — 2?) * xeY — eX — wer’ 
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at 


a 2(x% + y?) — a? 


2 xy 
Bede cpp Es Oe 


y a? + y%) +a? “2 coszy—exy—a - 
3 
y y? a? 
8150. — |/—. 8161. . 8152, ——_. 
& 1 — ay (@+y) 
2 2 neg—1 
B68, =, Bisa =, B1bb Ss 
xy — 1) y—1 a2? Iny—1 
d 4 d 4 
3157. (hess = rg (hse = — 33 the tangents to the circles 
these points have the same angle of inclination to Oz. 
Ce) 2, C) 2 
RSS. ol! Bibi Ss ee, 
Ox az Oy b?z 


Oz 2—a2 oz 2y 


3162. — = —__; — =——_.. 
Ox z+t1 Oy z+1 
dz Ye Oz xz 
31638. — = — i= 
Oa ay +2? dy xy + 27 
0z z dz z 


8164, — = ——__-; — = ——__—_... 
Ox aw(z—1) dy y(z—1) 


ics nee 2 cy 
sae cies pa 
sin 2z 4 
3xy — x? 
3169. 2-4 3170. = Paw tan, 
2 x 
da d di 
f17i.dea = 2. fi ae eS, 
z z a a 


8178. dz = |/z(x dx — y dy). 
38174. dz = e~4[(v cos v — usin v) dz + (ucosv + vsin v) dy]. 
3176. 2(adx + ydy). 3177. 2(u dx + y dy). 


8185 Oz 2a? + y? az x? + 2y? 02z xy 
5b. ————; ————; = 
Ox? ao? + ¥ Oy? e+ ¥ Ox Oy Voty 
gis, 2 2, HL Tw KM TE 
Ox? 3 Oy? 3 
(a? + y?)° (a? + 42)" (@ + Va? + 97)? 
02z 2a Oz 2y 02z 
3187. = : ; = 0 
Oa? (1+ 2%)?’ Oy? (1 + y?)?’ du dy 
0?z 0?z 
3188. — = 2a’ cos 2(ax + by); ~~ = 2b? cos 2(ax + by); 
02:2 Oy? 


Oz 


iz Oy == 2 ab cos 2(ax + by). 
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92 92 
8189. = = exevt+2y; of = 2(1 + wey) exerty; 


oe ql Y) exevt+y 
da Oy = + axey)e A 
2 2 2 = 
100g ees ee ee eS es Oe ee 
Onc? (@+y)® Oy (@+y) Ordy («+ y)* 
8191. Ore Inyiny 1) sing; 02 = Ina(Ine — DY icc 
Ox? a2 ry? y? 
02z Ina@Iny+1 
a = ———__——__ elnxiny, 
Ox Oy xy 
8192 0’z = ay® 7 02z = asy ; 
Oz 1 
On dy = ay 
(zx —z)y : 
8193. « 8194. 2y9(2 + ay?) exy*. 
V (a? + y? + 2? — Qaz)8 
42(3y? — a? 
3195. atey # 8196. —2(2 sin zy + xy cos ry). 


8197. (x?y22* + Bayz + 1) exy2, 
3198. mn(n — 1) (n — 2) p(p — 1) aM —1yn—8zp-2, 3204. a = — 3. 
orf ue of oF OF , OF ay 


.—— + 


dy dx? (dy dx Oy Ox dy | dy? \dx 
209. fa ee ee 
3209. aC 
ley 
F) 
o of oF 
Ox oy 
_ 1 je OF OF 
~ (Of\3| Oa Ga? da Oy|” 
(=r) of Of =F 
| Oy dx dy dy? 
8219. —2y dx? + 4(y — x) dx dy + 2a dy’. 
p= 2 
3220. __ (de — dy)! 
(2 — y)? 
gooy, (82 — 97) dat + Bay der dy + (3 — 2%) dy? 


(a? + y?)8 
8222. 2 sin 2y dx dy + 2” cos 2y dy*. 
8223. exY [(y dx + a dy)? + 2 dx dy]. 
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8224. 
3225. 
3226. 


8227. 


3228. 


8229. 


8231. 


8235. 


3238. 


8240. 
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2(z dx dy + y dx dz + 2 dy dz). 
—cos (2x + y) (2dx + dy)*; (2dx + dy); 0. 
—sin ( + y + 2) (dv + dy + dz)’. 

4 2 2 2 2 2 2 
-S|(G +2) + Bocas (E 4] 
2z [xy dx? + (xy? + Qaryz? — zt) dx dy + xy dy?] 
(2? — xy)* 


a2 
—31-5 de? + 354 dx dy + 275 dy?. 8280. a + y. 


ee 


y” — by + y. 8282.y — a. 3283. 


d’y x 
dt + ay. 8284. — 5 


20° — ” 2 
sese, 22 — ». gog7, 22 ee Fe 
9 


3 
(o'? + 2)? 


dz go89 Ou # 1 @%% 1 Ou 
~ 80" "Gg? ° g? Oy? ' @ AQ” 


a"(e) + aftr) + kal). Beat, 45% 42, 


Chapter XI 


8242, 


at + Dy? — ay + h(a? — y) + (Gy? — 2) + Bah? — hk + 


+ 6yk? +h? + Oke. 


8248. 
8244, 


+o nee 
5. 


3245. 


Mz = 15h? — hk + kh? + hi. 
Mz = —2h + Tk — 4h? + 4hk + 2h? — 2h8 — h?k + 
1 1 1 
+ z kS — h®k + ged + oe f(1-02; 2°03) A 2°1726. 


Az? + By? + Cz? + Day + Hyz + Fax + 


+ (2Az + Dy + Fze)h + (2By + De + Hz) k + 
+ (2Cz + By + Fr)l + Ah? + Bk? + Cl? + Dhk + Ekl + Fh. 


8246. 


_ 1 1 n +>( a 
=3+5(?-7] 2 ¥=7)= 


-tlle-3) -e-Jb-Z)+b-F]- 


1 a\§ 7 a \? ™ 
— | [ cos é coe n(» - 2] -+ 3 sin { cos nf» - 7] (v-z)+ 


rs 4 


sentsn ale 3) oF] sansmn(o— 3] 


4 
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8247.2 =1l+(e@—-Y)+@e@—-VYiy-—Y)t+ 
1 
tay eS 1I?(y—1)+...3 41-1021. 
1 
$248, ex [siny + hsiny + keosy + = (h* sin y + 2hk cos y — 
1 
— k sin y) + = (sin y + 3h*% cos y — 3hk* sin y — b* cos y)|-+..-5 
z, & 11051. 


] 1 
8249. Be a re: aera 


1 1 
8250. y + 5 (2ry — y*) + 5 (Bey — Bay? + 2y*) +... 


n+). an41 
Gin dey 


zy 
1 1 
$252", 2 —y— S(t — yd to — yt) —.-e + 
(—1)" pan) 
a Qn +1 (a2"+2__ y3n+t) 4 ,,, Note that arc tan a = 
x 
= arc tan « — arctan y. 
co gn °° yn eo 0 nym 
3258. ( =}( “) zs 
2 2 n 22 nm 
co) no gn gyn co 2 2\en+1 
8254. D Ba aan, Seip 
ae . = (Qn + 1)! 
Sa" Ss yen yo gMy2n 
8256. —_— (—1)" a (1p 
Baim Baa ~ ye at om 


1 1 
8257. 2=1+@—-NY)+7U-Y)+7@-N (y¥—1)+ 
clr Meal a 


8259. (0, 0), (-3-9}. (=132)) 4; 0): 


1 a a 
3260. (5 ; -1] . 8261. (0, 0), (0, a), (a, 0), (= ; 4 ” 


8262. (0, 0), (0, 2b), (a,b), (2a, 0), (2a, 2b). 8263. (z. ar 
b 2 2 

8264, (-- -). 8265. (5 -3}. 8266. (2, 1, 7). 
a a 3 3 

8267. (6, 4, 10). 
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3268. A and C are maxima, Baminimum; in the neighbourhood 
of D the surface is saddle-shaped, the function has a constant value 
along EF. 

16 

3269. (—2, 0), ea 0| . 8270. (1,1), (—1, —1). 

3271*. (0,0). To show that there is a maximum at the point 
obtained, the function only needs to be written in the form z = 10 — 
— (& — y)? — 22? — y’. 

3272, (2, —2). 8273. (—1, 1). 8277. A maximum at the point (6, 4). 

8278. There is no extremum at (0, 0). A minimum at (1, 1). 

3279. The greatest and least values lie on the boundary of the 
domain; the greatest is z = 4 at the points (2, 0) and (—2,0); the 
least is z = —4 at the points (0, 2) and (0, —2). The stationary point 
(0, 0) does not give an extremum. 

8280. The greatest value z = 17 at the point (1,2); the least 
value z = —3 at the point (1,0); the stationary point (—4, 6) lies 
outside the specified domain. 

3281. The greatest value z= 4 at the stationary point (2, 1) 
(there is therefore a maximum at the point). The least value isz = — 64 
at the point (4, 2) on the boundary. 


3 
8282. The greatest value is z = = at the points (0, +1) (maxi- 


12 
mum). The least valueisz = or at the point (0, 4) (on the boundary). 


3) = 
8283. Zmax = i /3 at the point (= ; 5 | (maximum), Zmin = 0 


at the point (0, 0) (on the boundary). 
8284. All the terms of the sum are equal. 
8285. All the factors are equal. 


8 16 @ y z 
8286. |—, —]. 8287. -4+-4-—-=3. 
(5 a a 5 b t c 


n n 
wi > yi 
i=1 i 


8288. «= —_, y= = . 8289. (3, /39, 0); (3, — 39, 0). 


3290. A cube. 3291. A minimum z = 2 at the point (1, 1). 
3292. (a, a) or (—a, —a), z = a? (maximum), (a, —a) or (—a, a), 
z= —a’* (minimum). 


8298. (—a 2, —a V2), z= — a (minimum), (a V2, a 2), 


2 
Z =-—— (maximum). 
a 
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I b 1 
3294, Stationary points 7 = a Arctan —, y = e Aretan ~. 
a 


3295. (3, 3, 3), w = 9 (minimum). 
3296. Two of the variables are equal to 2, the third equal to 1 


4 
(minimum, equal to 4); two of the variables are equal to —, the 
P 7 ‘ 112 
third equal to rs (maximum, equal to >) ‘ 


titoagt...taf 


8297*. Investigate the minimum of the function 


n 
oo Se (Da) 
for x, +2,+...+%4, =A. The relationship a = = ’ 


is satisfied in general if k = 1. 
8299. umin = abc/(bc + ca + ab) for x = be/(be + ca + ab); y= 
== ac/(be + ac + ab); z = ab/(be + ac + ab). 


1 1 1 21 63 
3 0. = ae | ol —§ = pre e |r y¥ 2, ihe 
300. a 25 y +5 z= 3 8301 (= 4 
8302. (3, ~1, 1). 8303. (a) (—2, 0, 0); (b) (2, 0, 0). 8804. A cube. 
8abc 


3305. A cube. 33806. : 
33 

8307. If R is the radius of the base of the marquee, H the height 
of the cylindrical part, h the height of the conical top, the following 
relationships must hold: 


2 


8308. If 1 is the lateral side of the trapezoid, b the base and « the 
angle of inclination of the lateral side, the following relationship 


2yA 


a 
must hold: 7=6= : > «= 3” where A is the given cross- 
y3 
sectional area. The perimeter of the section is now 


4 
u=2)3 VA 2-632 VA. 


8309. A cube. 3310. The sides of the base are each equal to 2% + 
3 1 #—\ 
+ 2v, the height is half as great: (« + - ee] : 


8811. a* (a cube). 8812. The least area is equal to 3 /3ab. 


4 3 5 1 
8318. « = +—, y= +—. 3314. (-z. -;): 3315. (3, 5) 


V 5 yo 9 9 
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ab — h? 
3816. 2max = + : 
abe + 2fgh — af? — bg? — ch? 


$317. The sides of the triangle are )/28, y2s and 2 ys. 


2a V2 
3 


H 
3318. The height is 7? the sides of the base are 


2b V2 
3 
3819. A tetrahedron. 


3320. The normal to the ellipse at the required point must be 
perpendicular to the line joining the given points. 


8 
, the volume V = — abH. 
27 


8321. The normal is drawn at the point with coordinates 


+ aay | pees 
eee es Wace 


1 3 1 3 
3322. 19, —, —]; |-—9, ——, ——]. 8328. 2/2. 
ee ae i ee 


3324. 2+ y= 2; y= a. 3825.2 -—y+a=—0; x+y-— 3a=0. 
3826. « + 2y—1=0; 2e®—y—2=0. 

33827. 7—-y+2=0; «+y—2=0. 8828. (0,0). 3329. (0, 0). 
3330. (0,0). 33831. (a, 0). 3882. (0, a), (0, —a), (a,0), (—a, 0). 
3338. (2, 0), (—2, 0). 3884. (0, 3), (—3, 0), (—6, 3). 

8835. (0,0) is a double point. 3386. (0,0) is an isolated point. 
3337. (0, 0) is a break-point. 33838. kx; k = 0,1, 2,... are cusps. 
3339. (a, 0) is a cusp. 3340. (0, 0). 

3341. « = —f'(a), y = f(a) —af’(a); y=ware sine + J1 — 2. 


8842. 16y° + 2724 = 0. 8848. y? = daw. 8844. y = 5 andy = —>. 


4 


8845. y = -=. 8846. y= 0 and léy = zt. 


4 
83847. y = x2 and y = # — oT" The first is the locus of singular 


points, the second the envelope. 


2 
8848, 2? + ——y? = 0 and a? — ys = 0. 
3/3 


3/3 
a Sane 
3349. 2 + y° =d’. 
3350. 4 straight lines x + y = +R. 3851. 2by(x? + y*) + 2? = 0. 
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8352. The parabola //z + Vy = Ja. 
R R 
8853. The cycloid z = 7 (é—sint), y = = (1 — cos). 


2 
8854. The ellipse 2? + - — R?, 8855. The hyperbola ay =<. 


8 
3357. The evolute of the parabola y? = Bp (7 — p)s. 
Pp 


1 1 
8359. The hyperbolas zy = “ and zy = ei 


dr)? a 
8861. (a) 2-87 = ole | Tl (b) (=) eee 


dt dt? 
d’r » ay Pid dr 
(Pee aa? ee 


dr 
3362. It follows from the equation Ti a(t)r that: 


d@ de ae \ae 
3363. Differentiation of the equation r? = const (see problem 


fokz 
A (Gre)e= cor and so on. 


d 
3361) gives us: re = 0. The tangent to a spherical curve (i.e. 


to a curve drawn on a sphere) is perpendicular to the radius of the 
sphere through the point of contact. The converse also holds. 


dv dr dr d’x dr 
$868) ee ee 
da de’ det ae a” 
dx — dex 73 + d? , ZA d ate 
dat du® dee an? 


8370. It follows from the equation a = = 0, where t, < t < ¢,, 
that a point can be found on a closed curve (closed by virtue of the 
equation r(t,) = r(t,)) at which the tangent is perpendicular to any 
previously assigned direction. 

8371. The hodograph of the velocity v {a cost, asin é, 2bt} is a 
helix; the hodograph of the acceleration w{—a sin t, a cost, 26} is a 
circle. 


d 
3372. Scalar multiplication by @ and by r gives: a = = 0, 


d 
r— = 0. Hence ar = const is the equation of a plane and r? = 


dt 
= const is the equation of a sphere. The required trajectory is a 
circle, the plane of which is perpendicular to vector a. 
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3374. An ellipse. The velocity will be a maximum at the instant 
when the material particle is at an end of the minor semi-axis, and 
a@ minimum when it is at an end of the major semi-axis. The accele- 
ration is a maximum (minimum) at the instant when the velocity is 
@ minimum (maximum). 


3875. The velocit ti af, ec 
8375. The velo components are —; p—3 sin p —. 
eee epee det Sag? OPP 
Hint. Find the scal dade oa eee 
. Fin e scalar pro —€,3 — eo} — ep. 
int, Fi Products —- epi 42 ee} 4, 66 
t “ 2 
3876 ee a pitti ee 
. = = ; 2g=—+—4-. 
P i I si ad a°3te 
aV2 aV2 k 
e—-— Sy ——— at 
2 2 8 
3377. — = : 
—a V2 a /f2 k 
4 
k? 
—a+y+ 2>— 
na /2 8xa 2 
y— 8a 2z2— 72a 
3378. x — 6a = ——_—— = ; e+ by + 362 = 2706a. 
6 36 
za——+1 — 
2 -—l1 —2/2 
sero, 2 a1 88, 
1 1 y2 
ety+)%e=>+4 
Pe gee ee Sea Sea | ny 7a, PD 
B = = 3 eo —_ = 
12 —4 3 ou ee 
w+ 2 y—1 z—6 
. = = ; 27a + Wy + 42 +2=0. 
8881 7 28 et 28y + 4+ 0 
pigs Pe KS Be OEY oe 
% ci) Yot+% + Yo Zo 
3383, ~ 7° — ¥ — Yo 7% 7 70 
¥%% reo —TYo 
a -—* =0 
a8 yx z 
3 1 & 
8384. 1, ice =, e| 
2 2 
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a—tI1 y—1 z—1 
3385. 62 — 8y —z2+3= 0; ROS =——_; 


z—I1 y—l1 z—1 


31 26 —22° 


8386. Yb (x — x) — Valy — yo) = 0; 


Z— Wy Y—-Yo _ %—% 
yaa OS — > 


je —Ye 0 
zc % YY z— % 
V2az, Vibe, —(@+8) 
l 
y- = 
1 = — y2 
8887. —a — ey — 2 +2=0;-—-- =__ =~ ¥2, 
i) 1 e y2 
° 
1 
z—e 9 8 z— V2 
1 1 —Y2sinh 1 
x—I1 7] z—1 
3889. —— += ; Qe — Ss R=: 
7 Pea 3 Pees 
x—l y 2 
fo ge eye eee 
a—] y z— 
= —“_ =——_; 8¢— lly— & +1=0. 
ci soe ee 
x—-l y—l z-1 
$100, ee ee ee 
I = Co roe 
x—-l y-—1l_z—1 2g ee 
0 Oak oe oe 1 0? 
x+ty—2=0 
y2 y2 
M 1 eel —_— — 
2 2 =1 = 
3391, ——_— = =~ 27; ae — dy + 42 = 4; 
y2 —/y2 4 
y2 y2 
a a ee eee os 
= = 3 Y2e4+3)/%4y+z2—-5=0; 
yz 63yz 
2 yz 


2 Ye 2-1 = 
3; —13 + 38y +4 /2z + /2=0. 
2 
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ze+1l y—138 2 
3392. ——- = =-; 2 3 6z = 37; 
3 3 6 e+ sy + 62 
xa+1 y— 13 z 
=-——; 6 2y — = 20; 
6 °) =3 e+ 2y — 3z 0 
atl y—13 z 


x Ea ee ee ey 
3 6 re ee 


3398. The equation of the osculating plane is 3c — 2y — 11 = 0 
for any point of the curve, i.e. the curve lies entirely in this plane. 


8394. The osculating plane is the same for all points of the curve. 
Its equation is 


cy 2 a, a, ay 
GQ, G, az} = 1b, b, bg]. 
by by dg Cy Ce Cg 


cosh? ¢ 
sinh ¢ 


Fl = 4, FF 2 772 2g’? 
8898, k — (y’z zy’) + yf? + 
(1 + y? + 2'?)8 


8395. . 3896. R = Y/2- cosec 20. 


8899. x, ey a= lee +Yy es SS 
\r"| |r’ xr’ |n’| + [axa] 
8400. tr, = 4X83 4 = BX By = 1X. 
8401. The required vector w (if it exists) can be written as 
@ = (wt) T, + (WY) ¥, + (3) By. (1) 
It follows from the condition of the problem (taking into account 
Frenet’s formulae) that 


OX, =kyyy oxy, = —kt, +78; oxBy= —Tr,. (2) 
On forming the scalar product of each side of these equations with 
v1, By, T, respectively, we find that wr, = T, wy, = 0, w8, = k, 80 
that w = Tr,+k3,. Substitution in (2) shows that this vector satisfies 
the condition of the problem. 


mo 32 
8402. 99 + n 10 101-43. 8408. aln (1 + 2 )= alntan rae 


8404, V3 (ef — 1). 8405. 5. 8406. 4a. 8407. z V2. 
2 
408, ain 22+ Ve 
V2a— Ya 
a-2 y-l 2-4 
8410. 8x — 8y — z = 4; = = : 
0. 8x y — 2 ; a = 
x—-l y—l_ 2-1 
Omar | —1° 
$412.2 +a=0, t=a, y=a 


a 1 
. 3409. p(t +5 3). 


8411. e+ y—z—1=0; 
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z—-3 y-—-4 247 
8418, 172 + lly + 62 = 60; ——- =~ = 
ela eS 17 nl 5 
4 
zx—-l y-l1 ay 
8414, 2 —y + 22—— =0; - = 
pr ates i =i 2 
uy 2 
$415. —-+-4—-= 3; 
a 5 s a 
a pels =6b an =C poe? 
3 3 3 
w—-l y-—-2 241 
3416. lly + 5z— 18 = 0; ons 
a 1 ll 5 
x—] y—l z—l1 
8417. 30 — 2y — 22 +1=0; = aia ; 
ey ee ee 3 =o ag 
MIR tag qlinesap eo; ee 
Pe a DE peng ge 
a—-2 y—-3 z-—6 
° = 2 => 0; Ss 
8419, 5a + 4y +2 8 7 z i 
11 11 
8421, x—y+ 2= les and «—y+ 22= — “ar 
3422. w+ y+2= Va? + b? + c?. 
3424, All the planes pass through the origin. 
3425. aoe + yoy + 22 = a?; oe a eye, 
% YW %* 
gaeg, 2 _ YY _ a2 4 2,); Ole =o) 2B a ei 
a b? bay aYo —2ab 
9 
8428. . a’, $480. 22 +y—z2= 2. 8484. 4x — 2y — 32 = 3. 
8485. (0, 3, 3) and (0, 3, —7). 
8486. (a) 6uyvge — 3(Uy+%y) Yt 22+ (Up +%) (UZ — 4up¥p +02) = 0; 
{b) 3(a5 — yp) & — 6xoyoy + 22 + 4%, = 0. 
8437. 2z(a? + y? + 27) + p(x? + y?) = 0. 
3438. (a? + y? + 27)® = 27a®xyz. 
3439. (1) {—2, 1}; (2) {l0xy — 3y5, 5a? — Oxy? + dy}. 
1 —Yot j 
8440. (1) Gi -+ 4j; (2) = (2E+H)3 (8) LO 
3 xe + ¥2 
8441. (1) tan p 7 0342, p 18°52’; (2) tan p 4°87, p = 78°24’. 
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8442. The negative z semi-axis. 3448. (1) cos « 0-99, a = 8°; 
(2) cos a & —0:199, « = 101930’. 


1 3 1 3 
B44. (1) (-5 a) (F -7): 


2 
(2) Points lying on the circle x? + y? = 3° 


8447. (1) {Bx2y2zy, Qadyyzy, x3y2}; 
cee (ead apd , where r is the radius vector. 
jeryte ll 

8450. (1) 2r; (2) 2 (3) 2F’(r2) r; (4) a(br)+b(ar); (5) axb. 

y2 


2) 


(2) 


cos « + sin « 
2 

98 

3° 


3451. (1) 0; (2) 


yz 


1 
8452, ——. 8458, —. 8455. (1) 5; (2) 


(3) V5; (4) 


1 
8456. 22. 3459. —. 
yr 
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3460. M = 


— 


Jv y)do. 8461. B = [{ o(x.y) do. 
D 


3462. T= 


a a=) 


w? ij y’y(x, y) da. 
D 


8468. Q = (f, — 4) {\e(x, 9) vz, y) do. 
D 


8464. M = \([ riz, y,2) do. 8465. B= {\f de, y, 2) de. 
Q Q 


8466. 82(5 — /2) < I< 8a(5 + /2). 3467. 362 <I < 1002. 


2 
3468. 2<I< 8. 38469. eB ed Aa 3470. 0 < I < 64. 


8471. 4< I< 36. 8472.4< I< 8(5— 2/2). 8478. 4n <I < 22n. 


4 
3474. O< I< 3 mR, 3475. 24 <I < 72. 


8476. 287 /3 <I <52n)3. 3477. 1. 8478. (e—1)%. 8479. = 


3480. 


8485. 


3487, 


3489. 


8491. 


3493. 


8494. 


8495. 


3496. 


8497. 
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2+ /2 


4 
In — . 8481. In 
3 1+ 73 


. 8482. 7—2. 8488. 2. 8484. — = 


5 4 2 2-x 
{dx j f(z, y) dy. 8486. | de | f(x,y) dy. 
3 3x+1 0 0 

2 
1 Yi=xt 1 =x 
fde | fa y)dy. 8488. [dex | f(x, y) dy. 
0 0 0 x-l 


y2 4—x: 2 9 Ve 
iy dx i Ha, y) dy. 8490. | dx iy f(x, y) dy. 
-jz 2 —2 3 ye 
4 34 Y4x—x* 1 x 
\ dar \ f(x, y) dy. 8492. {dx j f(x, y) dy. 
0 3Yaxrox 0." es 
2 2x 3 6—x 
\dx | fle.9) dy + Jae | fle, 9) dy. 
x 


x x 


x+3 x 5—2x 

dx | f(z,y)dy + \dx | fw, y) dy. 
ca 
3 


x x 


x+3 


\ He, y) dy + 
2x 


1 

3 
da 

ate 


Opt es wleo 


)r0 


1 2x 2 
{dx | f(x, y) dy + | dex | f(x, y) dy. 
0 x 1 

2 


BO) Hees] 


2 2x Fy 2 2x 
{dx | fey)dyt+fde | fley)dy+ 
0 —2 2x 2 2 Yi 


8 
+fde | f(x,y) dy. 
2 
—2 Yo=x 2 Yiex 


{dz | fley)da+ [de | flxy)dy+ 
~3 ~ yorx —2 —YVit+x" 


+\de | fe,y) dy. 
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1 x 1 V1—y? 


3498. (dx | f(z, y)dy. 3499. [dy | f(x,y) dx. 


3502. 


3503. 


3504. 


8505. 


3506. 


3510. 


8516. 


1 2-y 1 3—2y 
(1) [dy | fle, y) dx; (2) [dy | fle, y) des 
Die Dy: 
1 2—\ 2y—yt 
(3) {dy | f(x,y) de 
yz 
y+6 
2 4 2° 
(1) [dy | fw, y) de + {dy | fw, y) des 
0 y 2y—3 
2 
9—-y 
3. 2° 3 147342 
(2) (dy | fw, y)das (3) [de | fay) dy; 
1 ytl ~-1 0 
2 
1 34YI— 2 24) 2y—y2 
(4)\dy ” fe, y)de+\dy | fle,y) de. 
Oo 1-YI-¥ 1 2-]2y-y" 
2 % 1 33 9 
= a’; (2) 9; (8)—. 70. .— 
(1) 3 "5 (2) ( * 8507.0. 8508. 7. 8509. 7 
2 
—2. 8611. —. 8512. --. 8518. 4. 8514. 3. 8515, 12>. 
2 bi b & 
“ R. 8517.6. 8518. sila +346) 8519. —_. 3520. ——. 
3 2 48 110 
1 5 a 1 
8521. 26 — 5. 8522. — (m2-z}. 9598... 9594, — — 
2 8 180 16 2 


Qo x 0 _yrr 


y2 V4—2y8 


r y 
~ (dy | fl y)de. 3501. \ dy | fa,y) dx. 


oO _, Vr-y —/2 —V4—2y8 
2 y 4 2 
| dy | im, y) de + [dy | fle, y) de. 
1 1 2 y 

2 


cs 


3 6 6-—y 
\dy | xa, ydx + \dy | f(a, y) de. 
0 i) 4 0 
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22 = =OR 

8525. (1) | de { f(o cos g, g sin g) ede; 
od. 0 
2 


a cos p 
(2) {dp | fe cos g, @ sin 9) ede; 
0 


ane 
2 


% bsing 
(3) [dp | fg cos g, gsin g) ede. 
0 0 
arctan2 8cosp 
8526. | dp | fe cos g, esin g) ede. 
bad 4cosg 
4 


arc tan 4 
6 bsing 


3527. [| dp | f(e cos», esin 9) dp + 
0 0 


acos p 


2 
ae j dg | He cos g, ein 9) @ de. 


8528. | dp | f(e cosy, ein 9) g dp. 


0 


dp { f(g cos g, esin g) edo. 
V2sec(o—7) 


a 
3580. [dp | f(gcosg, esin g) edo. 


2 a sin 29 
3631. 


a 


2R sin p 


x 
z 
n 
2 . 
3582. | do | /(o cos g, sin g) @ dg. 
0 
% 
2 
de {| Hecosg, esin g) ode. 
x 
6 
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3534. 


3536. 


3538. 


3542. 


3543. 


8544. 


3545. 


8547. 


3548, 


8549. 


3550. 


ANSWERS 


arctanR 


R?2 
| ftan 9) dg. 
0 


R 
ri 4 
= 2) 9 do. 3585. 
5 {Hee Q 3 
0 


u(x — 2) 


7 ta + Rt)In (1 + Rt) — Re}. 9587, 7 


R? 4 nx 
nR*h. 3589. —\n — =| . $540. —. 
3 3 6 


z= 2ocosg, y = 3e8in g; 
a 1 

I = 6 | do | f(2¢ cos g, 3¢ sin g) ede. 
On) 


x= gcosg, y= /3esing; 


x Y3 cost g sing = 
I=Y3\dp |  f(gcosg, /3esin y) ede. 
0 


r) 
bi 
2 2 

& = agcos@, y = besing; I = ab\ de f/(4 — ¢*) ode. 
| 

2h2 

ar, 8646, 

8 4 

ye 


f(g cos g, @ sin y, 2) o dg. 
0 


oe 
Qu 
a 
by Re A 
Qu 
3s 
en? By 


n 
2 2cosp Qe? 


\ dp | ede | fecosg, esing, z) dz. 
0 0 


nya 


bid 

2 a 

\ sin 6da6 dp | Keene een 6, @ sin g sin 6, @ cos 8) 97 de. 
0 


4 
4 = RY cos 2p YR—e 

j dp \ ode f(g cos ¢, @ sin y, z) dz. 
. —YR-o8 


re YR-e 
\ dy j ede y }(e cos ¢, oe sin y, z) dz or 
R—-YR—e8 
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7 
3 R 
| dp {sin 0 d9 { f(g cosg sin 6, o sing sin 8, g cos 6) g? dg + 
0 0 


fi 4 
Qn = 2 2R cos 6 
+{dp{snodea | f(gcospsin 6, gsin gsin 8, g cos 4) 97 de. 
0 % 0 
3 


na 


4 
8552. —. 3558. = a’, 3554. —7R*. 3555. le 
2 9 15 8 


4 Qn 
3556. is —r), 3557. 3 


8558. 2 x|2 710 +10 jes oes s|. 


Dee 


2 az bh? abc 
3559. 186—. 3560. — =(¢ + | . 8561. 
3 Pp 4q 


8562. 12. 


1 15 
8568. ra 3564. S33 3565. <6 8566. 16. 8567. 45. 


1 xz 1 
ae . ae ° 27 . . . 
8568. 13 7" 3569 is! 5 3570. ar’ (3 | 8571. 227. 


16 4 4R5 3 
2. — R3. . 12—. —=. . 27. .—- 
357 3 R3. 8578. 12 rT 8574. Isat 8575. 27. 3576 3 
88 1 as 2e8 + 1 
3577, —. . — abe. os . 2lez — : 
106 3578 3 abe. 8579 ri 3580 [e 9 


3581. 3e — 8. 3582*. 4e — e? — 1. The solid is symmetrical with 
respect to the plane y = z. 


35 1 16 au 
8588. af a _ 4 . 8584, —. 8585. —. 3586. -- 
9 45 9 4 


3 
83587. 407. 3588. 27. 3589. > aR. 3590. i nas, 


4 2 a 15 (3 
8591. — a? (F a 5] . 8592. —. 3598. =e Es 1} : 

3° \2 73 24 8 \8 

3 2 2R%p, 1 
3594, — (F es 1} 3595. 7? gs96, 7 8597. >. 


b 16 5 
8598. 2. 3599. zab. 3600. =. 8601. 3° 3602*. eles Transform 


3 2 1 
to polar coordinates. 3603. a* 3604, 207. 3605. 3" 3606, 60° 


252 


1 a’b 
8607. 1360 ° 3608*. (1) — a8’ Ce az. Use the result of problem 
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3 
3611. —. 3612. 4(4 — 3 In 3). 


3541. 3609. 8. 3610. 
35 


7 
12 
36138*. > . The projection of the solid on zOy is a circle. 


11 
3614. =" Transfer the origin to the point (5 3? 0] F 


3615*. 


19 15 
6 a and a Transform to cylindrical coordinates. 


5 4 92 
xR®, 3617. —. 8618. — xR’. 
96 75 


3616. 
12 


1 
3619*. 3 7". Transform to spherical coordinates. 


2 4 4 64 
8620, —. 8621. —-2a®. 8622. — 20°. 8628. —— na’. 
360 21 3 105 
2q3 21(2 — V2 
soos, "ages, 212— 1?) . sees, 14. 8607. 30. 8688, 82. 


8629. 2/2 2p%. 8680*. 27R?. Project the surface on to yOzx. 
16 2 3 
8681. 8 /2ab. 3682. 4 a> 1). 8633. = {a RP = Th. 
2 eesti 
3684, = (VS —1). 38685. 4na(a — Ya® — Re). 
3686. 2R%(1 — 2). 3687. 2R°(xn+4—4 72). 


a y2. = 2a? 
8638. rs 3 2- V3——1n 2 + f2in (3 + V2)}. 8689. — 


sin 2a 


-R2 
3640*. = (V3 — V2) ~ 3-42x 108 km* Transform to spherical 
coordinates. 
16 b? 2 
3641. ra 3642. 8R?. 3643. = . 8644, 3 B 8645. «PR. 


9 h2 
3646. ve a’*, 3647. The statical moment is equal to > . 


8648. The centre of gravity lies on the minor axis at a distance 


4b 
aa from the major axis (b is the minor semi-axis). 
Xt 


1 


soso. ¢ = (1 - 3}(/2 +1), n= 5(¢ —1) (2 +2). 
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3650. The centre of gravity lies on the bisector of the angle « at 


. & 
sin — 


a distance 3% from the centre of the circle. 
4 


3651. The centre of gravity lies on the bisector of the angle « 


a 
sin? — 
at a distance — 22? —-~_—— from the centre of the circle. 
3 «a—sing 
g652. =, 7 =0. 8658.° nR4, 8654. 2a! 
A =a oP tail le 


b bia? +B 
8655. — (a? + 82). 8656. a 


ah 
3657. — (a? + 12h). 
ag (at + dah’) 


aR 


3 oh a 
3658. 2 


659. ah (——- + —]. 
: ar (= + 5 


8662*. Choose the system of coordinates so that the origin coinci- 
des with the centre of gravity of the figure and one of the coordinate 
axes is parallel to the axis with respect to which the moment of inertia 
is being sought. 


25 2, 2 -R2H2 bc? 

3668. > = aa. epee pangs 
14 26 8 3 3 3 
Si tac: Fae tee CU ren pee 
8666. =, y=, C= 5. 8667. F= 2a, 7 = 5b b= Ze 
6 12 8 18 15 12 
$665 $2 SS Se oh he ee CS 
fae hap MES rH eta 


8670. §=0, 7 =0, $= (6/3 +5). 


3k 
8671. § = (1 + cosa), 7 = 0, = 0. 


9a R R R 
3672. £ = 0, 7 =0, C= —. 8678. : is ate 
€ n ¢ a5 3 é Sis ¢ 3 
65 ++ 9/3 
3674. = 0, => 0, = 
: 4 : 130 


3675. 5 Mee + c?), 5M + a’), 5 Mla + Bb?) and 
1 
2 2 2 
ip Me + 6? + c?). 


7 1 1 1 
8676. —MR*. 8677. -M(b* + ct), ~ M(t +a"), ; M(a? + b4). 
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gers, a(t. ) ana (ae + ary. 8679.2 Me™ 
e _ —] ani — . = — 
(F TS } Bere 5 Rp 
1 I 1 
8680. — «R*H (SR* +H). 8681. 5 ure +5 Hm). 


65 +9)3 iis 
65 : 


3682. 


4 


1 R 
688. — al 
8683 3 


» where J is the generator of the cone. 


4 4 
8684, 5%. 8685. 2nr(R — 7). 8686. = yab*. 


RH 
8687. 22)(R? — 1). 8688. — 


(3R? + 2H?), 


ryh+? tan? « 

+3 
and its vertex as the origin, the equation of the cone becomes 
a + y? — 2% tan? a = 0. 


8689*. . If the axis of the cone is taken as Oz, 


2 s 7 
8600. = xyR*. 8691. = [xs y3- 3): 


5 
8602. £=0, 7 =0, C= 1® Transform to cylindrical coordinates. 


59 
3693*. 380 aR, See hint on previous problem. 


8694*. Choose the system of coordinates so that the origin coin- 
cides with the centre of gravity of the body and one of the coordinate 
axes is parallel to the axis with respect to which the moment of 
inertia is being sought. 

kMm A . 

8695. —__-, where M is the mass of the sphere, and & is the 

a 
gravitational constant. 


8696*. Use the result of the previous problem. 


17 kM 


3697. — —., k is the gravitational constant. 
56 R? 


8699. The centre of pressure lies on the axis of symmetry of the 
2 
rectangle perpendicular to side a, at a distance me from the side 


lying on the surface. In the second case (side a situated at a depth h) 
the distance of the centre of pressure from the upper side will be 
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h 
» where 1 = arg (With 1>>b the centre of pressure 
in a 


almost coincides with the centre of the rectangle). 
h 3 

8700. (a) 3 sin «; (b) a sin a. 

8701. The centre of pressure lies on the major axis of the ellipse, 

a” 
4(a -+ h) 

3702*. Choose the system of coordinates so that one of the co- 
ordinate planes coincides with the plane of the lamina and one of the 


axes coincides with the line of intersection of the fluid surface and 
the plane of the lamina. 


at a distance a + from its upper end. 


1 
8708. Divergent. 8704. 27. 8705. = 8706. 4. 8707. 2. 8708. -. 


a 
8709*. 
dai 


. Transform to polar coordinates. 
a 
1 
8710*. a: Change the order of integration. 


1 
8711. is’ See the hint on the previous problem. 
8712. Convergent. 3718. Divergent. 8714. Convergent. 
8 
3715. Divergent. 3716. No. 8717. - 8718. <4 . 
8719*. x)/x; use Poisson’s integral | o-¥ ds =i. 


0 
8720. Divergent. 8721. Convergent. 8722. Divergent. 


8 1 
3728. 3 aR® (me - 5] . $724*, 2. (See hint on problem 3719). 


x 


8725. ~. 8726, ~. 3727. 22km »(R + H — VR? +H). The 


4 Py 
force is directed along the axis of the cylinder. 
2akm pH 
8728. — (i — H), where I is the generator of the cone. 
The force is directed along the axis of the cone. 
4 4 kM 
8729* (a)a = 40, — 38a,b = Ree — 0); (b) 3 nk Roc = RE 
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3730. Defined everywhere except at x = 0. 87381. 3x 


b (5a? + 3b? 3 b 

— ;————. + — are tan — 

8at Ia? -L b2)2 a 

1.3.5...(2n—3) 2 

3734. (n > 1). 
2.4.6...(2n — 2) 2a°n—! 


1)! (a? +- b?) ; ; : 
3736*, “a a> Differentiate with respect 


3787. In (1 + a). 3788. 
8740. x(V1 — a? — 1). 


id 
——In(l—a) ifa=0. 


3733. 


(n — 


3735. 
an 


to a and 6 and add the results. a (1+ a). 


3739. 5 In (a + V1 +a?) 
Ki 4 
3741. gin (l+ a), if a=0; 


] 1 — a 
= 7 . $8748. 2 arcsin a. 8744 marcsin a. 


3742. aIn 
3745. /xa. 3746*. x (Vb — Ja). Differentiate with respect to a 
or with respect to b. 
i 
() — ©) Differentiate with 


b c 
3747*, arc tan — — arc tan—= arctan - 
a a a + be 


respect to 6 or with respect to c. 
be Be 

8748. ao a oe + 8749%, win nie . Differentiate with res- 
Cc 


pect to a or ak respect to b. 


3750. 5 m(l ta) if a>0; —Fma —a) if a<0; 
nm 
re 1 
= dz = 7 in 2. 8751*. In Te Integrate with respect to 
2 l+a 


J tan x 
ry 
parameter n between the limits « and £. 8752. /x(b — a) 


8758. J eee ds | ee VE: 8755. = ln 
\z [x 2 b 
0 0 


3757*. I = lim | ji ae) dx| fe 


6+0 


1,6 
8756. —In—. 
n a 
fH ae 


x 


lim | 
ae 


gf [Mo ae — fae) 
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We write inequalities for the last integral by replacing f(x) by its 
greatest and least values in the interval (ae, be), and pass to the limit. 


1 
3758. fees 3759. eo 3760. — In eae . 8761. ne, 
a a 2 a—b a 


3 
3762*, 7 In 3. We write sin*x as a difference of sines of multiple 


angles and reduce the problem to the previous one (with suitable 
choice of a and 6b). 


8763*. Two methods can be used for the proof: (1) integration 
by parts; (2) change of the order of integration in the double integral, 
obtained after substituting an integral for (az). 


8764*. See hint on problem 3763. 


8765*. Use the second method of solution of problem 3763. When 
proving the second relationship it is necessary to investigate the 
integral 


- ain in 6 
f- ax cos (x sin ) ae 
x 

0 


with |a| > 1 and Ja] = 1. This is done by transforming the expression 
: 2 ‘sin & Wet ; 
in the numerator, and recalling that | dz = 2 (Dirichlet’s integral). 
J 2 
0 
3767*. Substitute in the left-hand side of the required equation 
the expressions for y’ and y”’ obtained by differentiation of the integral 
y with respect to the parameter. One of the terms obtained must be 
integrated by parts. 
3768*. See hint on problem 3767. 3769*. See hint on problem 3767. 
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my 2 
3770. /5In2. 3771. 24. 8772. = (515 —1). 8778. 2na2n+1, 


bla? + ab +. b? 
p74, 0 ah +O) 205. ana Va. 


3(a + 6) 
Pa 
3776. | F(o cos g, @ sin g) Vo? + oe? dg. 
1 


2 
BI77*. — . Transform to polar coordinates. 
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3778. 


3781. 


208 V2 


R‘Y3 


32 
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8779. « “La 44 al. e7e0, 28 


2/2 
3782. . 


la + ont)? = il. 8788. R? 7/2. 


1 3 3 
8784. Ma +1) — (2+ yt} . 8785. da. 


3786. 


8787. 


3789. 


3 
b2 
2 


ab 
—+ s are sin e, where e is the eccentricity of the ellipse. 


Sn8b2) 
[2208 & =| Ya + 6% 8788. (1 — et) 3. 


( 2a 
0, — 
14 


bx 


=). 3790. S at 


[(ant — 1) ant + 1 + 1). 


a? 


8791. I, = Iy = (F + 5 \4'a? +R, I, = a? nto? $B. 


ll 
8792. 32R?. 8793. = 8794. —. 8795. RP. 
be ate eee 
3796. ta{a +2 oo = In - =" , where c = Va? — 6?. When a= 8, 
S = 2ka?, 
98 21 
8797. — pt. 8798. 8R*. 8799. 4R* 8800. BP <gegn: SOH: 
a a 
2umIa . A 
8803. ce where a and 6 are the semi-axes of the ellipse. 
2umI 2amIR? 
3804. 3805, —""" _. For R=AY2. 8806. 3. 
(h? + R)? 


8807. 


8811. 
8812. 
3818. 


8817. 


8822. 


b 


a ss0s. — °°. ssoo. 371. 8810. 4x. 
2 16 3 


17 1 


y+; @4; 6 4 
Q) gi 2) BF @) gps H —y- 


3 20 


The integral is equal to 1 in all four cases. 


0. 8814. —2zxab. 3815. je 8816. xa’. 


3 3 
ig 7 VR. 8818. 13. 8819.0. 8820. 3/3. 3821. — a" 


aR 


i) (a? + y2) dx dy. 88238. J J (y ~ x) oY dx dy. 
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3 1 
8825. (1)0; (2). 8827. _. 
8 3 
8836*. Apply Green’s formula to the doubly-connected domain 
bounded by contour DZ and any circle with centre at the origin 
and not intersecting contour L. 


mR! 


3824. 


13 
3837. 2. 8888. 8. 3839. 4. 3840. In i: 8841. R, — R. 


9 3 3 
3842. 8848. 0. 8844. — —. 8845.4 = 1, 
8846, wv = (a? — yy)? +0. 8847. u=Inj2 + y|—-—" +0. 
e+y 
2 2 1 
8848. vn tet ye. 
y a YP 
8849. u = In |x — y| + of ee SOY 
“—y 2 3 
—1 
3850. u = 2? cosy + y* cosa + C. 8851. u = — +y4+C. 
1+ 2? 
a—y 
8852. u = +. 
(x + y)? 
1 
8858. n = 1, u = 5 In (a? + y') + are tan® +0. 
c—y 
8854. a= b= —I, par rar, 
8855. u=In|jety+2[+C. 8856. u= 2? Fy? +240. 
2 
8857. u = arctanzyz+C. 8858. u = — +0. 
zy 


x 
8859. u = 


3y 2 ¥ 
+ z +C. 8860. wu = e*(x + 1) + e? — e-%, 
Zz 


3 
8861. nab. 8862. "aia 8863. 62a’. 


3 
8864", 3 a?, Transform to the parametric form by putting y = tz. 


1 1 
_—. . =. *, 2a’, = : 
8865. 30 3866 310 3867 Put y = a tant 
1 
3868*. TW Put y = 2t?. 3869. mFR. 


a? — b? 


4 17 3 
8870. (1) 33 (2) 1s’ (3) 3 and 1. 38871. (a) 3 (b).0. 
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8872. 0. 
kJe pepe 
3873. oA Aaa ie In 2, where k is a coefficient of proportion- 
c 
ality. 
3874. 0°5k In 2, where & is a coefficient of proportionality. 
= /3 Rs 
8876. 4/61. 8877. - 3878. ———. 8879. 0. 8880. 2R°. 
gest. geez. 2m are tan 
er fe . 2n are “eT 
227k 1 2nR c+t+R 
3883. — ———_—_—_| f 2; —1 
3 on — ale — By? = R)- | ak ek a 
for n = 2. 
8884, 2[R /R? + 1+ 1n (Rk + /R? + 1). 
8885*. 2?R%. Use spherical coordinates. 
3886. aR’. 3887. 3. 8888. ciel 8889 : be. 3890. 0 
3 . 3. "105° ‘ 37 Cc. . 
1 2R aH a 
- —. 8892. R?H|— + —}]. ese 
Bs01. =. 88 F+F} 3898. = 


3894. al | ( — y) dx dy + (y — 2) dy dz + (2 — 2) de dz. 
s 
6 


3895. = 3896. a) peer e oer: 


12 
3897. J | ——— TYT? ardydz. 8898. 0. 8809. — xR. 
Vx? + y? + 2? + y? +. 22 5 


Chapter XIV 
8901. 1 + y2 =C(1l — x). 83902. 2? + y? = In Ca?. 
8908. y = /C + 3a — 32%. 8904. y = Caina — a, 


adit 
3905. Cr = . 8906. zJl-y¥+yJ/1—-#=C. 


3907. Vi — y? = arcsinz + C. 8908. ef = C (1 — 07S). 
tony 
4 


8909. 10* + 10-¥ = C. 8910. In 


=O —2sin-. 
3 
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1 bli-n 
pont. ¢= = (1+ }. 
a l—n 


Sie ye ee 
2Vkk, Vk, (l—2)—aVk, 


x 


tan= 1 
3918. y=e 7. 8914. y = — . 8915. cosaz = V2 cosy. 
— 2 
b 
8916. y = a . 8917. The hyperbola zy = 6. 
14 bz 


8918. The tractrix y = /4 — x? + 2In 


2— /4—2? 
7 . 


x—a 


3919. The parabolas y? = Cx. 8920. yk =Car. 892l.y=e% . 
1 
3922. (x — C)? + y= a*. 3928. y = z= |C(k?a? — 1)|. 


8924. 2 = y". 8925. ry 269°3 cm/sec. 8927. 0-467 km/hr; 85:2 m. 


29 _| 6) — 8 
sos, 1 = | pa Te orl. 3929. In | 2 


— (04 + att) 
48 6— 6, 2 ; 


8930*. If ¢ is time, measured from midnight and expressed in 
hours, the differential equation of the problem becomes 


t—1 160,000 
ae = k cos ate) dt; whence S = 


SS 12 _ m(t— 12)7?" 
12 


[9 — sin 


The function S(t) is defined for 6S ¢= 18. 


3931. «+ cot — = 


=C. 8982. 4y — 6x — 7 = Ce-?%, 


3938. e+ O =u + 2inju— 1] — Sin (u + 2) where 
u=Jl+a+y. 


8984. y — 2x = Ca? (y + 2). 8985. arctan = nC Ya? + y. 
x 
8936. In |y| -+— =O. 8987. 2? + y? = Oy. 
y 


8988. y = +2 /2In [Cz]. 8989. 2? = C? + 2Cy. 
y _z 


8940. e* = Cy. 8941. In |Cz] = —e *% 8942. y = welt Cx, 
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x 

8943. (2 + y)* = Ca*e *+7, 3944. Ox = (2). 
x 

y arctan y 

x 


8945. Va? + y? = e&* 3946. y? = y? — 2. 
8947, y= —x. 3948. y2 = 5 +2 )5-o, 


a 1 
se49. If “ = u, then In |2| = {oa} of: eae 
x 


y 


+2 
3950. « = Ce \e 8951. « = yln |Cy|. 3952. 2? = 2Cy + C?. 

3953*. A paraboloid of revolution. Let xOy be the meridian plane 
of the mirror surface; the required curve lies in this plane; the differ- 
ential equation is obtained by equating the tangents of the angles 
of incidence and reflexion, expressed in terms of x, y, y’. 

2 
8954. y= Ce-** + 22 — 1. 8955. y = o-x(c + 4 . 
E 
8956. y = Cx’e* + 2% 3957. y = (w@ + C) (14 2). 
1 
8958. y = Ce-x + 3 (cos 2 + sin 2). 


emx 


3959. If m+ —a, then y = Ce—ax + 


aa if m = —a, then 
y = (C + x) em, 


I 1 1 
3960. y? — 2a = Cy*. 8961. x = Ce*Y + ra + 3Y + ris 


Cc 2 
8962. 2=ylny+—. 896% y = o*(In |x] + 5 + CeX, 
y 


8964. y = Ce) 4 Giz) — 1. 8965. y = : 
cos x 


_ &+ab— et 


8966. y 3967. y = (e —1+4In|z}). 


za+l1 
8968. x = —tarctant. 38969. (b) «+ 6=1. 
8971. y = Cx — x In |x| — 2. 
2 
3972*. y = Ca + — The differential equation of the problem 


is |zy — ay’| = a?. 
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2 
3973*, 2 = Cy + *'. The differential equation of the problem is 
y 


a gt | Soe 
yy T= 
k m =e 
974, v= —lt-—-— +—e 7 
3 » | c+? 
k 2k 
8975. v = (v, + 5) ea + biat? — 1), where a= —1, b= ——. 
2m kz 


t 
3976. 6 — 0) = al p(t) ett dt. 8977. 9-032. 


eae | 

= 0 : L i = 

3978. I= Paw wLe + Rsinwt — wl coswt]. 
arc tan & l 

3979. « = Ce x. $980. y = Cx? + ene 


2\2 
ee. 8982. y = Cz — 1. 


3981. y =F Ft 1+: 
8983. (1 + 2?) (1 + y?) = Cz®. 8984. (a + y)? (22 + y)? = C. 


x! 


8985. x = Co 2". 8986. sin 2 = On. 


8987. sin 2 4 In |x| =C. 8988. y = Co-# + ex — 1. 


3989. y(y — 2a)? = Cily — x). 8990. x = Cesiny — 2(1 + sin y). 
1 

8991. 2 = y? (1 + Ce”) . 8992. y = Ce—sinx + sinz — 1. 

8993. y = (C + e%) (1 +a)". 83994. yt = dry + C. 

Cc 


2 2 
3995. y= Cet and y=C+—. 8996%. 4? = —sinz + —_. 
2 3 sin? x 


Reduce to an equation linear in z = y?. 


3997. arctan (x + y) = 2+. 


8999. arc tan”. + In (2? + y’?) = i+ In 2. 
x 


1y1 

4000. guile hs +2 1 — x? + arcsin a]. 
—2 

1+ e& 


4001. (1+ y)e-¥y=In ; 


+1—2. 
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4002 Mae Se (2 + 23 
° =- er— = é 
¥=% 3 x?) 


1 
4004. y = 3h [ekxt+€ + e-(xtC)], 4005. x? + y? = Ca. 


4006. (y — x)? (x + 2y) = 1. 4007. The parabolas y = x + Cx. 

4008. (2y? — x7)? = Cz. 4009. The catenary. 4010. y = Cz’. 

4011*. The pencil of straight lines y — yy = C(x — x). The 
differential equation is y — yy = y’(x — 2). 

4012. The circle with centre at the point (x,y): w+ y? = 
= 2(xxq + YYo): 

4018. Any circle with centre on Oy and touching Oz. 

4014. If S is the path and ¢ is time, we have S = S, + Ce—ht — 

key 
6 
cients of proportionality. 


k 
ae = #, where S, is the initial path and k,, k, are coeffi- 
2 


8 
4016. (1) r rev/sec; (2) after 6 min 18 sec. 


4017. 0:00082 sec. 
3 


4018*, v = v(2 oy = om (-/—ze ) 


d(mv) 


The force acting is equal to . When solving this problem 


and the next two, it must be borne in mind that mass m is a variable 
depending on time ¢; the velocity v is the required function. 


g 

m —k 
on the solution of problem 4018. 

t 3 
2 2 = 

kKyes { kes 3k |} 9 
4020*. ee Ar a : 3 dt, where 4 = M — mt, k=— paki 
Be mV 2? 


m ar 
(M, — mt) (1-2) — i} See hint 


0 


4019*. v = 
2 


See hint on the solution of problem 4018. 
Mm 
k,—k, 
= quantity of second product. If x is the quantity of the second 


4021*, y = m, + 


(kge— at — kye—'st), where ¢ = time, y = 


d. 
product formed in ¢ units of time, then - = k,(m — 2). 


d 
Hence we find x = x(é). The speed “- of formation of the second 


product is proportional to x — y. 
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1 
4022. 2:97 kg salt. The maximum is attained at ¢ = 33 3 min. 


and is equal to 3°68 kg. 
4023. J = 1+ (I, — l)e—*. 
Poleke*x* M 
4024*. p = ,——__,, where hk = . 
I 2p1S 
\ ekatx? da 


1) 


An important practical case is that when w is very large (centrifuge). 
Instead of working out the integral in the denominator for a given 
@ (it is not expressed in elementary functions), lim p is evaluated 


W-~-oco 
(see problem 2439). By using the same argument as when deducing 
the barometric formula (see Course, sec. 122), we obtain the differen- 
tial equation S dp = w?x dm, where dm is the mass of element CD. 
Further, y = 2kp (one of the forms of the Boyle—Marriotte law; 
the coefficient of proportionality is written as 2k in future for simpli- 
city); dm = yS dx = 2kpS da. As a result, the equation with separa- 


d 

ted variables © = 2kw*e de is obtained. Integration of this gives: 
P 

p = Cekax? dz, where C is the constant of integration. Further, 


Mu 1 
M= jdm = C2kS j ekw'*x? dz, whence C is found. We have: 


0 


Mekox* M M 
p=———, but Yo = 2kpo = 75> k= 78 
2kS | ekwts da si 
U) 
and finally 
Polekeo*x* 
Ss 
Jotortda, 


4026. («@ + y— 1)? = C(x — y + 38). 
4026. 2% —ay+y?+ax—y=C. 


4027. «— 2y+Injxe+y|=C. 4028. e x3 — Oly + 2). 


4029. y2 =a +(e +1)In 


w+l1 . 
4031. y = tan In |Cz|. 4082. 2’y? + 1 = Cy. 
4088. Cx = 1 ———_.. 4084, (1 + Cx) e¥ = 1. 
x 4 y? 
4085. y4 + Qn’y? + 2y?=C. 4086. x? + y? = Cly — 1)2. 


554 ANSWERS 


1 1 
4087. y=axtan(x+C). 40388. y = Ce + a? + 3° 
_ 1 

~ (L+2)(C +in]1 4 a) 


—nx 


4089. y 


4040. ny? = Co? +na—a. 4041. 2?= yA(C — y?). 
4042. y(l + Inw+Cz)=1. 4048. y(x + C) = seca. 


ln 2 4 
4044. y = (RES? + tan a} . 4045, y = Int |Ca}, 
x 
—2a 
FeO p(x) 
46. y2=Ce* —-. 4047. y= 
4046. y Ce - y Panny; 


a b a b 
4048. (1) - + -=1; (2) [-+—4=1 
x y x y 
—k —k 
4os9, 2 (go — BP 4050. x4 — xy? + yt = C. 
Q QoPo 


4051. 2 + arc tan 2 =C. 4052. xey — y2= C0. 4058. 2” = C. 
4054. Va? + y? + < =C. 4055. tan (xy) — cos — cosy = C. 
4056. Vere +e sv = C. 
4057. sin # — cos — +a— 2 =C. 

% i] y 


1 
4058. « —% = C. The integrating factor is u(x) = —. 
x wv 


2 
4059*. x? + 3 = C. Seek the integrating factor in the form 


of the function p(y). 


ae | 
4060. (27 ++ y?)eX = C. 4061. = + Bees C. 
y 


4062. (x sin y + y cos y — sin y) eX = C. 
4064. p= y—" oJ PH dx, 
Y;— Xj 
x-—Y 
Yi,— Xy 
aX — yY 


4065. The expression must be a function of (x + y). 


4066. The expression must be a function of zy. 


(m—1)bx a a 
4067. abe + by +a+be=Ce 4068. y = ce B= ‘ha 
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4069. 2? + 2ny — y? — 4x + BY = C. 
2x 
—-y 


4070. — + In |x + y| + 31n ly — 2] =C. 


4071. 2 + y = aten (0 + 2). 4072. y® — 3cy = C. 
a 
4078. a? — y? = Cy®. 4074. 3x%y + aty3 = C. 


=C. 


1 1 
4075. v (2 = 34) =Ce-*, 4076. Inj +y| — 4 
x 


ry 
z—y 


x 


y 


4077. y? — 1+ Oxy = 0. 4078. = 0. 


+ In 


4 
4079. 3)/y =C Va? —1+2°—1. 4080. y = sine + Ccosz. 


26x 
. 4082. tans —"—” = 


™ O + eX(cosz — sina) sin x 
sin PA y 
4088. ze *=C. 4084. xycos— =C. 

x 


4081. y 


, tana + secx 

'. ——] —_ 1 —X, e = CO 
4085. siny = x + Ce 4086. y GL sne 
x+y? x 


4087. In|Cz] = —e 7 . 4088. 2+ yo”? =C. 
4089. y = xIn |Cx|. 4090. y? — by — ary =C. 


2k 
4091. The circle x? + y? — EL (ax + by) = C (k 4 —1) or the 


2k 
circle ob yt — (ae + by) = OC (Re 1; if k= —lork=1, 


the straight line az + by = C. 
4092. The logarithmic spiral: 


je Py = 00 
at + 084 
Qac2 


is y? = ala — yy’). 


tare tan y 
x 


4098*, y? = 


. The differential equation of the problem 


4094. I = : . 
2 


4095. The field vector at any point is perpendicular to the radius 
vector of the point. The integral curves are a family of concentric 
circles with centre at the origin. The equation of the family is x? + 
+ y? = C. The isoclines are a family of straight lines through the 
origin. 
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2 
4096. (1) y' = flzy)s (2) vy = (5); (3) yf = fet ty). 


4097. The straight lines y = Cx. The result can be stated as the 
following geometric theorem: if a family of parabolas with a common 
axis and a common vertex is cut by a straight line through the vertex, 
the tangents to the parabolas at their intersections with the straight 
line are parallel. 


ae 


4099. +C; y =ay+ba4+C. 


4108. If de = en ye Os. 
4104, If Ax = 0-05, y ~ 1°68. 


- 

4105. The exact solution is y =e* = f(x); f(0°9) = 1:2244. 
The approximate solution is f(0°9) = 1:1942. The relative error is 
Fy 25%. : 

8 en 

4106. With the exact solution, x = /3(e — 1) 1:727; numerical 

integration with the interval divided into 4 parts gives x 1:72. 
13 


3 4 1 1 1 
4107. =1 —e? +73 + — yg! Bt 98 1 a7, 
O07. Ye hae 1% + oah Fy w+ + gy 


13 
4108. —1:28. 4109. y= 1+ a4 2? + 223 4 ey eds 


xs a 05 
4110. y=1— Se cts 
ne ag se gt 
1 1 
4111, y = —~ 2° — — ag? — 11d ee gill — 


3 7.9 7 Ts OT 


3 
4112, y= 1+ 2e— at at Sat... 


4118 0. 4114 Bp ee An 
. =U, ° =2 _ ——. ee eee 
zn mR SR TA NEO 

a a3 xs 
AVG Ye Coe adel 

21. 3! «5! 

1) @ a et 4@— 1) 
Se sey WR eS yee = gprs ed ge 
60(x — 1)8 
B! 


4117. y = Cz + C’; the singular integral is z* + 4y = 0. 
4118, y = Cx — 30°; the singular integral is 9y + 27/x = 0. 


1 
4119. y = Cx + a the singular integral is y? = 4x 
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4120. y =: Cx + V1 + O?; the singular integral is 2? + y? = 1. 
4121. y = Cx + sinC; the singular solution is 


y = a(x — arccos2z) + V1 — 2% 
4122. y? = 2Cx + C%; the singular integral is 27y* + 3223 = 0. 
4123. y = (Vz +1+0C); singular solution y = 0. 


1 
4124. y = Cx? + a: singular integral y? — 42? = 0. 


4125. 2Cx = C? — y?; no singular integral. 

4126. «=Ce-P+ 2(1—p), y=2(14 p)+p*; no singular inte- 
gral. 

4127. ex(y — C) = C, singular integral y? + 4e% = 0. 

4128. y= Cx+C+C*; singular solution y = — ac + 1)% 

Le & a 

4129. yy — wv =a’. 4180. y — 4¢ = 0. 

41381. y? — 4e% = 0. 4182. cy = 1. 4183. 2y — a? = 0. 

4135. The equilateral hyperbola 4ay = +a”, where a? is the area 
of the triangle; the trivial solution is any straight line of the family 
y=Czt aC. 

4136. (y — x — 2a)? = 8az. 

4137. Ellipses and hyperbolas. 

1 1 


Ce P1 2 ~ 2pi 
4188. « = Cee EP), y= Ce 


- >» or 
Pp Pp 
Se. Ae 
Vp Vw? + 2) V@ + 2) 
1 ka? 


4139. y2= Ox * + 


2k +1" 
4140*, y = cos a + 5 ein? «| ’ 
e = sin x(a —~C-— paint a). 


d 
We put - = tane« in the differential equation obtained, then 


dy 
tan « 


express x in terms of y and parameter «, find dz, replace dz by 
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and solve the resulting differential equation, y being taken as a 
function of «. 

4141. S = at®, where a is some definite constant. 

x 

4142, x? + y? = 2a? In [Cx]. 4148. y= Co 7. 

4144, y = C(x? + y?). 4146. (x? + y?)? = Cly? + 22%). 

4146, If the parameter of the parabola is equal to 2p and the 
straight line is taken as the axis of ordinates, the equation of the 
trajectory becomes: — 

2 |/ 223 
y=CH+=}—. 
3! p 


4147. Tractrices. 


4148. On measuring angle « in one of the two possible directions, 
3 
we obtain the equation of the family as zy — ie (wv? + y?) = C. 


4149. On measuring angle « in one of the two possible directions, 
we obtain the equation of the family as 


a+ 2y 
Vi 
4150*. We can assume say that the wind blows along Oz. The 
sound propagation curves in the xOy plane will be the orthogonal 
trajectories of the family of circles (x — at)? + y? = (up t)?, where 
t is the time that has passed since the departure of the sound wave 


from the source, and v, is the velocity of sound in stationary air. 
For any fixed t, the differential equation of the required orthogonal 


In (2a? + wy + y*) + mer tan Cc. 
7 


trajectories is y’ = a together with the equation of the family 
we — 


of circles. 
On eliminating t, we obtain a Lagrange equation. Its general 
solution is 


p)\> ? 
a = C(cos g + b) tan » y=Csing ean : 


8 Ho 


a 
where 6 = +—, p is a parameter. 
i) 


4151. x = Csint + R(cost + tsin 2), 
y = —Cocost + Risin t — tcos?). 


Cc 
4152, « = —— + a(t —tanht?t), y =C tanhi + 22. 
cosh ¢ cosh ¢ 


4153. 


4154, 


4155. 
4156. 


4157. 


4159. 


4161. 
4162. 


4164, 
4165. 


4166. 


4168, 


4169. 


4171, 
4173. 
4175. 
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at? 
zw = a(cost + ésin ¢) — cos + o}, 


at? 
y = a(sint + t cost) ~ sin (S+¢). 
zw =Csint-+ 2tant, y = tan?t — Cecost — 2. 
3 


y =~ sine + Cw + Cy 


arc tan x 
= a 1) — SIn(1 +24) + Oe +6, 


2 2 
v= = [tae Br sl + Oye +0, 4158. y = C,2? + 0, 


2 


1 
y = Cer +0,-2——. 4160. y = 52° + Ont + Cy 
y = (1 + C2) In [x + C;*"| — Cr + C,. 


x 


—+1 1 
y = (Cx — C2) & = 44 C4. «= 4168. y = a5 (a + C,)? + C,. 
2 
Y= 35 Vw — 1 + Cy 
1 
1 in 2. 
y= —Zemtey o(E— = =) +O 


2 4 


cle 


(x + Cy)? = 40,(y — Cy). 4167. y = C(x + C,)*. 


x x 


y= C,e +C,e % 


43 2 e+, 
v= tly _ 20,) Vy +O,+C, 4170. yO. 


(e+ C,)? — y2 =C,. 4172. y = CyeCex. 
y cos? (C, + 4%) =C, 4174 («1 +C,)ny=a2+4+C\. 
If the arbitrary constant introduced by the first integration 


is positive (+C%), then y = C, tan (C,x + C,); if it is negative (—C3), 


then y = C, 


yY= 


4176. x = C, + cosC, In 


1 + e2 (Cixt+Ca) 


1 e2tCixtes) = —C, coth (C,x + C2); if C; = 0, then 
=e 


1 


2+," 


y+tC, 
tan ——— 
2 
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4177. Cy + CO, = In | 


y 
y+tC, 


4178. — as Cs 


= C, arc tan (C, In y). 


4179. In |C, y| = 2 tan (2x + C,). 


—\-—Cc 
4180. y = In |x* + G,| + ——_n | 1 +. @,, if 0, <0, 
j-C, z+ )V-Q, 
2a x 
and y = In |”? + C,| + ——arctan—— +0, if C, > 0. 
ye, ye, 


4181*. After substituting y’ = p the equation splits into two, 
one of which is of Clairaut’s type. Its general solution is 

4 
C—2" 


y =C,+ C,eC:x, whilst the singular solution is y = 
The second equation is y’ = 0. 
4182. y= C,a(z — C,) + C, and the singular solutions are 
a® 
y= 3 + ¢C. 
C121 
Cz, —- x1 


. 


4188. y2=Cxt +0, 4184. y =In 


iT C. 
4185. y = |e +O +C,. 4186. y=Ce+4+—>. 


Cs 
= C 
y= x. 4188. In C. 1_ — CO». 
4187. y = C,xe ly + lt ine, e+ Cy 


2 
4189. y = a? 4 3x 41. 4190. y= 24 In—. 


2 — 16 
4191. y= ge 22 = 5 4192. y= @ +44)?" 


41938, y—x=2In ly]. 4194. y = 2x — 2. 


== 1 
4195. y= JIFo™ 4196. y= —In|l—e|. 4197. y= a 


12 
x 


4198*, y = x. Make the substitutiony = ux. 4199. y=2e —1. 


d 
4200*. The differential equation of the curve is dz = Peet SERED 

2 
Vout —1 


> 


where k is a coefficient of proportionality. 
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1 
If k = 1, then y = oe. [eG@—Ce) 4 9 Cix—-C)] ; this is a catenary. 

1 
If k = —1, then (x + C,)? + y? = 02; this is a circle. If k = 2, 
then (x + C,)? = 4C,\(y—C,); this is a parabola. If k = —2, 


d 
= px this is the differential equation of a cycloid. 


Vy—Cy? 
4 © 
4201. e* = C, sec (? + c,] - 4202. Cx = yk-1, 
a 


mgve 
mg + kes” 


a 8 fea ze a| 
4206. S = ae t+ } yo. 
4207*. Let the axis of abscissae be directed vertically down- 
wards, let the origin be on the fluid surface, and let the equation of 
sin a (m + dm) 
sin(a + de) m 
where m is the refractive index at depth x, and « is the angle 
between the vertical and the tangent to the light ray. Obviously, 
tan « is equal to y’. We obtain from the equation msin « = 
= (m + dm) (sin a cos de + cos asin d«), on removing the brackets 
and neglecting higher order infinitesimals: mda= —dm tana, 
dy’ 
y(1 + y”) 
find y’ as a function of m. On replacing m by its expression in 
terms of x and integrating again, we obtain the answer: 


4208. A catenary. 4204. v = 4205. A parabola. 


the ray be y = f(x). At a depth x we have 


dm 
whence —— = - On integrating this equation, we 


Pps Musa TD m? — m? sin? a9| + C, 
Mz, — M 

(mz — m) x + mh 

genes 


4208. y = vIn |x + C,x® + Cyr + Cy. 


where m = 


1 
4209. y = — oun 2a + Oya? + Cx + C3. 


ax 
4210. y = ii +P, (P, is a polynomial of the ninth degree in x 
a 
with arbitrary coefficients). 
Pitd 
4211. y = C5 + Oye + Cy — Cif + 0) In |z + Gl. 


4212, y = Cyr5 + C2? + Cyr? + Cee + Cs. 
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l 3 
4218. y = 5 (Cy — 22)? +O + Cy A214. & = Cry + Cy + Cy. 


4215. The solution can be written in three forms: 

y = C,sin (Cz +C;,), or y = C, sinh (Cz + C,), or 
y = C, cosh (C,x + C,). 

4216. (x + C,)? + (y + C,)? = Ci. 

4217. y=C, [sec _ =) + C;. 


1 


x? 228 Sat 1405 
4219. (2) Cel ee ae Tr srt a 


5! 
(e— 1)? We%—1)4 3(x — 1)8 
4220. y= 1— oy re 7 Sf te de 
x (e—1)2? (w—1)® (x — 1) 
4291. y 3 1) + a eT ~ Tr _ 
4(a — 1)5 
ia ee: 
ws Qt Bae5 
4222. y= l+e+—-4—4+—d4... If faelt+at+ 
3! 4! 5! 
xe Qa 3 : an fg ; 
+ a + a an alternating numerical series is obtained with 
x = —0°5, and the value of the first of the neglected terms is less 
than 0:001. 
zw a af 4x5 1448 
Bee UE get ggg oe eg gy the fifth. 
4224. y = 2? — ae + Be 8 — a wtl4t ...; 0°318; 0°96951. 
10 80 4400 : : 
: : : ’ ad’?Q 
4225*. The differential equation of the problem is # = L ae + 


dQ V,—kQ 
dt 3 k& 
flowed through the circuit from the start of the experiment till 
the instant t. Having expressed Q in terms of V (V is the quantity 
of water in the vessel at the instant #) and found the coefficients from 


the conditions of the problem, we arrive at the equation V’” + aVV’ + 


» where Q is the quantity of electricity that has 


1 kE 
+ b= 0, where a = —~- = 0:005, 6 = — = 0-00935. On integra- 
kL L 
ting this with the initial conditions: Vy = 1000 cm5, Vj = —kI, = 
= —0-00187 cm/sec, we obtain the series V = 1000 — 0°00187% — 
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— 10-®.- [2-913 — 3-64t4 + 3-645 — 3-04¢¢ + 2°17¢7 —...]. The series 
is alternating and the coefficients, as from the sixth, are decreasing 
and tend to zero, which is convenient for computations. 


4226*. The differential equation of the problem is 
a da k 
L dQ 4 dQ pect Seer 
dt? dt M, — kQ 
On taking the quantity y of hydrochloric acid not decomposed at 
the instant ¢ as the required function, we reduce the equation to the 


ky kE 
form yy’ + ay’ + by = 0, where a = a 50, b= 7 0-0191. 
Integration of this equation with the initial conditions y, = 
= M, = 10, yj = —kI, = —0:00381 gives the series 
y = 10 — 0°00381¢ + 10-19 8 (1:21 — 1:52¢ + ...). 

4227. x?y’’ — Gay’ + 12y = 0. 

4298, wy” — (224+ 1]ly¥+(a@+)ly=9d0. 

4229. (x? — 3a? + 3a) y’”’ — (x8 — 3a + 3) y” — Bx (lL —a)y’ + 
+ 311 —ax)y=0. 

4230. y = 3a? — 2a. 

sin? 


x 
# const; (b) y’” sin 2% — 2y’ cos 2x = 0. 
cos? & 


4232*, (3) By Ostrogradskii’s formula: 


4281. (a) 


% Ye 
Yi Ye 
or, on expanding the determinant (Wronskian): y,y3 — yy. = 


= co! ne a We divide both sides of the equation by yj}; then 
d (2) = C 9 JP dx 


= CoP dx 


» whence the required relationship follows. 


dz \y oy 
1 
4238, y = Gein] ** —20, + O,e. 
—2 
4984, y =O, + Op. 4985. y = a? — ot, 


x 
4236*. Functions P and Q must be connected by the relationship 


1 

Q’+2PQ =0. Substitute y,=-— in the formula (following 
Yeo 

from Ostrogradskii’s formula) of problem 4232, differentiate twice 


the relationship obtained, and substitute y;, yz in the given equation. 
4237*. y = C,(42° — 3x) + C, V1 — a*(4z? — 1). We put by hy- 
pothesis: y, = Ax'+ Bx? + Cx+D. Having substituted y, in 
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4 
the given equation, we get B= 0, D=0, A:C = 3? or A = 4k, 


C = —3k. Hence the particular solution will be y, = k(4x* — 3z). 
In accordance with the property of linear equations, we can take 
k=1, so that y, = 4c? — 32. Knowing one particular solution, 
a second can be found in the usual way and the general solution 


obtained. 
A Fd zy x 
& a a 
"4 


4240. y = Cyr + O,(x? — 1). 


4288. y = C,sin x + ef. ~ sin x In 


eX dx 
x 


4289. y = Cyx + Coe i} 


4241. y=Cyw t+ Cz? + Cyx®. 4242. y = a + 2(C, + C, In |a)}). 
4243. y = CieX 4+ Cz — a? — 1. 
4244, y = Cy? + Ca + 1) — =. 


4245. y= 2+ 3844+ (5 + 2 are tan | + a, 


2 
Migessveoe ge oo a 
3 4 60 
2Qat 2x5 28 Qa? 6 2x8 
4247, ie Ee eee a ca agg 
a? wi 308 5 ax8- (2n — 1) a2nt? 
4248. y= > + a op Par see (an + 2)! .. 


wv os of xs 
4249, y=o(i+ 54245454... + 
2 ot od 
s0fer Fe Sa Fs... 
4250. y=o(l+a+..}+ os - 2+ =] ++). 
12 6 40 
4251. y = Cyet + Cyo-%, 4252. y = Cyo™* + C,e-8. 
4953, y = Cyolx + Cy, 4254. y = Cro t¥2)* 4 G,e(1- V2), 


aie 
4255, y = Cie’ + 0,0 °*. 4256. y = C, cosa + C, sina. 
4257. y = e— §X(C, cos 22 + C, sin 22). 
4258. y = (2, cos = +O; sin’ . 4259. y = ex (Cy + Oy). 


—i 
4260. x = (C, + C,t)e*!. 4261. y = (Cy + Cyz)e *. 
4262. y = 4e% + 2e8*. 4268. y = 3e7°% sin 5a. 
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4264. y= ec 7 (2+ 2). 4265. y = fl + (1 — m)aj]eo™., 
1 
4266. y = cos 3x — s sin 32. 


4267. If k > 0, then y = a [Vike — 2) ] + yq cos [VE(@ — 2) J; 


if k <0, then 


1 
y= - 


7 Vay [(yo Ve, + a) VO) + (y, Vk — a) o VEO) Jf, 
2k, 


where ky = —k. 


4268. y = Cie~* + C,e* + eX. 
ex 


4269. y = C, cos az + C, sin ax + ———. 
e+ 


5sinz + 7cosx 


4270. a 6X x 
70. y = Cye®& + Crex + 71 


1 
4271. y = eX (C, cos 2x + C, sin 2x) — rs cos 27 — 2 sin 2x. 


2 
4272, y = (C, Ge od sell a 


4273. y = eX(C,cosx + C,sinz) +a4+1. 
4274. y = Cyex + Cie — 0:2. 


5 
4275. y = Cye* + C,e?* + y, where y is equal to: (1) ao 


(2) 3a0?x; (a) Soha a anes (4) een ee 
5 5 2 2 4 
(5) Eee [cos 5 + 2sine|; (6) ee $52 _ | oo, 
5 2 2 2 4 12 


3 1 
(7) eX (2a% + x); (8) mo -f- ae + 3 cos 2x — sin 2x); 
1 
(9) —2xex — —e**; 
12 


1 3 7 9 
(10) — cos # — — sina -++ — cos 3x + — sin 3z; 
20 20 260 260 


1 1 
(11) —~—e7* — —aex. 
12 2 
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5 
4276. y = C, + Cre 2% + y, where 7 is equal to: 


1 3 1 
CO) gah oe toe (2) no (3) 5sinz — 2cos2; 


5 25 
(4) a + Pas Qa — car Qu; 
10 164 41 
(5) cos 25a + sin 2:52 — 0:02xe—2"5x; 


16 185) , 
(6) | —5a — —]cosx — | 2x — —|sinaz; 
29 29 


(7) e~#[(10z2 + 18) sin x — (20% + 1) cos x]; 

341 Bx ~—ix 
(8) a(t — me } 

1 
4277. y = e?X(C, + C.x) + y, where ¥ is equal to: (1) i 

(2) -0-%; (8) Sate; (4) 00s 2x + oa +s 

-~ eX; ~ x*e*X; —cos24a+-x+-; 

9 2 raise 2° "9 


—5 1 
(5) ale sin 37 + 6 cos 32] en (3 sin x + 4 cos 2); 


3 1 
(6) 100 (3 sin x + 4 cos x) + ava (5 sin 32 — 12 cos 32); 
J 
(7) 2x? + 4a + 3 + 4a%e?* + cos 2x; (8) z [2ter _ zo); 
9 ] o 1 oe \ 1 (3 si 4 
= —-e — (3 sin 3 
(9) 5(¢ 9 35 in x + 4 cos 2) 
(10) ex — eee + a el—x, 
2 18 
4278. y = C, cosx + C3sin x + y, where y is equal to: 
1 
(1) 228 — 18a + 2; (2) cos 3x; (3) ao sin x; 


1 1 1 
(4) ~-~acosxa —e-*; (5) —|xsinzx — — cos 32x]; 
2 4 4 


(6) 9 + 4cos 2x — 0°2cos 4x; (7) 0°5 cosha; 
(8) 0°5 + 0-1 cosh 22. 


3 4 4 
4279. y = e* (c: cos ried + C, sin =| + y, where y is equal to: 


25 3, 15 4 40 4 
(1) —e® (2) ——sin=x2 + —  cos—a; 
16 219 5 219 5 
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(3 1 x) peege ee 2 107 oa] 
—e —(223 + —a —2— —]; 
) 13 5 5 25 125 
1 8, 4 
3; (5) -— a cos Pad (6) 0°5e?* + 1:3. 


4280. y= 24+ C,cosxz +C,sinz + coszln 


wt 
ten 5. 


4281, y = eX(C, + C,x — In Va? + 1 4+ varctanz). 
4282*. (1) y = eX(@ + C,) — (e% + 1) In (0% + 1) + C,; 


came ] 
(2) y= + 0% [are sin eX + oF yi—e*+0,)+ 3 (ae) + C3; 


(3) y = Cye* — cos ex + C,. 
All three results are easily obtained with the aid of the general for- 
mulae (see Course, sec. 206). 


Sy Sy 


4288. y= (l1+a2)e 7 +20 2°. 
4284, y = ex(0'16 cos 3u + 0°28 sin 3x) + x? + 2°2e + 0°84. 
4285. y = eX + wo. 4286. y = eX (e*% — a? — x + 1). 


4287. y 


1. Le 
-~ sin 2% — —sin # — cosa. 
3 3 


4288*, Differentiate twice the expressions quoted for y; on 
substituting for y, y’ and y” in the equation an identity is obtained. 


4289. y = 23 (C, + C,r'). 
4290. y = 5 + ©, cos In |x] + O; sin In |z]. 


4291. y = 2[C, + C, In |x| + In? [a]]. 
4292, y = «ln |x| + Cyr + Cox? 4 28. 


1 
4293. If —- >w*, then y = C, cos kt + C, sin kt + 


ma 
g ew? 1 1 
+ coswt + —, where kh? = —-—q*. If — <o?, then 
k? — a)? ke? ma ma 
ew? 1 
y = Cyekt + C,e—kt — cos wt — ——, where k? = w? — —. 
hk? + w? hk? ma 


1 
4294. s = 5 (4e# + e~ 4), 


4295. s = e~° [10 cos (0°245t) + 8°16 sin (0-245¢)]; 8}. vy 7-07 em. 


4296. t |? ie f) 
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4297. s = 045 (2 cos (156-6t) +- 0-00313 sin (156-62)]. 


1 1d 
4298*, k = 38--& = 33g"; ¢=0-38s8ec; the height of 
3om 3° em 
the submerged part of the block is x = 5[3 + cos (8°16é)]. Take 


g = 1000 cm/sec? when forming the equation. 


4299*, r = < (oot + eet), The entire situation is as though 


the tube were stationary, except that a force acts on the sphere equal 
to mw’r (r is the distance of the sphere from the axis of rotation). 


4300. If k > mw, then r = k fo [« — mw? cos (: /2 = o*}] 
m 


— mo? 


k 
if k = mw*?; then r= a,{1 + — e); 
2m 


k 
if k< mw’, then r = ae See [mot cosh Jor—* = r]. 
mo* —k m 


4801. y = C, cos 32% + C, sin 3x + C;. 
4302. y = Cye?* + C,e—** + Cie®* + Cye—%. 
4303. y = (C, + Cyr) e* + (C, + Cyx) eo. 
4304. y = Cye** + C,e—** + OC; cos 2% + C, sin 2a. 
4305. y = Cye—* + C,e—%* 4- Ce. 
4306. y = CyeX + Cyre* + Cywex. 
4307. y = C, + Cyv + Cyeo~* + C,xe-*. 
4308. y = Ciex + CyeX + Cav -3 4+ Oye 2-4 +... + Cn_ ye + Cp. 
x 
4809. y = el? [« cos — ++ C, sin | ae 
y2 


y2 


+ o 2 C3 cos pa + C,sin— F 
\2 /2 


4810. y = (OC, + Oye + C,2*) oo = + (Cy + gv + Cye®) sin ; 4 


+ Coe + Cz. 
4311. y = e*(C, + Cow + Cyr? +... 4+ Cpnu}), 
4312. y= 1+ cosa. 4318. y = eX + cosx — 2. 
4814, y = (C, + C.x) ex + Cie — x — 4. 
4315. y = (C, + C.x) eX + Cre + (a? + a — l)e™*. 


1 
4316. y = (C, + C,x) cos 2x + (C, + C,x) sin 2a + 9° a. 
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2? cos ax 


8a? 


4317. y = (C, + Cx) cos aw + (C3 + Cyx) sin aw — 


1 1 
4818. y = so a + Cyc? + Coz + Cy + Cy cos x + OC; sin 2. 


a — 3a 


4819. y = C,e* + C,e-* + C, sin w + C, cos x + 3 


ex — 


-|q a sin x. 
4320. y = (C, + Cw + aw?) eX + (Cy + Cae + 2) eX 4+ sina + 
+ cos x. 
4821. y = 4 — 3e-* + ©, 4822. y = eX + 28. 
4828. y = x(C, + C, In |x| + C, In? |e}). 
ages, (7 = e~ (C0, cos t +- C, sin t), 
y = e—*[(C, + C,) cost + (C, — C;) sin ¢]. 


1 
2 


1 
x = O,ef — C,o~! (ef + ef) + 3 He —e 4), 
4825. 


1 
y= C,ef + C,e-t + gic! + ef). 


7 1 
6£= Cet + C,e—7 + n° + go 
4326. 1 i 3 
= _C.e-!t —-#t 4 ef + —e-%, 
7] gue + C.e tT a5? 35° 


z= Cy; 
4327, 3 
zy? — Pal = C,. 


VC, + x? 
y= ia nn; 
2 
4328. et )x? +C, 
——— C. 
z= VO, +2?In ee 
z+ )e+Q, 
¥ = 2 2 2— ¢. 
4899, ) x Ch 4380. | x +2 WY, 
z= . 
wo + y? + 2 = O,, as 
agi, (Y= ow 4882. be ae a 
ye— yr —-2=C, y = Cet + 3C,e~ + cost. 
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(x = Ce! + C,e~! + C, cost + C, sing, 


4333. 
| y = Oe! + C,e~-! — CO, cost — C, sin t. 
1 
e=C,4+C0f+ C.F — a + ef, 
4334. 
1 2 } 3 a t 
y= Oe — (G+ 2G) — 5(C,— 18 rae gt Fog 8 
= gs 
ages, (TTY TE Cv gage (2 = 7 — % 
at + y? + 2? = C,. ly(y — 2x)* = (« — y)*. 
t 
t=-, 
3 
4387. 
t 
y= 3° 
] 1 
z= ao + a +—e%, 
1 1 oe ees 
43388. <y = 3°! + hi —.-e #, 43389. (y= et, 
2=> 
1 
2= — aot + =e 
Cw —C Cy? + C. 
4340. The curves y, = aA sand Y= — Sues 
2a 2x 
Given the initial conditions, we obtain the hyperbolas 
_ 3-2 _ 342 
ae Qe” ve 22” 
e—y+2z=0; 
4341. y =e’. 4342. The plane curve Ell zIn lz 
c= 
5 
1 - at 
x= AG + (,-—4)}1- cos =) 
4343. 
1 - at 
y= 5[or +o +h + h—h) cos =]. 
4 200 
C= Mie pe eee Eg? 
4344. 
300 
y = 10 cosh 2¢ + F008 scar fe 


Here z is the path of the heavier sphere, and y that of the lighter. 
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ke? 1 — Berkt)? 1 — Berkt 
4845, A ==[1 = (=) |. ee EES Oe 
2k, 1 + Berkt 1 + Berkt 


a— B, 
a+ B,° 


2k, 
a= B+ 4 p= 


dN 
4346*. If T is the quantity of poison, then ag aN — bNT, 


aT dN 
—=cN and "ag = 0 at the instant when N = M. 


dt 
Si+Sy 
S\H, + 8. S, to 
4347. hy = ou eee (H,— Hye 5 , 
8, + 8, S, + 8, 
_ 8,4, + 82H, 8, — at 


= tt _ t* _(,— A)e S58, 
‘ Si + 8, S,+8, °  ? 


E38 
4848, (1) @ — 0, + 0-002 (6 — 63) = 0°00008 Br by 53°; 
(2) 6 — 6 + 0:002(6? — 62) 65 (2002t 200xt 
a = aR, x 107 at — sin 4 )3 
by 76°. 
4349, (1) 44°5°; (2) 46°2°. 
4350. 
Fa 1-00 1:05 1:10 | 1:15 | 1-20 | 1-25 
y 1-000 1-000 0-997 | 0-992] 0-984] 0-973 
Fe 1:30 1:35 1-40 1-45 1:50 
y 0-959 0-942 0-923 0-901 0-876 
4351. y|x=, = 3°43656... 
Cal Ye ¥3 Ya Ys 
2-5 | 316667 | 3-37500 3-42500 3-43472 


Ys gives a relative error of the order of 0°1%. 
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4352. 0°46128; Simpson’s formula with 2n = 10 gives the same. 
All the places are correct. 
a 2a8 7x4 5a 16x86 


4358. y,=l+e+ +5455 +95 +75 
ys (0°38) ey 1543; 


. 
ry 


WeVes Tee +> a? x oer Txt lied 2228 
Bi oo 
+ 77 20 45 


The error is less ans 0: oa 
4354. 0°808. 


4355*. 1:001624. The result is obtained most rapidly if the requir- 
ed function is sought directly in the form of a power series. 


4356*. 1:0244. See the hint on the previous problem. 


te... f(0°3) Ay 1-545. 


2 2.5 
5%. y = 8 aE eet oe 
2.5... (38 — 1) 


enti ,..; & = 02297. 
(8n + 1)! 
Chapter XV 
ok =] 
4358, sin 2 = su ca du [cos 2ka — Cl, cos (2k — 2) a + 
+ C3, cos (2k — i #—... + (—1)k-1 (CF? cos 22]; 


sintk+] gy = c 


ae (2k + 1) a — Chy4, sin (24 — 1) a + 


+ C2y4., sin 2 - “ —...¢(-1 )t Of, 41 sin 2]; 


Cx 
pk Se pep yk=1 


+ C%, cos es —4)ra+...4+ oer? cos 2x]; 


cos*k gy = [cos 2ka + Ch, cos (2k — 2)" + 


costktl gy = =p 0s (2% + 1) a + Chy4, cos (2k — Iba + 


+ O34, cos (24 — 3)a+...4+ Oni cos x]. 
4860. cos nx = cos? x — C2 cos?—? x sin? ¢ + Co cos"—4 a sint a... 
Since there are only even powers of sin x, cos nz can be expressed 


rationally in terms of cos 2. 
2x 


n+1 


» where v = 0,1, 2,...,; 


2 
4368. (1) 9 = — and y = » 


2 
(2) p= y—, where »=1,2,...,n —lfornoddand v= l, 2,....n 
n 
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for n even, and » = (2» — 1) i pene yv=1,2,..,”2+1. 


Qn 
4865*. Notice that i ®,(p) dp = 0. 
0 


4866. Yes, since the function satisfies the conditions of the first 
fundamental theorem (see Course, sec. 212). 


4871. (a) b = b, = 6b, =...=0 and a, =a,=a, =...=0; 
(b) @ =a,=a,=...=0 and }, =}, = bg =... =0. 
4972. 4 pene aaa ae 4978. Sa 2Qna 
aA ntl a] 
4874, 2 = 2 S (—I21—™ (~-2, 0); 
n=] 
n— 2 <, Sin nx 
= (0, 27). 
2 jz, 7 


2 2 cos (2n+ 1) 2 
4375. z= an tiP . 


COS NL 
n . 


? 


ne = 
4376. (1) = +4 > (—1) 


2 
n=1 n 


Sia oe 


4877. = s (—1)"+1 |= ee =(-1 = n{ sin na. 


n=} 


2n +1 
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(2n + 1) xa 
oe 
4882, - — — TT 
2 Fd 2 (2n + 1)? 
4388 er — 1] {1 “i > cos na n sin nx A 
° a 2 Au+e 1+ =| 
NX 
! ee oo (—!)" cos “F- 
oS — 
4884, ~.— + I(e! —e-! ——_—__— 
+ (e © ) > I? + nn? 
_ ne 
oo (—1)"71 n sin — 
te Se) 2 Poa 
nx _ nna 
l cos —— — ansin —— 
= sinh 1 | — pte St nat 
4885 2sin za (1 4 acosz acos2z 
: az \2Qa 1—a 2?-—@ ° 
2sin xa { sin x 2sin2x 3sin 3x 
me se ce eee 
= (* 4 cos 3a 4 cos 5x | 
xia®?—l a?— 3% a@— 8 
. (a even); 
4887. sinax = 
cos 2a cos 42 
om <lsat a@—2' g@— 4 | 
(a odd). 
47 sinz geomet 5 sin 5x 
sla -—-P a— 3% at— 6? 
(a even) 
4388. cos ax = 2 : : 
472 sin 2x 4 sin 4x 6 sin 6x 
- slam eoet@le 
(a odd). 
2 sinh az inh 
4889. > (-1)73 —; sin na. 


n=l 


Ai 


toe a). 
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cos NX 


inh x 
4890. aap $25 (-1 
= n=l 
2 2 1—(-1)"cosha , 
- > ——__ —_ “ain nz. 
1 1+ n? 


ut n= 
2 
2 2 a 31 - cos =" 9 
rena 
4391. = = hd bet 
H(z) 5+ a zm 2rn? or 3 
Qua 4nx 8xx 
cos —— cos—— cos—— 
i te ¥3 3 3 a 3 
a 1 2 4 oes ani 
2a. 4nx Snax 
cos —— 08 —— cos —— 
9 3 3 3 + 
Ont \ 12 2? 42 = 
. nn 
3° Te nn nn 
age 
4892*. f(x) = ~ i a = (cos “5 sin 2Qna — sin — cos 2nz 
_% sin — sin 8x sin 10z 
=gt a “4 OB ~ 
9 (cos 2x a cos 4% fi cos 8% cos 10x 
8x\ 1? 2? a +5 * ). 


Use the result of problem 4368. 


4898*. (1) f(x) (= 4 sin 3« sin 32 cs sat} 


1? 3? 
a(z — a) 1 21 — cos 2n« 
(2) f(x) = sae eee 2 oe Qna 
a(a — a) 2 ( sin? a cos 2x sin? 2a cos 4x 
Re edi Ca | RET uals Sa lp Wogan 
a % 1? 2? 


Use the result of problem 4371. 

8 S sin (2n—1)z 2! 
48394 (4094). — ——_____ 3;—. 
( ae (Qn — 1) ’ 32 


n=1 


> 


SNL 7 
H (c) —— m4. 


4895 (4095). (b) = — 48 > (—1y2 2 5 


n=l 
4896*. ~ 7 ee eet (see problem 4374). 


aml 
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4397*, st s (—1)"-? et sin nz (see problem 4374). 
n=l n(n? + 1) 


(x7—2)? zw — n—)1 


; “2 ame 


Differentiate the series and use the solution of problem 4374 


4398*, 


2 
and the fact that Ss —= = (see problem 4376). 


neal n? 


) 


. 4 
sin ” — 
RX 


4399. —- Bt ~~ Bema DS ea coos 


2 n3(n? 1) 
a ore n 
2 2 

_ mm 

e sin — 


Use the series : = Ps 


n=} 


cos nx [see problem 4380 with 
n 


a =e 1 Bx) 

h= ;| and the fact that = ae (see problem 4394). 
4400. f,(x) ey 27-8 + 6°5 cos  — 0:1 sin a — 3:2 cos 2a +- 0-1 sin 2a; 
fo(w) ey 0°24 + 0°55 cos a + 0°25 sin  — 0:08 cos 2a — 0°13 sin 2a; 
f(x) FY 0°12 + 1:32 cos x + 0°28 sin 2 — 0-07 cos 2x + 0°46 sin 2a. 
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4401. Straight lines parallel to the vector A{a, b, c} se —! 


_ 4— 4 _*— %o 


b c 
4402. Circles with centres at the origin: 2? + y? = R. 


Qah 
4408. Helices with pitch ~~, lying on cylinders whose axes 
@ 


coincide with the z axis: «= Rceos(wt+ «), y= Rsin(wt+ a), 
z = ht + z, where R, « and z, are arbitrary constants. 

4404, The circles formed by cutting the sphere with centre at 
the origin by planes parallel to the bisector plane y ~ z = 0: 2? +- 
+y? +27 = Rt, y—z-+C=0, where R and C are arbitrary con 
stants. 

(2) Circles formed by cutting a sphere with centre at the origin 
by planes which cut off from the coordinate axes segments equal in 
direction and magnitude: 2? +y4+2=R%je2+ty+2=C 
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(3) The curves of intersection of the sphere 2? + y? + 2? = R? 
and the hyperbolic paraboloids zy = Cz. 

4405. div A = 3, curl A = 0. 

4406. div A = 0, curl A = 2[(y — z)it+ (2 —x) f+ (@ — y) ky]. 

4407, div A = 6xyz, curl A = a(z? — y*)i + y(w? — G+ 
+ 2(y? — a?) k. 

4408. div A = 6, curl A = 0. 

4409. div A = 0, curl A = 0. 

4410. div A = where k is a coefficient of proportionality, 
¥ the distance from the point of application of the force to the origin, 
curl A = 0. 

4411. div A = 0, curl A = 0. 


4412, div A = 0, curl A = 0. The field is not defined at points 
of Oz. 


k 
4418. div A = — ——_______—_-, where k& is a coefficient of 


proportionality. The field is not defined at points of the Oxy plane. 
4414. 3a. 4416. div b(ra) = (ab), div r(ra) = 4(ra). 
4417, 0. 4418. (1) 0, (2) 0, (3) 0. 


: : 
4419, div a =!) 4 p(y if tho field is spatial; div a = 1 
rT Tr 
+ f'(r) if the field is plane. 
4421. p curl A + (grad XA). 4422. _ : 
Tr 


4423, 2a. 4424. 2wn°, where n° is the unit vector parallel to the 
axis of rotation. 


4481. u = — 5 het +yte2)+e. 


I 
4432. No. 4433. No. 4484. u = — 3 (x? + y?) + C. 


G— a? + y _ 
4435. No. 4487.2 ,2,1. gags, pon WEE the 
owe /C+aP + yt —l—2 


4439. 4h(]/2 — 1). 


ké Va? + 0? In 2nb + Va? + 4n°b? 
6 a : 


4440, 
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= 2k 
4441, Q2kda(1 + 2). 4442. arccosh, if h<1, 2k 
yi-hv 
Qnk sg oe 
tp, heed), Ae 
H+ YH? +R H+ | 2 
4448*, (1) 2kned n= + VE Ee (2) 4kxR6 In a 


Divide the cylinder into two by cutting it parallel to the base, 
and work out the potential of the lateral surface of the cylinder as 
the sum of the potentials of the lateral surfaces of the two halves, by 
using the result of (1). 


4444, 2knRo. 


pe 1 P72 
4445*, (1) kd Ec \R? + A? — H? + R*in ats) ; 


R 


4R2 - Af 
(2) Ox (a ey any Et VO =|; 


2R 
see the hint on problem 4443. 


4446. xkédH(l — H), where | is the generator of the cone. 


8 2\% Le 
4447, wash +S) -(G) e+ 4 for a = RP; 


RR? R 2R 
2 R\; (R\r 3 (BR)? 
‘im vem ze =) - a oe (=| - 2] for a= R; 
a 2 \a 
-" R65 
* (4/2 — 3) fora = 
4kxn6 kM , 
4448*. wu = or (R* — r?) = —— (M is the mass of the body) 
a a 
for a=R; 
u = 2kxd(R? — r?) foraSsr: 
4kx6 


v= a (a — r’) + 276(R? — a?) for r=a=R. 
a 


Draw a concentric sphere of radius a and apply the results of the 
two ere Reruns 


4449, 


sls +; (=) |. where M is the mass of the sphere. 


4450. Both the flux and circulation are equal to 0. 


4451. The flux is equal to 2aS, where S is the area of the domain 
bounded by the contour L. The circulation is 0. 
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4452. Both the flux and circulation are equal to 0. 
3 
4453. The flux is ry xR‘, the circulation 27R?. 


4454, When the origin lies inside the contour, the flux is equal to 
2x, otherwise the flux is equal to 0. The circulation is 0 in both cases. 

4455. The circulation is equal to 27 if the origin lies inside the 
contour, and is equal to 0 if outside the contour. The flux is 0 in 
both cases. 

4456. 2. 4458. 2nR°H. 4459. xR?H. 

4460. 4. Work out the flux through the base of the cone and use 
the result of problem 4457. 


4461. 


3 1 
7; . 4462*, a" Use Ostrogradskii’s formula and work out 
the flux through the base of the pyramid. 

4468. 277b?. 4464, 2nwR?. 


4465. —2. Use Stokes’s theorem, taking as the contour L the curve 
of intersection of the paraboloid with the Oxy plane. 


APPENDIX 


1. Trigonometric Functions 
a? sing tana | cotang | cosa | ae? la radians| sina | tana 
0 | 00000] o-0000/ — 1-000 90 ) 0 0-000 | +0-000 
5°73} 0-1 0-100 | +0-100 
1 0175} 0175) 57:3 | 1-000 89 115 | 02 | 0199 | +0-203 
2 0349} 0349) 286 | 0-999 88 172 | 03 | 0296 | +0310 
3 0523 | 0524! 1971 999 87 22:9 | 0-4 | 0389 | +0-422 
4 0697 | 0699) 14:3 998 86 28:7 | 0-5 | 0-480 | +0:547 
5 | 0-0872| 0:0875 | 11-4 | 0-996 85 344 | 06 | 0564 | +0-68 
6 1045| 1051] 9°51 995 84 401 0-7 | 0644 | +0-842 
1 1219} 1228] 811 993 83 _ 
8 139 141 Til 990 82 45-0 = 0'707 | +1:000 
9 156 158 6°31 988 81 4 
458 | O8 | o717 | +1-028 
10 | 0-174 | 0-176 | 5-67 | 0-985 80 516 | 0-9 | 0-784 | 41-260 
1 191 194 | 5145 | 982 79 57:3 10 | 0842 | +1:558 
12 208 213 | 4705| 978 78 63:0 ol 0-891 | +1:963 
13 225 231 4331 | 974 11 68°8 12 | 0932 | +2:579 
14 242 249 | 4011] 970 16 TAS 13 | 0-964 | +3606 
15 | 0-259 | 0-268 | 3-732] 0-966 15 80-2 14 | 0-985 | 45-789 
16 276 287 487 | 961 14 86:0 15 | 0-998 | 414-30 
17 292 306 271] 956 13 ss 
18 309 325 | 3:078| 951 72 90-0 - 1-000 = 
19 326 344 | 2904] 946 1 2 
91-7 16 | 0-999 | —33°75 
20 | 0-342 | 0:364 | 2-7471 0-940 70 97°4 17 | 0-992 | —7-695 
21 358 384 605 | 934 69 103'1 1-8 0-974 | —4:202 
22 375 404 475 | 927 68 108-9 19 | 0946 | —2:921 
23 391 424 356 | 921 67 1146 | 20 | 0909 | —2184 
24 407 445 246} 914 66 1203 | 21 0863 | —1:711 
25 | 0-423 | 0-466 | 2-145] 0-906 65 1261 22 | 0808 | —1:373 
26 438 483 | 2:050| 899 64 131-8 23 | 0745 | —1118 
27 454 510 1-963 | 891 63 an 
28 469 532 881} 883 62 135-0 — 0-707 | ~—1:000 
29 405 554 804] 875 61 4 
137-5 24 | 0676 | 0-916 
30 | 0-500 | 0-577 1-732 | 0-866 60 143-2 | 25 | 0599 | —0-748 
31 515 601 664} 857 59 1490 | 26 | 0515 | —0-602 
32 530 625 600} 848 58 154-7 27 0-428 | —0-472 
33 545 649 540} 839 57 160-4 | 28 | 0:336 | —0:356 
34 559 675 483 | $29 56 166:1 29 | 0:240 | -0-247 
35 | 0:574 | 0:700 1-428 | 0619 55 171-9 | 30 | O-141 | —0-142 
36 588 727 376 | 809 54 1776 | 3:1 0-042 | —0-042 
37 601 154 327 | 799 53 180-0 n 0-000 0-000 
38 616 781 280} 788 52 
39 629 810 235 | 777 51 = 
n 1 n  Y¥3 
40 | 0643 | 0-839 | 1:192| 0-766 50 sing =a Ezz 
4} 656 Kee 150 755 40 oe i 
42 669 90 74 8 # ol nm _yF 
43 | 62 | 933 | 072) 731 | 47 | “Se -yg' “tS ve. 
44 695 966 036} 719 46 - 1 
45 | 0-707 | 1-000 | 1-000 { 0-707 45 sin = cos— =—, 
4 4 V2 
7 bs 
cos~ | cota | tana | sing ae tan Z = cot 7 = 1, 
a degrees 1 2 3 4 5 6 7 8 9 
a radians| 0-017 | 0:035 | 0:052 | 0-070 | 0-087 | 0:105 | 0-122 | 0-140 | 0-157 


1 radian = 57°17’45” 
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2. Hyperbolic Functions 


x sinhx cosh x x sinhx cosh x 

0 0 1 
Ot 0-100 1-005 21 4022 4°289 
0-2 0-201 1:020 2:2 4:457 4568 
0-3 0°304 1-045 2:3 4:937 5037 
0-4 0-411 1-081 24 5°466 5°557 
05 0°521 1128 25 6-050 6°132 
06 0°637 1185 26 6-695 6°769 
7 0-759 1-255 27 7407 T4T4 
08 0-888 1:337 28 8192 8°253 
0-9 1-026 1-433 29 9-060 9115 
1-0 1-175 1543 3-0 10:02 10:07 
he 1:336 1:669 31 11-08 11-12 
12 1509 1811 32 12°25 12:29 
13 1-698 1971 3:3 13°54 13-58 
14 1-904 2°151 34 14:97 15:00 
15 2:129 2:352 35 16°54 16°57 
16 2:376 2:578 36 18°29 18°32 
1.7 2646 2°828 37 20°21 20°24 
1:8 2942 3°107 38 22°34 22:36 
19 3:268 3°418 3-9 24°69 24-71 
2:0 3627 3-762 40 27°29 27°31 


With x >4 we can take sinh x ~ cosh x ~w ve to an accuracy of 0°1. 


sinhx = 5; coshx =F 
et = sinhx + coshx; ext = sinx + i cosx. 


8. Reciprocals, Square and Cube Roots, Logarithms, 
Exponential Functions 


3 3 3 

x = Vx | 10x Vx V10x | Y100x | togx | Inx ex x 

10 1:000 1:00 3°16 1:00 2:15 4°64 000 0:000 2°72 10 
ll 0°909 05 32 03 22 719 041 095 3-00 11 
1:2 833 10 46 06 29 93 079 192 3°32 1:2 
1:3 769 14 61 09 35 5:07 114 252 3°67 13 
14 7114 18 74 12 41 19 146 336 4:06 1-4 
15 0°667 1:23 3:87 1:15 2:47 513 176 0°405 4°48 15 
1:6 625 27 4:00 17 52 43 204 470 4:95 1:6 
17 588 30 12 19 57 54 230 530 5°47 1:7 
1:8 556 34 24 22 62 65 255 588 6°05 1-8 
19 526 38 36 24 67 15 279 642 6-69 1:9 
2:0 0:500 1-41 4:47 1:26 2-71 5°85 301 0°693 7:39 20 
21 476 45 53 23 76 94 322 742 8°17 21 
22 455 48 69 30 80 6-03 342 789 9:03 2:2 
23 435 52 80 32 84 13 362 833 9:97 23 
24 417 55 90 34 88 21 380 875 | 11:0 24 
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3 3 2 
x 4 Vx | Vi0x | Vx | V10x | ¥100x 
25 | 0-400] 1:58 | 500 | 1:36 | 292 6:30 
26 385 61 10 38 96 
27 370 64 20 39 | 3-00 
28 357 67 29 4l 04 
2:9 345 70 39 43 07 
30] 0333 | 1:73 | 548 | 144 | 3-11 6-69 
31 323 76 57 46 14 
3:2 313 79 66 47 18 
33 303 81 15 49 21 
34 204 84 &3 50 24 
35 | 0-286} 1:87 | 5:92 | 1:52 | 3:27 7-05 
36 278 90 | 6-00 53 30 
37 270 92 08 55 33 
38 263 95 16 56 36 
39 256 98 25 57 39 
4.0 | 0-250] 200 | 633 | 159 | 3:42 137 
41 244 03 40 45 
42 238 05 48 61 48 
43 233 07 56 63 50 
44 227 10 63 64 53 
45 | 0-222 | 212 | 671 | 165 | 3:56 7-66 
46 217 15 78 
47 213 17 86 68 61 
48 | 208 19 93 69 63 
49 | 204 21 | 7-00 70 66 
50 | 0-200] 224 | 707 | 171 | 368 794 
51 196 26 14 12 u 
5:2 192 28 21 73 3 8:04 
53 189 30 28 14 76 
5°4 185 32 35 15 78 
5:5 | 0-182 | 2:35 | 7:42 | 177 | 3:80 8:19 
56 179 37 48 78 83 
57 175 39 55 79 85 
58 172 41 62 87 
59 170 43 68 8t 89 
60 | 0-167 | 245 | 775 | 182 | 392 8:43 
61 164 41 81 83 94 
62 161 49 87 84 96 
63 159 51 94 85 98 
6-4 156 53 8-00 86 4:00 
65 | 0154] 255 | 806 | 1:87 | 4:02 8°66 
66 152 57 12 88 04 
6-7 149 59 19 89 06 
6-8 147 61 25 90 08 
6-9 145 63 31 90 10 
70 | 0143 | 265 | 637 | 191 | 4:12 8°88 
71 141 67 43 92 14 
12 139 68 49 93 16 
73 137 70 54 94 18 9:00 
14 135 72 60 95 20 
75 | 0133 | 274 | 866 | 196 | 4-22 9:69 
76 132 16 72 97 24 
TT 130 78 78 98 25 
T8 1238 79 83 98 27 
T9 127 81 89 99 29 


Ona 
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F | 3 3 
x . Vx Y10x | Vx V10x | V100x | togx inx e= x 
8:0 | 0125 2:83 8-94 2:00 431 9°28 903 2079 | 2981 8-0 
81 124 85 9-00 01 33 32 909 092 | 3204 81 
8-2 122 86 06 02 34 36 914 104 | 3641 82 
8:3 121 88 11 03 36 40 919 116 | 4024 8-3 
84 119 90 17 03 38 44 924 128 | 4447 84 
85 | O18 2°92 9°22 2:04 4°40 9°47 929 2:140 | 4914 85 
86 116 93 27 05 4l 51 935 152 | 5432 86 
8-7 115 95 33 06 43 55 940 163 | 6003 87 
8:8 114 97 38 07 45 58 945 175 | 6634 88 
89 112 98 43 07 47 62 949 186 | 7332 8-9 
90 | O11! 3:00 9°49 2-08 4°48 9°66 954 2197 | 8103 9-0 
9-1 110 02 54 09 50 69 959 208 | 8955 91 
9-2 109 03 59 10 51 73 964 219 9897 92 
93 108 05 64 10 53 76 969 230 | 10938 93 
94 106 07 68 il 55 80 973 241 | 12088 9-4 
95 | 0°105 3:08 9°75 2:12 456 9°83 978 2251 | 13360 9°5 
96 104 10 80 13 58 87 982 263 | 14765 9-6 
97 103 11 84 13 60 90 987 272 | 16318 9°7 
9°8 102 13 90 14 61 93 991 282 | 18034 98 
99 101 15 95 15 63 97 996 293 | 19930 99 
10°0 | 0-100 316 + 10:CO 2:15 4°64 10°00 000 2-303 | 22026 | 10-0 


The mantissae of the common logarithms are given in the logx column. 


; To find the natural logarithms of numbers greater than 10 or less than 1 we have to use the 
ormula 


In(x - 108) = Inx + kin 10. 


Notice that 
In 10 = 2-303; In 10? = 4-605 
log x = 0°4343Inx; In x = 2:303 log x. 


The formulae for approximate evaluation of roots are: 


1 


n 
(1) VIE 1 = "xt for |x] <1 


va 6 l-n #& 
(2) Var¥oma(1+ — +" - 2) tor 


=\<2 
an 


INDEX 


Absolute convergence of series 


238— 239 
Approximate values of functions 
248 — 249 
Areas 
of figures by integration 
198— 203 
of surface of revolution 
213—215 


Asymptotes to curves 129—130 


Cauchy’s formula 125 
Centres of gravity 215—219 
Clairaut’s and Lagrange’s equa- 


tions 368-369 
Concavity 121—122 
Coordinate 


line integrals 337—345 

surface integrals 346—348 
Continuous functions 37—40 
Convergence 

of functional series 

interval of 247—248 

of series 234 
Convexity 121~—122 
Cube roots tabulated 581—583 


239— 240 


Curvature 138—142 
Curves 
directional derivatives 
299— 300 


gradient 297—299 
vector function of scalar argu- 
ment 289—294 


Definite integrals 
approximate methods 
187—191 


by parts 178—180 
change of variable 180—181 
elementary properties 
144—147 
evaluation by summation 
147— 148 
geometrical interpretation 
149 
inequalities 149—150 
variable limits 151—154 
Derivatives 56—57 
geometrical 
meaning 57—58 
and mechanical applications 
74—81 
Differentiability of functions 
86—87 
Differential 
equations 
first-order 361—362 
exact 362—365 
homogeneous 352—356 
involutes 369—370 
isoclines 365—368 
separate variables 


349 — 352 
singular solutions 
368— 369 


higher order 373—374 
second-order 370—373 
of functions 82—86 
Differentiation 
exponential functions 64—65 
function of function 268—273 
hyperbolic functions 65—66 
implicit functions 72—74 
inverse functions 71—72 
logarithmic functions 64 
repeated 97—105 


585 


586 INDEX 
trigonometric functions continuity 259—261 
62—64 derivatives and differentials 
Double integrals 301—309 263 — 266 
applied to domain 257—259 
moments and centre of extreme by Taylor’s formula 
gravity 318—321 279— 287 
surface areas 316—318 trigonometric 24—27 


volume of solid 311—315 
improper 324—325 
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Newton-Leibniz formula 


154—155 
evaluation of definite integrals 
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Points of inflexion 122—125 
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Power 
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Rate of change 
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of radius vector 93—94 
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Repeated differentiation of a 
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Taylor’s formula 135—138 
Trigonometric 
functions 24—27, 580 
polynomials 390—391 
Triple integrals 301, 309—310 


applied to volume of solid 
315—316 
improper 325—326 


Uniform convergence of series 
240—241 


Vector field 397—401 
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